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ABSTRACT In this paper, we consider approzimation of a second order convection-
diffusion problem by coupled mized and finite volume methods. Namely, the
domain is partitioned into two subdomains, and in one of them we apply the
mized finite element method while on the other subdomain we use the finite vol-
ume element approrimation. We prove the stability of this discretization and
derive an error estimate.
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1. Introduction

Coupling different numerical methods applied to different parts of the do-
main of interest is becoming an important tool in numerical analysis, scientific
computing, and engineering simulations. In the coupling process several im-
portant mathematical issues arise that have to be addressed.

First problem is to find what natural and stable mathematical formulation
will lead to a good computational scheme. In the case of different methods
used in different parts of the domain this means to find a stable way of glu-
ing together the solutions in the subdomains. Secondly, we have to find an
approximation of the mathematical formulation which is stable, convergent,
and accurate. And finally, we have to construct and study efficient solution
methods for the resulting algebraic problem.



We shall consider the following homogeneous Dirichlet boundary value prob-
lem for the convection-diffusion-reaction equation:

Lp=f(z), z€Q, plz) =0, ze€dn, (1)

where £ = Lo +C, Lop = —V - aVp is the diffusion operator, and Cp =
V - (pb) + cop is the convection-reaction operator. Here 2 is a bounded polygon
in R?, d = 2,3 with a boundary 8, @ = a{z) = {a; ;(z)} is a d X d symmetric
and uniformly in Q positive definite matrix, and f = f(z) is a known function
in L2(2). Also b= b(z) = (b1,---,ba) is a given vector field and ¢o = ¢o(z) is
a given function. We assume that b(z) and co(z) are uniformly bounded in Q
and satisfy the condition

1
coz) + EV -b(z) > v =const >0, z € (2)

This in turn guarantees the coercivity of the operator C in L?(2) and the
existence and uniqueness of its solution in the Sobolev space Hg (). This
problem is a prototype of mathematical models in heat and mass transfer,
diffusion-reaction processes, flow and transport in porous media, etc.

In this paper we propose and study numerical methods for this problem
when in different parts of the domain different discretizations on independent
meshes are used. Namely, we consider mixed finite element approximation in
one part of the domain and finite volume element method in the rest of the
domain. It is important to note that coupling mixed finite element and finite
volume or Galerkin finite element approximations does not require any auxiliary
(mortar) space on the interface of the subdomains. This is due to the fact
that the Dirichlet boundary conditions are natural for the mixed formulation,
while the Neumann boundary conditions are natural for the standard weak
formulation of a second order elliptic problem.

In the recent years there has been growing interest in the finite volume
method (called also control-volume method or box-schemes). This interest is
mostly due to the requirement of many applications of having locally conserva-
tive discretizations. This is a discrete variant of the property of the continuous
model which expresses conservation of certain quantity (mass, heat, momen-
tum, etc) over each infinitesimal volume. The finite volume method has been
combined with the technique of the finite element method in a new develop-
ment which is capable of producing accurate approximations on general sim-
plicial and quadrilateral grids (see, e.g. [4, 5, 6, 7, 8, 13]). For a collection of
theoretical results and various applications we refer [2]. The main advantages
of the finite volume method are compactness of the discretization stencil, good
accuracy, and discrete local conservation, which for many applications is a very



desirable feature of the approximation. Also, this method has well developed
approximation schemes for convection and convection-dominated problems.

The structure of the paper is the follow. In Section 2 we introduce all
necessary notations and the weak form of the problem (1) in a two domains
setting. In the subdomain where the mixed formulation is used we apply the
more general concept of the discontinuous Galerkin method for second order
equations in mixed form. In the case of convection-diffusion problems the
pressure should be smoother than just L? so we use the space H} . Further,
we study the stability and derive an a priori estimate for the solution.

Section 3 is the central part of the paper. Here we introduce and study the
coupling of the mixed finite element and the finite volume element method.
Further, in Subsection 3.2 we discuss the coupled mixed and finite volume ap-
proximation of convection-diffusion-reaction equations. Finally, in Subsection
3.3 we prove the unconditional stability of the discrete scheme and derive an
estimate for the error.

2. Variational formulation

In this section we first introduce all necessary notations for splitting the
domain of the problem (1) in two subdomains @ = Q; U @y and using two
different formulations in each subdomain. The weak mixed formulation in Q;
is derived when the pressure p is in the space H. (£1). In Q2 we use pressure
space H(Q)3). We prove that the coupled mixed/Galerkin formulation is stable
and derive an a priori estimate which is the prototype of estimates for the
approximations schemes established further in the paper.

2.1. Two-subdomain coupled formulation

We partition ) into two subdomains with an interface boundary T, i.e.
Q=0 UT U Qs (see Figure 1) and use the standard notations for Sobolev
spaces of functions defined on 1 and Qy: H(div, Qi), L?(Q;), i = 1,2 and
Hj(f, 002\ T). Here the last space denotes the functions defined on (2,
having generalized derivatives in L?({);) and vanishing on 85 \ T'. The inner
products in these spaces are denoted correspondingly by

(u’v)H(diV,Ql)E/Q (u-v+ Vu Vv)dz, (wi,zi):/Q w;, z;dx,
1 i

and (va, w2) g1(q,) = (v2, w2)+(Vvz, Vwz), which in turn define norms denoted
by 1Vl (div, @,y0 villo, @: and [lozll1, .-
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Figure 1: Domain partitioning: 2 = Q; UL U Qs.

Whenever possible we skip the subscript in L?-norms. The dual space of
H} (s, 002 \T) is denoted by H*(€)2), the space of the traces of the normal
component of the vector-functions in H(div, ;) is denoted by H~1/2(I),
and the space of the traces of functions in Hj (s, 002 \ ') is denoted by

HgéZ(I‘). The trace spaces are equipped with the standard Sobolev norms.
Finally, we shall use the notation < -,- >p for the duality pairing between
HY/?(T') and H=Y/2(T'). Further, we denote by n; the unit vector normal to
0Q; for i = 1,2 and pointing outward to the domain. Finally, we split the
interface boundary ' = T_UT, where ' = {z € T : b(z)-m < 0} and
't ={zxeI': b(z) -n >0}. Note, that this splitting is with respect to the
vector n;. An illustration of these notations in 2-D is given on Figure 1.

In Q; we use a mixed setting of the problem (1). That is, we introduce
the new (vector) variable u = —aVp. To distinguish the solutions in the
subdomains we denote by p; = plg, and ps = plg,. The composite model
will impose different smoothness requirements on the components p; and ps.
More specifically, we will require that u € H(div, ), p1 € L*(©,), and
p2 € H}(Q2, 82\ T). Note that ps is required to vanish on 8§ \ T.

Testing the equation a~'u + Vp; = 0 by a function v € H(div, ), using
integration by parts, the zero boundary conditions for p; on 9 \ I', and the
fact the trace of p; on T is the same for the trace of p» on I', one ends up with
the equation,

(a™tu, v) — (p1,V - V)+ < ps, v-n; >p=0 forall v € H(div, ). (3)

Further, in order to describe the weak form of the equation

V-u+V-(p)+copr=f(z) in &



we need to allow discontinuous functions p; from the space H} :

vy € L2(Q) :  there is a partition K of
Hlloc(ﬂl) = { .

such that v1|x € H'(K) forall K € K

The functions in H} .(€;) have traces from both sides of the interfaces of the
subdomains K. Namely, for a given function p; € H}, (€)) we denote these
traces by p§ and pi, where “o0” stands for the outward (with respect to K)
trace and respectively, “¢” stands for the interior trace.

Next, we give the weak form of the above equation. We borrow this formu-
lation from the discontinuous Galerkin methods (see, e.g. [10], pp. 189-196) by
testing the equation by a function w1 € H},.(Q1). We note, that this setting
is quite similar to the mixed finite element method for convection-dominated
convection-diffusion-reaction equations (see, e.g. [12]). Since the functions
from H}, () are piece-wise smooth with respect to the partition K we shall
integrate over each K € K and then sum the results. Following [10] we find
first the contributions of the advection-reaction operator Cp; by introducing

the bilinear form Ck (p1, w;) for any subdomain K € K:

Ck(p1, w1) = / (V - (bp1) + co(a:)pl) wy d:z:+/ (P ~pt) w b-nds.
K K _

Here n is the outer unit normal vector to 0K. Next, we integrate by parts in
each subdomain K and sum over all K € K. Thus, for p1,w; € H} () we
get:

Clp1,un) = Z ( —/plb‘vwldaf-l-/ pfwib-nds
ke K K OK
+/ co(z) p1 w1d$+/ P wib-nds).
K K 4

Note that this bilinear from is well defined for both continuous and discontinu-
ous functions with respect to the partition K. From this expression we see that
if the subdomain K has a side/face on I'_ then the trace p{ should be replaced
by its counterpart from 5, namely by pa(z). Also on I'~ we have wi = w,
and on 0Q,_ \T'_ we take p¢ = 0. Further, for a given function ¢(z) we denote
by t— = min(0,t) and t;. = max(0,t). Thus, we get the following weak form of
the second equation valid for all wy € H} .(1):

(4)

=(V-u, w1) — an(p1, wi) = ara(p2, wi) = —(f,w1), (5)



where

aii(pr, wr) = Z / ((b'n)— pf + (b-n)y Pi) wi ds
Kok OK\OQ

- Z / p1 b Vwy dx + (cop1, wy) for p1, wy € Hlloc(ﬂl)
Kek
(6)

and

a13(ps, w1) :/ () wi(z) b-ny ds for vs € Wa, wi € HL(Q).  (7)

Finally, testing the equation (1) by a function wy, € H}(Qs; 802\ T), using
integration by parts, the zero boundary condition for we on 9Qs \ T, and the
fact that w-n; = —aVp; -n; = aVps - ns on I, one arrives at,

<u-ny, wz >r —(aVpz, Vws) = (V- (bpa), w2) — (copz, w2) = ~(f, w2), (8)

for all wy € H{(s; 892\ ).

There are various ways one can take into account the influence of the prob-
lem in the domain £2; on the problem in 5. One of the possibilities, which we
shall use further, is to try to make a formulation, which is stable for small diffu-
sion coefficient (or even for vanishing diffusion). In this case it is very important,
to formulate correctly the boundary conditions. Namely, at the “inflow” part
of the interior boundary the solution should be specified from the “outside”
data. Taking into account that I'; is the “inflow” part of I' for the subdomain
Qq, we add fr+ prws b-ns ds and subtract its equal fr+ paws b-ng ds since on
I' we have p; = po. Thus, we get the following form of the last equation:

<u-ng, we >r —a{p1,ws) — a22(p2, wa) = —(f, ws), 9)

for all we € H(Qg; 002\ T), where

agl(pl,wQ) = / prws b Ny ds, (10)
Py

az2(p2,w2) = (aVpz, Vwy) + (V- (bpa), w2)
(11)
+(cop2, wa) — / paws b-ny ds.
Ty

Thus, the coupled system for the three unknowns u € H(div, ), p; €
H} () and ps € HE(Q2; 0905 \T) consists of the equations (3), (5), and (9)



summarized as:

(a_1u7 V) —(pl,V'V) + <p2, v:m >r :07
=(V-u, wi) —ai1(p1,w1) —aiz(p2, w1) =—(f,w1), (12
<u-ng, wy >r —a2(pr,w2) —a2(p2,ws) = —(f, wa),

for all v € H(div, ), w1 € HL_ (), and wy € H(Q2; 9N \T'), respectively.
The bilinear forms a;;(-,-) are defined by (6), (7), (10), and (11), respectively.

2.2. Well-posed-ness of the composite problem

Here we verify the existence and uniqueness of the solution of problem (12)
and its stability in an appropriate norm. For this we shall need some additional
notations. Let & = {e} be the set of edges/faces of the subdomain §; from K
and & the set of interior for ) edges/faces. Recall, that n; and ny are the
outward unit normal vectors to §2; and (s, respectively. For any edge e € &
denote by n, a fixed unit vector normal to e and let K" and K, be the two
adjacent to e subdomains from the partition K. For edges/faces that are on
08 we shall always assume that n, = ny. Further, denote by [v1] and 7; the
jump and the average of the discontinuity of v, respectively, along any edge
e. More precisely, this is the difference and the arithmetic mean of the traces
1| g+ and vi|g- taken from both sides of e:

1
[v1] = vilge+ — vilg- ”1:§(U1|K3+”11K;)-

Further, we use the following natural norm for v; € H} () and v, €

1
[l o, +loalZg, = 5% [l lenl ds+ lioslBa, + 02l
1 e€&y € 1
+ = vib nlds——/ v2 b-ny ds
? o4\ 21 o _\T
+ —/ (v1 —v2)%b-n; ds — —/ (v1 —v2)%b -y ds
2 Jr, 2 Jr_

+ (aVvg, Vug).
(13)
All terms in the expression on the right are nonnegative and this defines a norm
on the space H}, (1) x Hf(Q2; 002 \T). Note, that under certain conditions
on the vector field b this is a norm even if 9 = 0.



The stability of the composed problem (12) is based on the following theo-
rem:

Theorem 1 The solution of the problem (12) satisfies the a priori estimate:
Il 0 + Ip112, 0, + Ip21, 0, < CUFI o (14)
where the *-norm is defined by (13).
The proof of the above theorem is based on the following lemmas.

Lemma 1 The bilinear form (6) defined for v, wy € HL (1) can be trans-
formed to the following form:

1
a1 (v, wr) = 3 Z /[vl][wl]]l_).n| ds + / b-ny vy wy ds + (cov1, wy)

ec&o € 3Q1+
1
+= Z /Q-ne[vl](w1|K+ + wy|p-) ds — Z / n b+ Vwidz.
2 e e e K
e€Ey Kek

Fuyrthermore,

1 1
a11(v1,v1) = 5 Z [v1)?[b - | ds + ((co + 5V b)v, v1)
ec&o € 1

1
+—/ vfb-nlds——/ vib-m ds.
2 Joq,, 2 Joq,..

Lemma 2 For all vy € H}(Q2, 002\ T)

(122(1)2,1)2) = (ava, VU2) + ((Co + %V 'b)'l)g,’l)g)

1
+ l/ v%l_)-nlds——/ v3 b-my ds.
2 Jr, 2 Jr_

3. Coupling mixed and finite volume approximations of the convection-
diffusion equation

Our approximation strategy is based on the finite volume method in the
framework studied by Cai [4], Cai, Mandel, and McCormick [6] and also by
Bank and Rose [1].



3.1. An outline of the finite volume element method

We first outline a finite volume discretization method for the case of pure
diffusion problem posed on 2,

~V-aVps = f(z) in s, pp=0 on I\, —~aVps-ny =ny onT. (15)

Here f € L%(Q)) is given and 7, for the time being is assumed given in the
space L2(I"). The finite volume method under consideration uses two different
finite dimensional spaces: a solution space Wa and the test space W5. The
W, is the standard conforming space of piecewise linear functions over the
triangulation 75 = {T'} of Q2 into triangles in 2-D and tetrahedra in 3-D (we
call them simplices). To introduce the test space W5 we need a dual partition
Vs, of the domain into the finite (control) volumes V. Let A denote the set of
all vertices (nodes) of the triangles/tetrahedra from 75 and let My be a subset
of those vertices that are not on the Dirichlet part of the boundary 0Qy \ T.
In each simplex T € 75 one selects an interior node . Next, in 2-D one links
7 with the midpoints of the sides of the triangle. In this way the triangle is
split into three quadrilaterals. In 2-D, one can select 7 to be the orthocenter
of the finite element T and then the edges of the volume V(z) will be the
perpendicular bisectors of the finite element edges (see the right Figure 2).
With each vertex z € N of a simplex from 73, we associate a volume V = V(z)
that consists of all quadrilateral/polyhedra having z as a vertex (see Figure 2
for finite volumes in 2-D). The splitting of O, into finite volumes V forms the
partition V, (see, Figure 3).

Consider now the test space W spanned by the characteristic functions of
the volumes V € V, and that vanish at the nodes N \ Ay on the boundary
005 \ T. If one defines the piecewise constant interpolant I} with respect to
the volumes V' € V,, then the space Wy is actually equal to I W, because they
have the same degrees of freedom (associated with the vertices z € N).

The L2(Q) and H'(Q2) norms in W are defined in a standard way. We
shall need also discrete variants of these norms for functions in Wy. First, we
define the interpolation operator I : Wy —— Wj, by the following natural rule:
Iv} is the piece-wise linear interpolant of vi over each finite element T € 75.
Then we define ||v3]l1,n = |[Inv3]l1,0,. This norm is essentially formed by the
squared differences of the values of v at the vertices of each finite element.



Figure 2: A finite volume V associated with a vertex from the primal triangu-
lation. Left: the vertices of V interior to the triangles T' are arbitrary, whereas
those on the edges of T' are midpoints.

Figure 3: In ©; we use the lowest order Raviart-Thomas spaces over the finite
elements T'; in Qs we use a solution space Wy of continuous functions that are
linear over the finite elements T' and a test space W5 of pice-wise constant
functions over the volumes V.
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Next, we define the following, in general nonsymmetric, bilinear form on
We x Wy

az n(ve,ws) =— Z ws () / aVpyp-nds
z€NoD oV (z)

=- Z / aVpzn -nws ds, for all v, € W, wj € Wy
mENOBV((l:)

Then the finite volume approximation of (15) is: find v, € W, which satisfies
the following identity for all w; € Wy;

ar (v, w3) = (frw}) — / nvwds. (16)
T

We note that the integrals over 8V for V = V(z) a volume corresponding to a
Neumann node z (i.e., if z € I'), contain only the interior (to 22) part of OV.
We assume that the triangulation 7 is aligned with the possible jumps of
the coefficient matrix a(x), i.e. over each finite element T' € T3 the matrix a(z)
has smooth elements. Therefore, there is a constant Cp > 0 such that for all
TeTs
—Coha(z) < alz) — a(z) < Coha(z),

where a(z) = / a(s)ds/meas(T), ¢ € T. an
T

These inequalities of two d x d matrices with real elements are understood
in the sense of inequalities for the corresponding bilinear forms, ie. a >
a(z), if €Tat > Ta(x)é, V& € RY. Also, the above equality of the matrices
a(z) and a(z) is understood in element-by-element sense, i.e. the elements of
a(x) are the mean values over T' of the corresponding elements of a(x). Obvi-
ously, in case of piece-wise constant coefficients a{z) = d(z) and Cp = 0.

The well posed-ness of the finite volume element approximation follows from
the weak coercivity of the bilinear from ag p(v2, w3) for sufficiently fine parti-
tions 72. We have:

Lemma 3 Let the partition Ts be so fine that h < 1/Cy, where the constant
Co is determined in (17). Then the following inequality holds true

sup as (v, w3)

» > Cllva|l1,0q, for all va € Wa
wiEWS ||w2| 1,h

with o constant C independent of h.
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In Q7 we use the lowest order Raviart-Thomas spaces. Thus, V as a sub-
space of H(div; ), and W is the space of piece-wise constant functions with
respect to the partition 77 and therefore a subspace of H} () for K = Ty.
Thus, the advection term Cp, will be discretized using the pressure space W,
of piecewise constant functions on the triangulation 7;. For the discretization
in Qs we will use the space Wy C H}(Q2, 003 \ T) of continuous piecewise
linear functions on 73. Further, in the finite volume setting we use as a test
space W5 of piecewise constant functions on V,. Thus, applying equation (4)
consecutively for (v1, wi) € W7 x Wa, and (ve, w}) € Wa x W5, respectively,
we get the mixed finite element and finite volume approximations, respectively,
of the bilinear form corresponding to the first order term. However, like in the
standard Galerkin finite element method this approximation of the operator
C will lead to central differencing, which in turn will lead to a conditionally
stable (only for sufficiently small step-size h) scheme. In order to derive a
unconditionally stable scheme we shall use upwind approximation in (.

3.2. Derivation of the coupled method

Since both v; and w, are discontinuous piece-wise constant functions with
respect to the triangulation 7; the formula (4) is applied in a straightforward
manner for K = 7; so we get the following approximations a? and a%, of the
forms a;; and ay2, respectively:

ol (vn, 1) = Z/am [(b-n)_ v + (& )y vi] i ds

TET: (18)

+(Co'U1, ’LU1) for v1 € Wy, wp € Wy
and
aly (va, wy) :/ INvowi b-my dsfor vy € Wy, wy € Wy (19)

Now we find the contributions of the the operator C from 25 and we define

the approximations of the bilinear forms as; and ass. We shall simply rewrite
(4) for K = Va:

)= 3 (-

v2l_)va;d:c+/ vy wib-nds
VEVz v

oV _

(20)
+/ co(z) va widx +/ vhwib-n ds).
v vy

Since the functions in W5 are continuous then C'(vq,w3) is well defined for
all v; € W5 and w} € Wy. Taking into account that the functions in W3 are

12



Figure 4: The shaded area is the volume V centered at the vertex z?; the
doted boundary of V' denotes the “inflow” boundary, while the solid one is
the “outflow” part; on the various pieces of the boundary 9V we have the
following approximation of the convection term: on (a,b), (m,c), (f,g) and
(9,0): v2(x) = va(a'); on (b,m) : va(z) = v2(z°) = v2(C); on (¢,d) : va(z) =
v2(2°) = v2(D); on (d,e) : w2(z) = va2(2°) = v2(E); on (e, f) : wva(z) =
va(x°) = va(F).

constant over each finite volume V € V, then the contributions from each finite
volume V € V, are:

/ [(B-n)_v§ + (b-n)4vi] wiids +/ co v2 widz. (21)
ov v

Since vy is continuous then obviously, we have v§ = v = vy(z). On the
boundary I'y the values v§ are not defined (this is the inflow boundary for Q,)
and we shall take them from the corresponding counterpart in 1, i.e. as v ().
Thus, we split the integrals over OV into two parts and get

/ b-n vawitds + / b-nvwitds.
VAL, avAry

Unfortunately, the exact calculation of the first integral in (21) will lead to
central differences and therefore to a scheme which is stable only for sufficiently
small step-size h. The limitation of the step-size h will depend on the magnitude
of the convection coefficient b relative to the diffusion coefficient (matrix) a. For
problems with dominating convection this will lead to prohibitively small k. In
order to avoid this conditional stability we introduce an up-wind approximation
of the integrals. This approximation is done in the following way. We denote by

13



V () a finite volume centered at the vertex z¢ and by V (z°) any of neighboring
volumes centered at the vertices z°. The integral over 0V \I'_ is split into sub-
integrals over the boundaries of V' v = V(z*) NV (z°) N T with its neighboring
finite (control) volumes and contained in the finite element T'. We assume that
over each v the function b(z)-n does not change sign (i.e. is either nonnegative
or negative). Then on v we use upwind approximation of the following. form

(for a 2-D illustration, see Figure 4):
b-nvy(z) & (b-n)jvz(e’) + (- m)-vs(z°), for z €.

Note, that in the finite volume V(z¢) we have I}vs(z) = va(z*). Similar
equalities are valid for the neighboring volumes V (z°) as well. Thus, roughly
speaking the function v2(z) has been replaced by its interpolant in the space of
discontinuous functions W5 and then taken the appropriate (up-wind or in the
opposit direction of the vector-field §(z)) values at the finite volume interfaces.
A particular finite volume in 2-D is shown on Figure 4.

Summing for all V € Vs, we finally get the following form by taking also into
account the diffusion term (16):

h * ) o *7
(s wp) = 3 [ [Gem) o)+ @ n)-v(e)] v ds
ng OVl 4 (22)
+(COI;;U27 w;) + (127}1(’!)2, w;):

for all v, € Wy, wji € W5 and the form
agl('ul,w;):/ viwi b-nads for vy € Wy, wy; €Wy (23)
L

The coupled mixed finite element/finite volume approximation of the com-
posite problem (12) reads as: find up, € V, p1,p € Wi, and pa € W, such
that

(aMluh)v) —'(pl,ha v " V) + < D2,h, V-1 >r= 07
—(V -y, wy) —a (P, w1)  —aly(Iipan, wi) = —(f,w1), (24)
<up-ng, Inowy >0 —ab (g, w3) —aby(p2n,ws) = —(f,wh)

for all v e V, wy € Wy, and w} € Wy, respectively.

3.3. Stability of the coupled scheme and error estimate

An important feature of the described above discretizations is that the corre-
sponding operator is coercive in an appropriate norm and the method is stable.

14



For proving the stability we shall follow the same argument as in the case of
original setting. Let as before £ = {e} be the set of edges/faces of the elements
from 7; and let & be the set of interior edges/faces. Similarly, G = {7} is the
set of edges/faces, with each 7 being the boundary of two adjacent volumes
Vi € Vo and Va € Vs contained in a finite element T, ie., v = V1 N VonT.
This splitting can be also used in the computational procedure, since it will
lead to element-wise contributions of the convection term to the stiffness ma-
trix. Note, that all edges/faces «y are in the interior of (2,. For the coercivity of
the coupled problem we need the following discrete variant of the norm (13):

1
ol g, 5 ne, = 5 > [ lle- nf ds + vollulige,

1 ey
+—/ whn ds——/ v2b-m ds
2 oo, © 2 Joour. (25)
1 1
+—/ (w1 — v3)% -1y ds — —/ (01 — v3)%b - my ds
2Jr, 2 Jr_

+0llv3 (13 o, + (@Vve, VIivs).

Here @ is a piece-wise constant matrix with respect to the partition 7> defined
by (17).

Theorem 2 Let h < 1/Cy, where Cy is defined by (17). Then the solution of
the problem (12) satisfies the a priori estimate:

larllzzy) + 121 allor, @ + P2l 22 < ClIFI (26)

where the (x, h)-norm is defined by (25) with respect to the partitions Ty and
Ts.

Proof: As in the continuous case, by testing (24) with v = up, wy = —p1a,
and we = —I;ps ; we get the equation:

(a=tup, up) + @y (pir, prp) + alslpun, Tipan)

. (27)
+aly (Itp2,n, Pru) + @ (D2,hy Iip2k) = (F, prp) + (F, Tip2.n)-

Further, the estimate (14) is a consequence of the simplified form (28) of af,
and (29) of al,, which are established in the lemmas below.

Lemma 4 For any edge/face e denote by n. a fized unit vector normal to
e and let T;" and T, be the two adjacent elements to e. Similarly, for any
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edge/face v € G denote by n., a unit vector normal to vy pointing to one of the
neighboring volumes Vj and V.. Also, [v1] denotes the jump of a function
across an underlined boundary (here we have either e or ) and W, denotes the
arithmetic mean of the jump (introduced in Section ). Then,

1
al (vi,w) = 3 Z [v1][wi]|b - n| ds + Z b-n.[vi] Wids
e€lo € e€&p € (28)
+(covy, wy) + /Q-nl viwy ds for vy, wy € W.

Q1+

Similarly, for all va € W, w} € W5 the following identity is valid (to simplify
the expressions we have used the notation vy = I;vy):

o)) =53 [iluslonlds+ 3 [boms 513 0

veg
+(eovy, wi) — /Q-nl vawy ds + ag p(ve, w3).

r_

(29)

Proof: The proof of (28) and (29) essentially repeats the arguments of Lemma
1. There is a small difference in the proof of (29) where the integrals over each
v € (G have been computed by using up-wind approximation.

Lemma 5 The following identity is valid for all vi € Wy:

1 1
a1 (vi,v1) = 3 > [ nl? (b ds + ((co + 5V b, v)

oty e (30)

1
+—/ v%l_)-nlds—~/ v%l_)-nlds.
2 Joa,, 2 Joq,_

Simalarly, for all vo € W3 (here in order to simplify we use the notation vy =
I}vy):

1 * 1 * *
vz, o) = 5 3 [ 51 b ml s+ (@ + 59 Bv3, 05)
yeg * 7 (31)

+l/ (v3)*b-my dS—l/ W2 b-m ds.
2Jr, 2 Jr

Finally, we have the following error estimate:
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Theorem 3 Assume that the solution p(x) of the problem (1) is H?-regular in
Q. Then the solution (up,p1,n,P2,n) of the coupled mized discontinuous finite
element and finite volume methods (24) converges to the solution (u,pi1,p2) of
the composite problem (12) and the following error estimate holds true:

1
lu—upll + |lp1 — prplle,0r + P2 — P2pllsg. < C(hT +h2)llpllz0. (32)

The constant C does not depend on h but may depend on the ratios 'hilz— and Z—f—
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