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This model finds the plasma density distribution, n(x,y),
and the positive electrical potential, $., between the
surface of a planar magnetron cathode and a distant,
uniform plasma. The intended application is for
parameter studies of gas discharges in the range of 1-100
mTorr, which are often used as sputtering sources. The
primary results are formulas which show how the spatial
variation of the magnetic field, B(x,y), shapes the plasma
density and influences the potential, as well as
determining the magnitude of the magnetron current
parallel to the cathode surface.

Introduction

Planar magnetron cathodes have arching magnetic field lines
which concentrate plasma density near the electrode surface. This
enhances the ion bombardment of the surface and the yield of
sputtered atoms. Because of the current density concentration at
these cathodes they can be used to operate gas discharge devices at
lower voltage for a given current. An essential feature is that the
vector product of the perpendicular electric field, F+, with the
parallel component of the magnetic field, Bx, forms a closed track
with a circulating current along the cathode surface. 1PZS3,4,5,6,7,8
Figure 1 shows a cross section of a pair of antiparallel linear planar
magnetron tracks, and the coordinate system convention used here.
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Figure 1: Pair of antiparallel linear magnetron tracks,
cathode surface at y=O

This model utilizes the fluid equations for both a positive ion
and electron species, and it relies on the assumption that only
electron motion is affected by the magnetic field. Figure 2 is a
schematic of a single linear magnetron track. It shows the spatial
relationship between the electric and magnetic fields, the plasma
density, the conduction current carried by ions flowing in the -y
direction, and the magnetron current produced by electron drift
along z.
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Figure 2: Schematic of linear magnetron
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The derivation of this model will be presented in detail, and
then numerical examples will be shown.

Governing Equations

A two component fluid model for electrons and positive ions in
the presence of a static, non-reactive background gas is used. Four
basic assumptions are: ions are unaffected by B, electrons cling to
lines of B and have limited mobility, the magnetic field is unaffected
by plasma density and is of the form B(x,y) = &(x,y) i + ~(x,y) j,
there is no variation in z for any quantity. The equations of mass and
momentum conservation are:

(1)

avu Vp.
~ + Va.vv. = %(E + V. X B) - —– l?~ (V. - UN)

Pa
(2)

for species labeled by subscript ctjwith mass density p, velocity v,
particle mass m, production rate per unit mass S, charge q, pressure
p, collision frequency with the background gas v, and for UN = O as
the average velocity of the background gas. E is the electric field.

The energy equations to be used here are for an adiabatic
system with each species at its own constant temperature. This will
be discussed in detail in a later section. The equations of state
assume each species is an ideal gas:

pa = Urn-b
pa= ~kTU

p./pa = constant

Vpa = (Uaz ~ ~alpa) VP.

U# = ykTca/rna (3)

where n is the number density, T is the temperature, y is the ratio of

specific heats, and k = 1.38054 x 10-23Joule/”K. the ~ltzmann
corLstant.

The electromagnetic equations are:
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curlB=~+~~ ( ->0, here) (4)

V.E =& ( ->0, here)
%

(5)

??s+v.j=o
a

(6)

where j is the current density, and p=is the charge density.

Defined Quantities

The following definitions are used:

r.. nava species flux vectors

J.= qara species current densities

J = .i++Je = @+-r J net current density

p== e(n+ - n,) charge density

D== kTa/@vW diffusion coefllcients

k = kkc/ma%Nl mobility coefficients

Du/~ = kT,#lqa] characteristic energies (eV) (7)

Steady State Equations

The governing equations in steady state are:

v.r. = sa (8)

(9)
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curl B = KOj

V.E = e(n+ -n,)/&.

V.j = o

Two Fluid Flux Equations

From the definition of r= and momentum equation (9):

ra=na~~(E+vaxB) –DaVna–
nava. Vva

Id v~

(10)

(11)

(12)

(13)

while from continuity equation (8) and current conservation (12)
S+ = S,= S. For electrons and positive ions as assumed here:

re = -ne~e(E + V, x B) – D,Vn, –
neve.Vve

v~

r+ = n+~E - D+Vn+ -
n+v+. Vv+

v+N

v.r+ = v.re =s

(14)

(15)

(16)

Component Fluxes

Component fluxes in a Cartesian coordinate system centered on
a magnetron track as shown in Figures 1 and 2 are defined as
follows:
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av+x av+xr+. = n+~+~ – D+% – ~(v+~ + v+~)
+ ax ay

(19)

(20)

(21)

and r+=. O, as V+Zand & are assumed zero.

Component Current Densities and Quasi-neutrality

The component current densities are found from flux equations
(17) through (21) and the definitions:

-lx= W+.- re~ .iY= e (r+y - rd j,= -er,z (22)

The plasma is assumed to have sufficient density that
electrostatic sheaths are thin, and the spatiaJ distribution of the two
fluids coincide. This is the assumption of quasi-neutrality:

The component current densities are then found to be:

J>. n@+ + We)Ex – nweVezBy + (D. – D+); +e

JL(V,%+v,+ - dl(v+s!=’+v++ (23)
+ ax

~ = n@+ + we)l?j + n~ve,BX + (D. - D+)~ +
e ay

-L(V,* + v,+ - J#v+% + v++ (24)
+
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(25)

Ambipolar Flow

No net current is assumed to flow parallel to the cathode
surface in the x direction: j ~ = O. As a result V+X= V= = VX,which is
easily shown from definitions (7) and (22). This is ambipolar flow,
ion and electron fluids are coupled by electrostatic force and move
jointly on electron thermal energy and with ion inertia.

From equation (23) is becomes evident that:

& . _De-D+lm + k— v~ZBY +
Pe+p+ nax p, + ~+

- ~ [ L(VJ!% +vejas)- *(v+j?&’+V+*) ]
Pe+p+ VW ax * . ax ay

(26)

and that equation (11) for the electric i3eld has been reduced to:

&+a& o
(27)

ax -ay -

Energy Equations

Ions are assumed to be cold, and their energy equation consists
of a simple electrostatic acceleration along -y from the distant
plasma to the cathode surface. The ion energy equation will be
presented at the end of this section.

The generation and flow of heat is assumed to involve only
electrons. The general energy equation in Cartesian coordinates is
written in indicial notation as:

a(pe) + Wevi) + @ + WVi) _ a(vja~) .R
at axi axi axi i)xi dt

for quantities defined as follows:
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e=u+@+yf total energy per unit mass,
2

(use of the symbol e is traditional, and
as total energy will only be used until equation (29), confusion with
the elementary charge in the definition of V, and in later sections is
unlikely)

u internal energy per unit mass

w = :($. - $(x)) electric potential relative to plasma at x + 00

v

P
vi
Cli

P
Oij

Xi

Q

speed
mass density
velocity components (subscripts i = x,y,z)
heat flux components
pressure
stress tensor
coordinates
internal heat generation per unit volume.

In the interests of clarity the species subscript for the electron fluid
will be suppressed until the final form of its ener~ equation is
presented at equation (36).

A more specific electron energy equation is given from (28) by
using equation (1) for electron continuity, in conjunction with the
simplifying assumptions OR inviscid, CSti= 0; isothermal, qi = O; steady
flow, a/Jt = O:

Nwi) _pvi~=–— memS + — (29)
1 ax, dt

The electron fluid is assumed to behave as an ideal gas with constant

spec~lc hea~. Thus u = ~T, P/P = RT! and CP - G = R. for a gas
constant R = k/m, and specific heats at constant pressure and volume
CP and & respectively. With these assumptions, and the use of steady
state continuity, equation (29) simplifies to:

(30)
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Potential y of the electron fluid is assumed to be purely

electrical (e.g. no gravity), and its relationship to the voltage $(x), and
electric field E(x) is:

(31)

The plasma source function S is modeled as:

S(x,y) = aO n(x,y) (32)

where ionization coefficient uo is spatially uniform and highly
dependent on electron temperature. Folding (31) and (32) into (30):

pv. V$) = en[v.V$ - q)(CP&T +%++. - l))] + Q
dt

(33)

where e is the elementary charge.
Assuming that electron joule heating supplies all the energy

needed to create plasma at the local thermal plus kinetic plus
potential energy, and that there are no other internal heat sources,
dQ/dt = 0, then each side of equation (33) equals zero so fiat

2 = constantVz++y+ti=ve (34)

V.vl$l = Cto(y+g+l$.-($l) (35)

where CP = %ZM
The lateral ambipolar diffusion velocity v. is assumed to be

negligible compared to velocities along the conduction axis y, and the
magnetron drift axis z. Also, & parallel to the cathode surface is
assumed negligible compared to ~. The final form of the electron
energy equation is:

Vey(ue + & - III)_% =:=* (36)

(37)
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The ion energy equation is found by a similar development
from equation (28):

P+v+. v(:– v+) = -(:- v+)r%s + ~ (38)

:–v+ . c), dQ+
—=0
dt

(39)

v; = *(l&, -$) (40)

Velocity Derivatives

From velocity magnitude relationships (34) and (40), in
conjunction with the assumption of VX= O, the following differentials
are determined:

av+v++ . SE& v+? . ~
ax

VeyaVey= –Vezhez

(41)

Equation (25) for j= simplifies as follows:

&- . -peVey& + ~~ = –Vez
en

avez
= veN (peBX- ~)

ay Vey

and equation (24) for jy simplifies in the following steps:

(42)

– JLfe~
avez JMLq

V.+J ay - v+~ I-@
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& . & + p+)% + Wev=Bx
en

– Vez(l.LeBX– ~)

+De-D+&+

‘*

- P+Ey

(43)

Equation (26) for the lateral electric field EXsimplifies to:

Ex = –De-D+ I an + Me——— — VAY (44)
pe+~+nax p, + ~+

Equipotentials are assumed to be purely parallel to the cathode
surface, $(y), and EX= O. This assumption is supported by Langmuir
probe data.g As a result

“,= . De–D+lan —
peBy n ax

(45)

Electron Velocities

The electron velocity components v~y and v~~are now
determined. By subtracting electron continuity from ion continuity,
equations (16), the following relationship is achieved:

*_*+ v+Y-veYti =0 (46)
ay ay n ay

By substituting from (41) for the derivative of vey, and from ion
continui~

an—=-3##YY)
ay ay

then (46) involves only velocities and their derivatives:
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By employing the relationship for ~ from (41), and
substituting for the derivative of V+y from (47):

(47)

(48)

By substituting $ for ~ by equation (31), using the negative root of
(4o) for V+y, and using (42) for the derivative of v,,, equation (48)
becomes:

-1

g+* = ‘[%+ve%(”eBx-%)] “’)
2 (I&,- @ dy

The left hand side of (49) only depends on coordinate y, therefore
the right hand side must either be a function of y only, or a constant.

The ratio &= vez/v,y is found in an approximate reamer by
setting the al~ of the right hand side of (49) to zero, and assuming

the ratio @/v~N is small. In conjunction with (34) the results for
these velocity components are:

Note that
E

m= —
2

where wC= is the electron cyclotron frequency based on Bx

Potential Profile

Velocity components vey and v.. vary negligW with x in the
region along the y axis where plasma is concentrated and BXis the
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major magnetic field component. A potential profile is derived from
electron energy equation (36), now approximated as follows:

-y(y) = Q& =~(1-k +0.- $(y))
Vey(o,y)

This is integrated to:

MY) = (W+ (j.)F@)

(51)

(52)

Jo

Define distance y. as the location where $@.) = $., and beyond
which plasma is unmagnetized. Determine y. by the criteria:

p,BX(O,ym) = 1 (53)

By equation (50), v.y(O,y_) = ve/~2, and from (51) and (52):

which leads to the expression for the plasma potential at y.:

(54)

The potential profile will be completely known once the electron
drift velocity, v,, is determined.
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Electron Drift Velocity

At y + CO,uniform unmagnetized plasma has anl~ + O, v,. + O,
and equation (43) for jY collapses to jY + j. = -en.v, = em#.&.. Here
Ve is the constant electron drift velocity conveying the circuit current
between the anode and the magnetron region, and ~. is the constant
electric field in this positive column. From (51) for EY it is evident
that:

Solving (55) for v, produces:

5kT,

(e)
v:=~= L2 (56)

2!&l %

Independent parameters are seen to be Te, veN, cm,and either j. or &

(both vw and@ depend on T, as well as gas molecule properties).
At this point both $(y) and I$&) are considered known. Since

& = & = O, and V.E = O, then an exact solution requires ‘~/dY = O.
This condition is not met, the disparity being greatest at the cathode
surface and diminishing to insignificance at y + CO.This discrepancy
is a consequence of the absence of electrostatic sheaths in this model.

Plasma Density Profile

Equating expressions (45) and (50) for v= yields an expression
for plasma density

Ig . v. A%!?.L (57)
n ax De -D+ #-

This is integrated along x at constant y between coordinates -Xpand
+xp which are centered on the magnets flanking the magnetron track:

14
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J
x

n(x,y) = n(-xP,y) exp [ *
p~BXBY

m

dx ] (58)
e+

-XP

Given n(-xP,y), the density profile above the magnet pole, then n(x,y)
is determined. Note that the choice of magnet centers tip as the
lateral limits of investigation is arbitrary and simply a matter of
convenience. Equation (58) is relabeled to simpli& later algebra:

n(x,y) = no(y) L(x,y) no(y) ❑ n(-xp,y) (59)

and L(x,y) is the exponential function in (58). From (59):

an—. L- + no~ (60)
ay ay ay

Equation (43) for jY is now revisited and expressions (59) and
(60) are introduced:

jy = enoIL(lbEy + ~) + (D, - D+)~] + e(D, - D+)L~ (61)
ay

The conservation of the circuit current 10is given by an area integral
of equation (61) for jy, and this provides an expression for the
determination of no(y):

H
+Xp

J
+Xp

10 = jydxdz=Az jy dx = AZ 2xpj. (62)
z -XP -XP

10 = b(y)no + a(y)% (63)

15
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J
+Xp

a(y) = Az e(D. – D+) L(x,y) dx

“XP

(64)

J
+Xp

b(y) = Aze [ L.(P.EY + ~) + (De - D+); 1dx (65)

-XP

and AZ is the length of the magnetron track which intercepts total
circuit current l.. Equation (63) is integrated for no@), and for
convenience these functions are defined:

H&) = b(y)\a(y) K(y) = 10/a(y) (66)

Note from K(y) that circuit current per unit magnetron track length,
Io/AZ, enters as a parameter to n(x,y) rather than any absolute
current or track length. The final form of no@ is:

and n(x,y) = no(y) L(x,y) for L(x,y) as defined by (58) and (59), and
no(y) as given by (67). Also note that for positive current in the -y
direction that Io, j., and K are negative.

Magnetron Current

The magnetron current along -z is:

Y-

H
+Xp

IM = -e n(x,y) V,z(x,y) dx dy
o -XP

16
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Summary of Analytical Results:

d~ = %(W + $.)
(1 -F(y)) = -~

dy Vq (O,y)

v: = *(L -$)

n(x,y) = no(y) L(x,y) nob) = n(-xp,y)

J

x

U~BXBy
n(x,y) = n(-xp,y) exp [ %

-

dx ]
e+

-XP

(56)

(50)

(53)

(52)

(37)

(54)

(52)

(52)

(40)

(59)

(58)
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[

+x~

a~) = Az e(D, – D+) L(x,y) dX
J.xp

J
+Xp

b(y) G Az e [ L. (w.EY + ~) + (D, - D+); 1dx

-XP

H(y) = b(y)/a(y) K(y) = Io/a(y)

Jo

J
Y

Y

Jno@) = e- o ‘(q)‘m[no(0) + J“WId<~olK(q) e o

0

Ye +Xp
lM =

JJ
-e n(x, y) v,z(x,y) dx dy

o -XP

(64)

(65)

(66)

(67)

(67)

(68)

An Example

Application of the model is illustrated with the following
example drawn from experimental results published by Wendt and
Lieberman.5 A circular planar magnetron with &(O,O) = 171 Gauss in
a 5 cm wide, 31.4 cm long track, intercepts 0.5 Amps of discharge
current at 520 Volts in 5 mTorr of argon. Measurements of the
current density jy (x,O) at the cathode surface are fitted by a gaussian
in coordinate x with a FWHM of 1.875 cm and a peak of 0.14 A/cmZ.

An example was calculated for p = 5 mTorr
(N= 1,77 x 1014cm-a), argon (Z= 39.948 AMU ions),

Io/Az = -1.59 Amp/m ( = -0.5 A/O.314 m), with B.(0,0) = 178 Gauss.

Parameters were selected as follows: T, = 5 eV, v,N = 1.24 x 107 S-l,

w = 7.09x 104 s-l, j. = -0.00318 A/cmZ. The diffusion and mobility

coefficients used were: De = 7.08 x 104 mZ/s, D+ = 41.4 mz/s,
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V. = 1.42 x 104 m2/s-Volt, V+ = 331 m2/s-Volt.
Results are: m.,= 1.77 x 109 cm-a, v, = 1.12 x 107 cm/s,

Y- =22.4 cm, ue = 12.5 ev, $-= 522 volts, IM = -0.773A, IM/10= 1.55,
n(O,O) = 2.28 x 1011cm-a, jY(O,O) = -0.185 A/cmZ.

Figures 3, 4, 5, 6, 7, and 8 show spatial distributions as one ofi
1) graphs along x between -xP and +xP at the cathode surface @ = O),
2) surface plots for -xP < x < +xP, y < ym,oriented as is Figure 2, and

3) graphs along y from O to y., at mid-track (x= O).

Parameter Studies

The value of an accurate fluid model would be the ability to
design magnetron cathodes with desired attributes, by specifying
both the magnet strength and geometry, and the gas properties. A
magnetron cathode could be designed for a higher sputtering yield at
lower voltage by narrowing the density distribution, or a broad
density distribution could be selected for a uniform erosion pattern
and long cathode life. An example of a broad density distribution is
shown in Figure 2.

A sample parameter study is the calculation of& where the

only parameter varied is the angle of tilt, tl, of the magnets flanking
the magnetron track. This angle is defined as positive for outward
tilt, and negative for inward tilt. Figure 1 shows magnetron tracks
with one side tilted inward -15“.

These calculations model a single 2 cm wide track like that on
the left in Figure 1, but with both magnets tilted with mirror
symmetry. Conditions are: a 35 mTorr mixture of 1% 02 in helium,
T, = 6 eV (He+ and O+ in equal numbers), Io/Az .-2000 A/m,

BX(O,O)= 840 Gauss at El= W. Calculations show that & decreases
with inward tilt, and increases to a maximum then decreases with
outward tilt. The influence of Elon voltage is shown in Figure 9.
Experiments are being planned to verify this model.

This work was performed under the auspices of the U.S. DOE by
LLNL under contract no. W-7405 -Eng-48.
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B,, I&, n, and jY at y = O, and jY from experiment in reference [5]



I I 1

178

).66C

A
B., Gauss BY, Gauss

2.11

‘0.38

Log [ n(x,y) /n- ]

175

-175

1.76

-0.90

Log [ jY(Xy)@ 1

Figure 4: Distribution of B, n, and jy between *XP and Y-

These surface plots are oriented exactly as Figure 2

22

— —



2.11

.39

Log [ jz(X,Y)/j=a ]

,.727

1.004

1

0.686

Vey(X,y) /Ve Vez(X,y) /Ve

Figure 5: Distribution of j., V.Y, and vez between *XP and Y-
These surface plots are oriented exactly as Figure 2

23



1

0.1

0.01

0.001
0

1 1 -r- &
Ve2(0,Y)/Ve/4 2-- ,~~’1

.. -“
.,--

-.?“-
. -“’,,...

,,.

\ ““‘

‘“,,,, ,,. “-V’ey(O,Y)/Ve/4 2
‘:,.

-,, ,/’”
....

,...,/

,k “’’’”:
,,-~..,.,,/~~..,..,,...

,/” “’ ,y+y(o,y)/v+y(o,o)
.,,,,,

.,,>..”

,. @
,...,,

.! “’ .,.,,
....,,

[f
~

,.

*’
..’

n(O,y) /n(O,O)

I 0.2 0.4 0.6 0.6 1

Y

Y“

Figure 6: Normalized density and velocities at mid-track
Profiles of V,Z,V,Y,V+y,and n, along conduction axis at x = O

24

—



1

0.1

0.01

I I ., ,. ,, ,,,,.,., . . ... ,,. ,- ,-x .,----- .,.J

., ~~~~~
. . . .

..
,“

i

:!
1’ ,.
\, $

,,.”
‘iv! .,

\

\

/

y+ Y(o.Y)4+Y(ojo)

I \ I I I
.-0.001

0 O.z 0.4 U.6 U.s 1

Y

T“

Figure 7: Normalized current densities at mid-track
Various profiles of j,Y j+y, and jy along the conduction axis at x = O

25

—



600

400

200

0

(j(y), volts

o 10 20 30

y, cm

1

0.8

0.6

0.4

0.2

c
o 0.05 0.1 0.15 0.2

Y

Y“

Figure 8: Voltage and density profiles at mid-track (x = O)
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Figure 9: Effect of magnet tilt angle on voltage
P =35 mTorr, He/Oz = 0.99/0.0 1, XP= 0.95 cm,
BX(O,O) = 840 Gauss @ e = (Y, Io/Az = -2000 A/m, T, = 6 eV
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