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ABSTRACT: The DisplacementDiscontinuity
methodhas beenwidely usedin geomechan-
ics becauseit accuratelycapturesthe behav-
ior of fractureswithin a rock massby explic-
itly accountingfor discontinuities. Unfortu-
nately, boundaryelementtechniquesrequirethe
interactionsbetweenall pairsof elementsto be
evaluatedandtraditionalapproachesto theDis-
placementDiscontinuity methodare computa-
tionally expensive for largeproblemsizes.

Approximatesummationtechniques,suchas
the Fast Multipole Method (FMM), calculate
the interactionsbetweenN entitiesin time pro-
portional to N. We have implementeda mod-
ified Fast Multipole approachwhich performs
the necessarycalculationsin optimal time and
with reducedmemoryusage.Furthermore,the
FMM introducesparameterswhich can be se-
lectedto give the desiredtrade-off betweenef-
ficiency andaccuracy. TheFMM approachper-
mits much larger problemsto be solved using
desktopcomputers,openingup a rangeof ap-
plications.Wepresentresultsdemonstratingthe
speedof thecodeandseveral testcasesinvolv-
ing rock fracturein compression.

1 INTRODUCTION

The BoundaryElement(BE) approachreduces
the dimensionalityof a problem by consider-
ing only the discretizationof boundaries.The
BE solutionrequiresthat the influenceof each
boundaryelementuponall othersbecalculated.

Consequently, BE methodsaremostefficientfor
problemswherethe surfaceto volume ratio is
small, such as a simulation of cavities within
an infinite medium.However, whencrack for-
mationor crackpropagationis considered,the
region of interestmay becomedenselypacked
with boundaryelements.In thesecircumstances,
traditional approachesto the BE method be-
comelessattractive becausethe computational
effort increasesdramatically.

Previous authors have taken several ap-
proachesto improving the performanceof BE
methodsapplied to elasticity. Some methods
achieve this by assuming the elements are
distributed uniformly in space.For example,
“lumping” (Plewman et al. 1969; Ryder &
Napier1985) takesadvantageof the rapid far-
field decayof the BE kernelsto approximate
the contribution of distantelements.The spec-
tral BEM(Peirceet al. 1992)exploits the trans-
lational invarianceof element-to-elementinter-
actionsassumingthe elementsare locatedon
a uniform grid. Peirce& Napier (1995) com-
bined theseapproachesand developeda spec-
tral multipole methodwheremultipole expan-
sions on a regular grid were usedto account
for distantelement-to-elementinteractions.The
FastFourierTransform(FFT) wasthenusedto
calculatetheinteractionsbetweenthemultipole
expansionson theregulargrid.

The FastMultipole Method(FMM)(Rokhlin
1985; Greengard& Rokhlin 1987; Greengard
1988;Greengard& Rokhlin 1997)providesan
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Figure1: A constantdiscontinuityin displace-
mentoverafinite line segment.

alternative approachfor efficiently calculating
the interactionsbetweenelements.The FMM
wasoriginally developedto efficiently solve the
many-body problems typical of electrostatics
andgravitation.Theseapplicationsaregoverned
by Laplace’s equation,however, it is possibleto
extendtheFMM to boundaryelementproblems,
suchaselasticity, which involve morecompli-
catedpartial differentialequations.Greenbaum
et al. (1992) consideredthe 2-D biharmonic
equationby modifying the integral equations
to accommodatethe FMM. Peirce & Napier
(1995)considered2-D elasticityandSangani&
Mo (1996)solvedthe3-D Stokes’ equationsby
modifying the FMM to accommodatethe inte-
gral equations.

In this work, we usean approachsimilar to
Fu et al. (1998) and apply the FMM directly
to the boundaryelementequations.In contrast
with their work, which considereda boundary
elementdescriptionof particlesembeddedin an
infinite binder, weuseboundaryelementswhich
representdiscontinuitieswithin theelasticsolid
(the displacementdiscontinuity method).Fol-
lowing theapproachof Fu et al. (1998)we use
a complex analyticfunction to approximatethe
element-to-elementinteractions.

2 THEORY
2.1 TheDisplacementDiscontinuityMethod
The displacementdiscontinuity method is a
boundaryelementmethoddevised to simulate
the effect of thin, slit-like openingsandcracks
in anelasticsolid.Thetechniqueis basedonthe
analyticalsolutionto theproblemof a constant
discontinuityin displacementover a finite line
segmentin the plane(seeFigure1). Along the
lengthof thediscontinuitywedefineasheardis-
placementdiscontinuity

Ds
� ux
� � x��� 0 ���
	 ux

� � x��� 0�
� (1)

andanormaldisplacementdiscontinuity

Dn
� uy
� � x��� 0 ���
	 uy

� � x��� 0�
� (2)

where0 � and0� denotethe limits as0 is ap-
proachedfrom the negative andpositive direc-
tions respectively. Crouch(1976)derived a so-
lution for thedisplacementsandstressesdueto
thesinglecrack.For example,thedisplacements
aregivenby:

ux
��� x� � y��� � Ds � 2 � 1 	 ν � f � y� 	 y� f � x� x����

Dn � 	 � 1 	 2ν � f � x� 	 y� f � x� y� �
uy
� � x� � y� � � Ds � � 1 	 2ν � f � x� 	 y� f � x� y� ��

Dn � 2 � 1 	 ν � f � y� 	 y� f � y� y���
(3)

where f is defined:

f
�
x��� y��� � 	 1

4π � 1 	 ν � �
y��� arctan

y�
x� 	 a

	 arctan
y�

x� � a �
	 � x��	 a� ln � � x� 	 a� 2 � y� 2 (4)� �

x� � a� ln � � x� � a� 2 � y� 2 �
Thedisplacementdiscontinuitymethodapprox-
imatesboundarieswithin the region of interest
with a collectionof theseslit cracks(boundary
elements).Boundaryconditionsareimposedby
prescribingdisplacementsor stressesalongthe
length of eachelementand the methodsolves
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for valuesof the displacementdiscontinuities
consistentwith the prescribedboundarycon-
ditions. This necessitatestransformingthe so-
lutions for local displacementand stressinto
globalco-ordinatesx andy to obtainexpressions
for thecontributionsto stressanddisplacement
at elementi dueto elementj. For example,the
total displacementat elementi dueto all other
elementscanbeexpressedasasum

ui
s
� ∑

j
Bi j

ssD
j
s
� ∑

j
Bi j

snD
j
n

ui
n
� ∑

j
Bi j

nsD
j
s
� ∑

j
Bi j

nnD
j
n

(5)

ThetermsAi j andBi j arecalledinfluencecoef-
ficientsanddependupontherelativepositionof
elementsi and j and upon the orientationand
length of element j. The original formulation
of thedisplacementdiscontinuitymethodsolved
theseequationsdirectlyusingGaussianelimina-
tion. This requiredtheentirematrixof influence
coefficientsto bekept in memory. Furthermore,
the Gaussianeliminationalgorithmtakesorder
N3 time (whereN is the numberof elements).
The memoryrequirementsmay be reducedby
employinganiterativesolution.In thiswork, the
systemof linearequationswassolvedusingabi-
conjugategradientsolver(Pressetal.1992)with
a preconditionerbasedupon local clustersof
boundaryelements.This iterative schemeuses
repeatedmatrix-vectorproductsof the form of
equations(5) which eachtake orderN2 to com-
pute directly. We explain below how the effi-
ciency of thissolutionis greatlyimprovedbyus-
ing theFastMultipole Methodto evaluatethese
productsin orderN time.

Many applicationsof the displacementdis-
continuity method require evaluation of dis-
placementand stress at points distant from
the boundaryelements.For example,Blair &
Cook (1998a,1998b)simulatedfractureprop-
agation using the displacementdiscontinuity
method.Conditionsat therockmassboundaries
andon preexisting fractureswereapproximated
usingboundaryelements.To determinethe lo-
cationof new cracks,stressesdueto thebound-
ary elementswere calculatedat points within
the rock andcomparedwith predeterminedsite

strengths.Using straightforwarddirect summa-
tion, thecalculationsat M pointswould takeor-
der NM time. TheFMM performsthis work in
timeproportionalto M.

2.2 TheFastMultipole Method
Thefastmultipolemethodwasoriginally devel-
opedto efficiently evaluatean electrostaticpo-
tentialin two-dimensions.

φ � x � y� � qlog � r � (6)

whereq is theparticlechargeand

r � � x2 � y2 (7)

It is convenientto usecomplex numbersto de-
scribe the particle positionsand the potential.
For example,the potentialat particle i due to
particle j canbewritten

Φ � zi � � q j log
�
zi 	 zj � (8)

where
z � x

� ιy (9)

logz � ln ! z ! � ιθ (10)

Hereι2 � 	 1. Thetotal potentialat particlei is
givenby asumoverall otherparticles:

Φ � zi � � N

∑
j " 1

q j log
�
zi 	 zj � (11)

Evaluating this sum directly for all particles
takes time proportional to N2. The standard
FMM algorithmwill evaluatethesesumsfor all
particlesi in orderN time.

Wewill only describetheFMM in brief asthe
methodhasbeendescribedin detailby otherau-
thors(Greengard1988;Pringle1994).Thecom-
putationaldomain is recursively bisectedinto
smallercells (seeFig.2). The FMM is a three
stepprocedurewhichconstructsseriessolutions
approximatingthecombinedinfluenceof distant
elementsuponeachof thesmallestcells. Inter-
actionsbetweenimmediate-neighborelements
areevaluateddirectly.

1. Upward pass- Calculateinfluenceof el-
ement clusters on distant elements(see
Fig. 2a).
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Figure2: TheFMM calculateslong rangeinteractionson a recursivegrid by using(a) anUpward
passand (b) a Downward passto constructseriesexpansionsto approximatedistantelements
within eachof thesmallestcells.# Calculatecontributions of eachele-

ment to multipole expansionsabout
its cell at thelowestlevel.# Combine small cell expansions to
give approximationsfor larger clus-
ters.

2. Downward pass- Calculateinfluence of
distant elementson elementclusters(see
Fig. 2b).# Convert largecell expansionsinto lo-

calexpansions.# Translateandcombinelarge cell ex-
pansionsto calculatelocalexpansions
for smallercells.

3. Evaluation step - calculatecombinedin-
fluenceof all elementson every other el-
ement.# Previous stepsprovide the influence

of all elementswhicharenot “nearest
neighbors”# Calculate element interactions di-
rectlywithin eachof thesmallestcells
andnearestneighbors.

Typically, Step3 takes the most time to com-
pute.Oncethecoefficientsof theexpansionfor
a cell have beencalculated,evaluatingthe po-
tential at any point takes constanttime. Thus,

evaluatingthe potentialat all pointstakestime
proportionalto the numberof points.Further-
more,derivativesof the potentialfield are ob-
tainedanalyticallyby differentiatingthe series
expansions.Thesizeof thesmallestcells is de-
terminedby thedepthof thetreestructure.The
cells in Fig. 2 have beensubdivided 3 times,
indicating a depth of 3. The deeperthe tree,
the smaller the cells and the shorter the dis-
tanceover which interactionsarecalculateddi-
rectly. Consequently, a more shallow tree in-
volves fewer approximationsand is typically
moreaccurate.Themostefficient treedepthde-
pendsupon the numberof elementsand their
spatialdistribution.

2.3 Applicationof the FMM to the Displace-
mentDiscontinuityMethod

It canbeshown thatthefunction f � � (seeequa-
tion 4) canbeapproximatedby a log function:

lim
r $ ∞

f � x � y� � 	 a
2π � 1 	 ν � � ln r

�
1� (12)

where,
r � � x2 � y2 (13)

Figure3 shows the relative error between(12)
and(4) for a elementof length2a � 2 located
at theorigin, with ν � 0 % 2. Beyondadistanceof
approximately7a the discrepancy betweenthe
theapproximationandtheexactsolutionis less
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Figure3: Therelativeerrorbetweenthefunction
f (equation4) and the log approximation(12)
for asingleelementlocatedat theorigin.

than0 % 1%.Thiscorrespondsto adistanceof 3 % 5
elementlengths.Beyond this distance,we ex-
pect(12) to beacloseapproximationto (4).

If the constantadditive term is neglected,
Eq. 12 is of the sameform as the electrostatic
potentialin two-dimensions(6) with

q j
� 	 a

2π � 1 	 ν � % (14)

BeforetheFMM canbeusedto obtainstresses
and displacementsat a given location, several
enhancementsarerequired.

Sincethe approximation(12) only appliesat
separationsof several elementlengths,the full
expressionfor f � x � y� will be used to calcu-
latetheelementinteractionswithin neighboring
cells(thesizeof thesmallestcellsis determined
by thedepthof the treestructure).Distantcon-
tributionswill take the form of (12) andcanbe
well approximatedusingseriesexpansionsde-
rived previously for the electrostaticpotential
(6). We will denotethis mixed implementation
of theFMM by&

i
�(' �*) N

∑
j " 1

'+� j � f � zj � (15)
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Figure4: TheCPUusageper elementusingthe
directmethodandtheFMM with 1% accuracy.
TheFMM is moreefficient for problemsinvolv-
ing morethan400elements.

where ' is a givenfunctionwhich canbeeval-
uatedat eachparticle.For example,

N

∑
j " 1

x j f � x � zj � ) ∂
∂x

&
i
� x� (16)

It is possibleto estimatecomplicatedexpres-
sionsinvolving the function f � � by combining
several instancesof the FMM using different
functional forms for ' . Fu et al. (1998) used
a similar approachto approximatethe interac-
tionsbetweenparticlesembeddedin an infinite
binder.

Equation3 is in termsof local elementco-
ordinates.In order to determinethe contribu-
tion to displacementsandstressesin globalco-
ordinates,several transformationsmust be ap-
plied:

ux
� ux
� cosβ 	 uy

� sinβ

uy
� ux
� sinβ � uy

� cosβ
(17)

and
∂

∂x� � ∂x
∂x� ∂

∂x
� ∂y

∂x� ∂
∂y

∂
∂y� � ∂x

∂y� ∂
∂x
� ∂y

∂y� ∂
∂y

(18)

whereβ is theangleof theelementto thex-axis.
As anexampleweconsiderux for thecaseDs

�
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0.

ux
� � x��� y� � � Dn � 	 � 1 	 2ν � f � x� 	 y� f � x� y� � (19)

This representsthecontribution to ux at a point
dueto asingleelementlocatedat theorigin.

Substituting(3) and (18) into (17), the in-
fluence of element j located at x j � y j upon
element i located at xi � yi may be written:

ui j
x , D j

n
��

4cos2β jν f j� x 	 3cos2 β j f j� x	 cos2 β j f j� xxx
j � cos2β j f j� xxx

i�
cos2 β j f j� xyy

j 	 cos2 β j f j� xyy
i�

4cosβ j sinβ jν f j� y 	 3cosβ j sinβ j f j� y	 cosβ j sinβ j f j� xxy
j � cosβ j sinβ j f j� xxy

i

	 cosβ j sinβ j f j� xyx
j � cosβ j sinβ j f j� xyx

i

	 2ν f j� x � 2 f j� x � f j� xxx
j 	 f j� xxx

i (20)

The actualvalueof of ux at elementi is cal-
culatedby summingup contributions from all
otherelements:

ux
i � ∑

j
ui j

x (21)

The termsappearingin (21) may be evaluated
efficiently usingtheFMM. For example,

∑
j

cos2 β jy j f j� xy ) ∂2

∂x∂y

&
i
�
cos2 βy� (22)

In addition, once the terms of the expansion
for
&

i
�
cos2 βy� arecalculatedlittle work is re-

quiredto calculateany derivative.Evaluatingall
the expressionsfor ui

x takes time proportional
to the numberof elementsbecausethe bulk of
the work involved in evaluatingthe

&
i
� � oper-

ators (constructionof local expansionswithin
eachcell) needonly bedoneonce.

Thecompletecalculationof ui
x requiresterms

dueto Ds, similar to thosein (20). The deriva-
tionsof expressionsfor ui

y, σi
xx, σi

xy, andσi
yy pro-

ceedin a similar fashion.In all, 27unique“par-
ticle charges” ( ' terms)are required.Most of
theseareusedin morethanonetermto approx-
imatedifferentderivatives.

3 PERFORMANCE
To investigatethe performanceof the method,
anumberof randomproblemswereconsidered.
Eachcaseconsistedof an N by N squarelat-
tice of boundaryelements.Simulationswere
performedwith N � 10� 20� 30� 50� 75,100,and
150.Thesecorrespondto 100,400,900,2500,
5625,10000,and22500elements,respectively.
For eachof thesecases,simulationswereper-
formed using direct summationand with the
FMM usingtreedepthsof 2, 3, and4. For each
of the treedepths,simulationsweredonewith
differentnumbersof termsin the FMM expan-
sions(from 0 to 7).

The total CPU time spentevaluatingthe el-
ementinfluenceson displacementandstressat
eachsitewerecompiledfor eachsimulation.In
addition, the relative error betweenthe FMM
approximationsand the direct summationover
theentirelatticewascalculated.Finally thesere-
sultswereaveragedover10randomrealizations
of eachchoiceof N.

Fig. 4 shows the CPU usageper elementfor
the direct methodand for the FMM using the
fastestchoice of parameterswhich provide at
least1% accuracy in the displacementcalcula-
tion. Thecostper elementof thedirectmethod
increaseslinearly. The time taken per element
by the FMM is very nearly independentof the
total number of elements,indicating that the
methodtakes O � N � time. The FMM becomes
moreefficient for approximately400 boundary
elementsor morefor this level of accuracy.

4 SCALE DEPENDENCEOF BRAZILIAN
TESTS

We have performedpreliminarysimulationsof
Brazilian tests to investigatethe influence of
scale upon strength.Experimentally it is ob-
served that compressive strengthdecreasesas
samplesizeincreases.Although many applica-
tionsinvolvelargerockmasses,it is usuallyonly
practicalto testsmall samples.Numericalsim-
ulationscan complementlaboratoryresultsby
providing a meansto relatefield scaleproper-
tiesto laboratoryscalemeasurements.

Using the methodof Blair & Cook (1998a,
1998b), we simulatedfracture propagationin
rock subjectedto Brazilian loading(seeFig.5).

6



x

-p

y
-p

2α

R

Figure5: Brazilianloading:A circulardisksub-
jectedto diametralcompression.

case1 case2 case3 case4
Strength 0.0% 0.25% 0.5% 5%
Stress 0.0% 5% 10% 50%

Table1: Thestandarddeviationsof strengthand
stressperturbations.

Conditionsat therockboundariesandoncracks
which formedwereapproximatedusingbound-
ary elements.To determinethe locationof new
cracks,stressesdue to the boundaryelements
were calculatedat points within the rock and
comparedwith predeterminedsite strengths.
Heterogeneitiesin the rock were simulatedby
introducingspatialvariationsin strengthandlo-
cal stressconcentration.Samplesweredeemed
to fail whena singleconnectedcrack spanned
morethan40%of thesamplediameter. For ex-
ample,Fig. 6 shows the final stateof a typical
simulation.

Weconductedaseriesof simulationswith di-
ametersof 20, 50, 100,and150grainsanddif-
ferent stressand strengthheterogeneities.The
heterogeneitieswere normally distributedwith
a meansitestrengthof 20 andmeanstressper-
turbationof 0. The standarddeviations of the
heterogeneitiesfor the 4 casesconsideredare
shown in Table1.

Preliminaryresults(Fig. 7a) indicatethat in-

Figure6: A typical faileddisk at theendof one
of thesimulations.Thecrackedsitesareshown
in whitewith blacklinesindicatingthecrackdi-
rection.Theshadesof grayrepresentlocalstress
heterogeneities.

creasedperturbationsof sitestrengthandstress
led to decreasedsamplestrength.In addition,
increasedsample size resulted in decreased
strengthfor casesinvolving non-zeroperturba-
tions. Figure7b shows thesesameresultsnor-
malizedby theinitial strength.Theseresultsin-
dicatethat larger perturbationsof site strength
andstressperturbationsinducea fasterdrop in
strengthwith increasingsize.

5 SUMMARY
We have demonstratedthat the Fast Multipole
Method provides an efficient solution for the
DisplacementDiscontinuitymethod.Ourresults
indicatethe idealO � N � effort for evaluatingin-
teractionsof N elementscan be achieved for
certainelementarrangements.The accelerated
method has been integrated into an existing
techniquefor simulatingbrittle rock fracture.

Preliminary simulations of Brazilian tests
show the expectedtrendswith increasingsam-
ple size.Increasedperturbationsof sitestrength
and stress led to decreasedsample strength
while increasedsample size resulted in de-
creasedstrengthfor casesinvolving non-zero

7
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Figure7: The (a) strengthand(b) normalizedstrengthobtainedfor simulationsof cylindersun-
der Brazilian loading.Resultsindicatethat strengthdecreaseswith increasingsamplesize and
increasingheterogeneities.

perturbations.
Futurework will involvefurthertestingof the

fracture algorithm. We plan to use this com-
putationaltool to considermorerealisticdistri-
butionsof heterogeneities.In particular, failure
in rock with spatialcorrelationsof sitestrength
will beconsidered.
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