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______________________________________________________________

When a pulsed electron beam hits a metal plate with sufficient
energy a volume of the metal becomes hot fluid that subsequently
sprays out of the plate. A second pulse of electrons traveling toward
the plate would scatter and degrade before impacting the solid plate
because of its encounter with the diffuse material of the initial splash.
People designing electron beam machines for use as pulsed radiation
sources wish to eliminate the interaction between the electrons and
the splash because they want sharp radiation pulses emitted from the
solid plate. This report presents a compressible fluid model of this
splash flow and compares specific cases with experiments and
comprehensive calculations performed by B. DeVolder and others at
the Los Alamos National Laboratory, see reference (1).

My aim was to develop as simple a theory as possible to
calculate the speed and density of the splash flow. I have used both
simplifying assumptions and mathematical approximations to develop
convenient formulas. As I wished to make a clear and interesting
presentation of this work to a diverse audience that includes people
outside the specialty of fluid dynamics, some of my descriptions may
seem wordier than necessary.

The plan of the report is as follows. In the section called Òenergy
depositionÓ I describe how an electron beam deposits energy in a solid
plate, converting some of the material into a hot fluid. The initial
temperature of this fluid is the key parameter in determining the
nature of the subsequent flow; an explicit formula is shown. Flow
occurs in two regions: along a streamtube within the metal plate and
as an expanding plume outside the metal plate. Flow within the plate
is described in the section called Òisentropic flow.Ó This flow occurs as
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expansion waves move at the speed of sound through the streamtube.
The analysis of this flow provides a formula for the mass flow over
time from the plate into the external splash. The section called
Òcentered expansionÓ elaborates on the nature of certain
approximations I have made in treating the wave phenomena in both
the streamtube and splash flows. The section called Òsplash flowÓ
presents a formula to describe the material density as a function of
space and time outside the plate. This formula depends on the time-
dependent material density at the plate, which was found during the
streamtube analysis. The section called ÒexamplesÓ shows the results
of specific calculations and a comparison to computational and
experimental results described in reference (1). The final section,
Òpossible future work,Ó poses new questions.

EEEEnnnneeeerrrrggggyyyy    ddddeeeeppppoooossssiiiittttiiiioooonnnn

Electrons of kinetic energy E, in MeV, travel a distance l, in
centimeters, upon entering solid matter,

l = (0.542×E - 0.133)/r

where r is the mass density in grams per cubic centimeter. This
formula is an approximation for all materials and for electron energy
above 0.8 MeV, see Fermi (2). Individual electrons scatter within the
target material as they travel, losing energy and diffusing laterally
from the original direction of the electron beam. The motion of the
electrons is isotropic by the time they reach the range depth l. The
volume of material absorbing electron energy has a trumpet shape
with an inlet radius r0 equal to the electron beam radius. The volume
I chose is a trumpet with a radius of

r(x) = l[(1 + r0

l
) - 1 - x

l
]

where x is the distance into the target material. This trumpet has an
initial half angle of 26.6¡ and a terminal angle of 90¡ at x = l. I chose
this shape as a compromise between a conical volume of depth l and a
trumpet with a quarter circle profile and of equal depth. All three
volumes have a base radius of l + r0. I judged the cone to have too
rapid a diffusion of electrons with depth, and the quarter circle
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trumpet to have too slow a diffusion. The volume for any depth up to
x = l,V(x), is p times the integral over x of the radius squared.

Electrons with kinetic energy between 1 and 20 MeV deposit an
average of (1/r)dE/dx = 1.6 MeV×cm2/gm for all materials. This
approximation is based primarily on the data for Òrestricted stopping
powerÓ of helium shown by Berger and Seltzer (3). The energy in MeV
deposited by an electron in its transit through a plate which is thinner
than a range depth is the product of density, thickness, and the
constant 1.6. A pulse containing Ne electrons deposits (1.6 ´
106)×r×DL×Ne eV of energy into a volume of depth DL. The total
number of atoms in this volume is r×NA×V(DL)/Aw, with NA being
AvogadroÕs Number and Aw being the atomic weight. The ratio of eV
deposited per atom is [(1.6 ´ 106)×r×DL×Ne]/[ r×NA×V(DL)/Aw]. Notice
that the energy of the electron beam influences this ratio through the
volume function.

The trumpet-shaped volume of material absorbing the electron
energy is assumed to become a perfect gas at temperature T. For a
perfect gas,

Dh = cp×DT 

cp - cv = R = k
m

cp

cv
 = g

cp = 
g

g - 1
× k
m

where Dh is enthalpy change, DT is temperature change, cp and cv are
the specific heats at constant pressure and volume, respectively, R is
the gas constant, k is BoltzmannÕs constant, m is the atomic mass, and g
is the ratio of specific heats. The temperature of the fluid in eV is
given by (g - 1)/g times the enthalpy-mass product, shown earlier as
the ratio of eV deposited per atom,



4

T = 
g - 1

g
×
(1.6 ´ 106)×r×DL ×Ne×Aw

r×NA ×V(DL )

The g for a monatomic gas is 5/3.

IIIIsssseeeennnnttttrrrrooooppppiiiicccc    fffflllloooowwww

The fluid volume is established instantly in comparison to the
travel time of stress waves through the plate material. Also, the
duration of the electron beam pulse is assumed to be shorter than the
travel time of waves across the plate. For example, assuming a 1.0 mm
thick plate and a (stress or shock) wave speed of 1.0 cm/ms then an
electron beam pulse shorter than 100 ns would appear as an impulse.
The fluid is assumed to be a single component atomic gas because any
initial ionization would quickly recombine within the solid density
fluid.

If the plate is thicker than the range depth of the electrons then
the fluid flows out of the back side of the plate and toward any
subsequent electron beam pulses. If the plate is thinner than the
range depth of the electrons then fluid flows both backward and
forward. Backward flow issues from an area pr02, while forward flow
issues from an area pr(DL)2. The flow within the plate is treated as a
one-dimensional, isentropic expansion of a perfect gas. The one-
dimensional approximation is very reasonable for plates thin
compared to the electron range depth (only slight flare for the
streamtube), yet with a thickness larger than the electron beam
diameter (streamtube length/diameter ³ 1). I used Shapiro (4) for a
description of compressible flow.

At time t = 0 a streamtube of fluid, V(DL), is created at
temperature T, with a total mass M0, and density r0, what is the
subsequent flow? The region outside the plate is assumed to be a
vacuum. Consider a streamtube that is open at both ends. An
expansion wave is launched from each exit area into the streamtube
and the fluid behind each wave flows toward the respective exit. Fluid
that has yet to sense a wave remains static. Eventually the two
oppositely directed expansion waves meet at the midpoint, fluid
everywhere is now in motion. After the two waves cross at the
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midpoint, the fluid between them is now ÒbehindÓ both waves and the
oppositely directed accelerations cancel, leaving a region of static fluid
that grows from the midpoint out toward the exits. The entire volume
is static when the waves reach the opposite ends of the streamtube.
The expansion waves travel at the sound speed, c = Ö[geT/m], for T in
eV, so they traverse the streamtube in a time DL/c. The mass flow at
each exit area is choked (maximum flow per unit area, ÒFliegnerÕs
formulaÓ), it is at Mach number M = 1. The total mass flow out of the
tube during the period 0 £ t £ DL/c is

w0 = ( 2
g + 1

)
g + 1

g - 1 r0cA0

where A0 is the sum of the two exit areas. The total mass, M1, and
density, r1, at time t1 = DL/c are

M1 = M0 - w0t1

r1 = M1

V(DL)

where the subscript is an index of the number of wave traversals.
With isentropic flow there are no heat losses, so the temperature of
static fluid at time t1 is unchanged (stagnation temperature). In using
an isentropic flow description I assume that heat flows out of the
plate with the fluid rather than being lost by conduction, radiation, or
dissipative effects (irreversibly).

The process described above occurs again during the time
interval DL/c £ t £ 2DL/c, and with the starting values T, M1, r1, and
w1 (like w0 but with r1 in place of r0). In this way the mass flow into
the vacuum (w0, w1, w2,...) decreases in the manner of a temporal
staircase as sound waves bounce back and forth through the fluid
volume in the plate. A streamtube closed at one end behaves exactly
like one half of the double-ended streamtube described.
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CCCCeeeennnntttteeeerrrreeeedddd    eeeexxxxppppaaaannnnssssiiiioooonnnn

The expansion waves described above are idealized as zero-
thickness, constant-velocity Òclumped waves,Ó with finite property
changes across them. In reality they are a sequence of wavelets with
infinitesimal property changes across each, which as a group form a
wave of finite thickness with a wave head that moves at higher speed
than the tail. The initial wavelet launched at t = 0 travels into
undisturbed fluid at temperature T, and on experiencing the wavelet
the fluid cools and accelerates toward the launch point. Motion lowers
the fluid pressure, however unless this pressure now matches the exit
area boundary condition, here p = 0, then a subsequent wavelet is
launched. This second wavelet enters fluid at lower temperature T -
DT, so it moves at a slower sound speed c = Ö[ge(T - DT)/m]. Other
wavelets follow in a similar manner. On an x-t plot of the one-
dimensional isentropic flow, a clumped wave appears as a line with
slope 1/c and the finite thickness wave appears as a fan emanating
from the launch site x = 0 (and x = DL with negative slope). The
clumped wave approximation collapses the incrementalism of the fan
onto the initial wavelet. Figure 1 is an x-t schematic of clumped and
finite expansion waves, fluid particles paths are shown as dotted lines.

A centered expansion is the two-dimensional acceleration of a
steady flow about some pivot point, usually a corner, or the one-
dimensional impulsive exhausting of a pressurized tube into a
vacuum. The term Òcentered expansionÓ describes the fan-like
appearance of the sequence of expansion wavelets which either
emanate from a corner in the x-y space of two-dimensional steady
flow, or launch from the exit area in the x-t space of impulsive one-
dimensional flow. The tube flow within the plate is an x-t centered
expansion, while the diverging splash in the vacuum is a sequence of
two-dimensional (axisymmetric) steady expansions. Figure 2 is a
schematic of a two-dimensional steady expansion, fluid particle paths
are shown as dotted lines.

SSSSppppllllaaaasssshhhh    fffflllloooowwww

The splash flow at a radial distance R from the exit area and at
time t is related to the exit flow at R = 0 by the constancy of mass flow
between wave traversals, w = density × velocity × area,
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wi(R, t) = [F1ri(R, t)](F2c)(pr0
2) = [r0z(R, t)](Gc)(2pR2)

i(R, t) = integer(
t - R

Gc
DL
c

) ³ 0

F1×F2 = ( 2
g + 1

)
1

g - 1 × 2
g + 1

 = ( 2
g + 1

)
g + 1

g - 1  = F

G = 2
g - 1

z(R, t) = 
ri(R, t)r0

2F

2r0R 2G

R ³ 
r0

2F

2G

Here only the flow back toward the electron beam is considered. The
mass flow at R and t corresponds to mass flow at R = 0, with wave
index i(R, t). F1, (0.6495), is the ratio of exit density at M = 1 to the
exit density at stagnation conditions (M = 0, i = 0, 1, 2, ...). F2, (0.8660),
is the ratio of the speed of sound at M = 1 to the speed of sound at
stagnation temperature (the stagnation speed of sound is c). F,
(0.5625), is the product of F1 and F2, and appears in the formula for
the total mass flow out of the streamtube. Gc, (1.7321×c), is the
maximum speed fluid can attain (M = ¥). The maximum turning angle
for g = 5/3 flow in accelerating from M = 1 to M = ¥ is 90¡. z(R, t) is a
density ratio defined to be no larger than unity for R below
r0Ö[F/(2G)], (0.403×r0). The flow is assumed to move as an expanding
hemisphere, this approximation is accurate for R beyond a distance
comparable to the exit diameter. For this model, the transition
between one-dimensional flow at M = 1 and hemispherical flow at M =
¥ is designated to occur over a negligibly short distance r0Ö[F/(2G)]
and time [r0/(Gc)]Ö[F/(2G)].
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EEEExxxxaaaammmmpppplllleeeessss

Four examples described in the work cited in reference (1) were
also calculated using the formulas presented in this report. The first
three examples had an electron beam of 3.8 kA at 5.25 MeV within a
diameter of 1 mm and a pulse width of 70 ns. These examples each
had a target of the following material and thickness: (1) aluminum at
0.8 mm, (2) tantalum at 1.0 mm and, (3) copper at 0.8 mm. Los
Alamos experimentalists had measured the speeds of the splash flows
for these three examples; calculations had been performed for
examples (1) and (3). The fourth example corresponds to a projected
electron beam facility at Los Alamos and is a purely computational
exercise. This last case assumes an electron beam of 4.5 kA at 20 MeV
within a diameter of 0.025 mm and a pulse width of 70 ns. The target
for this case was aluminum at 1.0 mm thickness. Table 1 shows a
comparison between the results of the model in this report (columns
three, four, five) and the Los Alamos work (last column).

______________________________________________________________
TTTTaaaabbbblllleeee    1111::::    CCCCoooommmmppppaaaarrrriiiissssoooonnnn    ooooffff    ssssppppllllaaaasssshhhh    ssssppppeeeeeeeedddd    eeeessssttttiiiimmmmaaaatttteeeessss

______________________________________________________________
case material R t velocity DeVolder,... (calc.=expt.)
# @ mm cm ms mm/ms mm/ms
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
1 Al @ 0.8 1.0 1.36 7.4 8.0

2 Ta @ 1.0 1.0 1.47 6.8 7.2 (experiment only)

3 Cu @ 0.8 1.0 1.36 7.4 10

4 Al @ 1.0 1.0 0.70 14.3 30. (calculation only)
______________________________________________________________
cases 1, 2, 3: 3.8 kA 1 mm diam 70 ns 5.25 MeV
case 4: 4.5 kA 0.25 mm diam 70 ns 20 MeV
______________________________________________________________

The analytical model agrees with the Los Alamos work because each
method arrives at a similar stagnation temperature, which is the
fundamental parameter of the problem, and the high density assures
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a flow at equilibrium. I calculate the stagnation temperature for each
example as follows: (1) 3 eV, (2) 15.7 eV, (3) 6.9 eV, and (4) 11 eV.

I would like to present some detailed results from my
calculation of example (1). Figure 3 shows the aluminum density ratio
at the exit plane of the streamtube on the side of electron impact as a
function of time in microseconds. The density decreases in a staircase
fashion at intervals determined by the travel time of sound waves
through the streamtube. The corners of this temporal staircase are
rounded if waves of finite thickness are used during analysis in place
of clumped waves. This density drops by three orders of magnitude in
a microsecond, so at that time a metallic gas with a density of one and
a half standard atmospheres flows out of the plate.

The splash flow for example (1) is illustrated in Figure 4, a three
dimensional plot of z(R, t). This flow moves 1.0 cm in 1.36 ms, for a
speed of 7.4 mm/ms, and it has a stagnation temperature of nearly 3
eV. The Òexclusion zoneÓ (subscript ÒEÓ) for this example is also noted
in Figure 4. The relative density ahead of the material front was set
equal to the lowest relative density in the domain of the calculations
(< 10-6) to avoid the problem of plotting log(0). This plot shows the
combined effects of the decrease of source density over time and the
attenuation due to the expansion in space.

A sequence is shown in Figure 5 of radial profiles of normalized
density for example (1). In this particular case the venting is so rapid
and the source volume so small that the mass of the source disappears
and the splash is an expanding shell. This feature is evident in the Los
Alamos calculations of example (1), see reference (1). This shell flow
also occurs in examples (2) and (3), but not in example (4), where the
expansion is uniform. For examples (1), (2), and (3), the material
shells have a relative density of about 5 ´ 10-4 and an extent of about
2.0 mm when the splash reaches 1.0 cm. Example (4) has a fairly
uniform relative density, being about 5 ´ 10-5 when the splash
reaches 1.0 cm at 0.7 ms.

These examples show that metallic clouds of between 0.1 and
1.0 standard atmospheric density will extend out to 1.0 cm from
millimeter-thick target plates by 1.0 ms after impact by electron
beams of the type described.
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PPPPoooossssssssiiiibbbblllleeee    ffffuuuuttttuuuurrrreeee    wwwwoooorrrrkkkk

Does the splash matter? Will a splash affect a subsequent pulse
as assumed? One exercise to explore this question is to find the
integral

DE(x, t) = [1.6 
MeV×cm2

gm
]r0z(x, t)dx 

-¥

x

This is the energy deposited by a single electron by position x along
the direction of the electron beam. It may be that for a few pulses
most of the energy is still deposited in the plate and little is lost in the
splash flows. On the other hand, subsequent pulses may heat and
ionize the splash flows, creating dense plasmas that can interact in
more elaborate ways with later pulses. Quantifying these conjectures
is much easier given the splash density distribution r0z(R, t) and the
average density of the streamtube ri. Another investigation is to
estimate the variation with x of the electron multiple scattering angle.
This scattering angle is a statistical average of electron deflections and
determines the extent of lateral beam diffusion while penetrating
matter, see Fermi (2). It may be that the line integral of density
through the splash is insignificant in comparison to that through the
fluidized plate.

Another exercise is to design a target with teeth (like the rack in
a gear mechanism) and lateral motion so that splashes are confined
within trenches that are swept away. A lateral motion of 1.0 mm/ms
would allow for a 1.0 mm trench (say 5.0 mm deep) and 1.0 mm ridge
to sweep by a 1.0 mm diameter beam ÒspotÓ every 2.0 ms. This speed
is comparable to that of a high velocity bullet or the tip speed of a 1.0
meter turbine at 20,000 rpm. These may seem like extreme solutions
to the problem, however they may be more realistic and reliable than
the alternative of pulsed magnetic steering of multi-MeV beams
between pulses separated by one or two microseconds.

Perhaps the most promising exercise is to explore the parameter
space offered by a variety of electron beams and targets, and then
suggest that the most interesting cases be subjected to comprehensive
computation by groups like DeVolderÕs at Los Alamos. If further
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examples prove that my energy deposition model is widely applicable
then a significant amount of computational work can be eliminated.

PPPPoooossssttttssssccccrrrriiiipppptttt

During the time this report was being reviewed and prepared
for distribution work continued. The model has been expanded to
include the effects of energy-dependent deposition, so that (1/r)dE/dx
= 1.6 MeV×cm2/gm is now determined by the Bethe formula as
presented in reference (3). This energy deposition results from the
loss of beam energy by collisional ionization of the target. Beam
energy is also lost by bremsstrahlung radiation. This radiative term is
smaller than the collisional term, and is lost to vacuum from thin
targets. No significant effect is observed in the flows calculated with
this more detailed energy deposition formalism. The values of
(1/r)dE/dx still hover within 20% of 1.6 MeV×cm2/gm. These and
other details will be investigated further.

Another recent addition is a model of nonequilibrium plasma
flow. A small portion of the original ionization remains ÒfrozenÓ in the
cold expanding flow. For example (1), described earlier, this plasma
has a density of about 0.6% of the neutral density at the front of the
flow, and an electron temperature of 0.2 eV there. This is consistent
with the results presented in reference (1). A report on this new work
is being written.

AAAAcccckkkknnnnoooowwwwlllleeeeddddggggmmmmeeeennnnttttssss

I am very grateful to Barbara DeVolder for sending me a copy of
her poster paper, and for taking the time to explain it in detail during
the ICOPS conference in May of this year.
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FFFFiiiigggguuuurrrreeee    lllleeeeggggeeeennnnddddssss

(1) Clumped and finite waves. x-t schematics of streamtubes open
at both ends with clumped (top) and finite-thickness (bottom)
expansion waves. These waves move at the speed of sound,
which varies locally as the temperature changes. Fluid particle
paths are shown as dotted lines. Regions of static fluid have
vertical particle paths, and regions of moving fluid have slanted
particle paths. The expansion of the fluid appears as an increase
in the separation of adjacent particle paths over time. Conditions
at the exits are steady between the times waves arrive. The
density at the exits is a staircase in time with intervals set by
the traversal time of sound waves through the streamtube.

(2) Exit flow into vacuum. x-y schematic of steady splash flow in the
vacuum outside the plate. Expansion fans emanate from the lip
of the exit area, and much of the flowfield is a region of
interpenetrating expansion wavelets (for axisymmetric flow an
expansion fan ring emanates from lip of the exit). Fluid particle
paths are shown as dotted lines. Stipple patterns indicate
regions within both, one, or none of the expansion fans. The
mass flowing per unit time across a hemisphere at distance R
from the streamtube exit must equal the mass that flowed per
unit time out of this end of the streamtube at a time earlier by
the travel interval across R. The density at each point (R, t) has
its temporal dependence set mainly by the time dependence of
the streamtube exit density, and its spatial dependence set by
the two-dimensional expansion of the splash flow.

(3) Aluminum density ratio at exit plane. The history of the relative
density at the exit of the streamtube for example (1) is a
staircase with intervals set by wave travel times along the
streamtube. Here the density drops three orders of magnitude in
one microsecond. The sharp edges of this history are smoothed if
finite thickness waves are used in the x-t analysis of the
streamtube flow. The rate at which this relative density drops
depends on both the stagnation temperature of the fluid and the
size of the reservoir, small hot volumes vent more quickly.
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(4) Aluminum splash at 7.4 mm/ms. The relative density of the
splash flow for example (1) at distance R and time t over a
domain of 1.0 cm and 1.36 ms. The ÒfrontÓ of the splash is visible
as the large diagonal cliff with a slope of 7.4 mm/ms. The
streamtube exit density history is seen at the R = 0 plane, and
radial profiles of splash density are seen as any snapshot (t =
constant) plane. Notice the shell-like structure of the splash flow
at t = 1.36 ms. The relative density ahead of the front is set
arbitrarily to avoid plotting log(0).

(5) Aluminum splash, density ratio @ radius (cm) @ time (s). A
sequence of splash flow relative density profiles for example (1).
Time t is in seconds, distance R is in centimeters, and relative
density z is set to unity below distance xE. The shell-like nature
of the flow is clearly visible. Sharp edges in the profiles are
rounded if finite thickness waves are used in place of clumped
waves. The shell is about 2.0 mm thick when the front has
reached 1.0 cm at 1.36 ms. The density of this shell is about one
standard atmosphere, or 2.7 ´ 1019 aluminum atoms per cubic
centimeter.
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