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An Efficient DisplacemenbDiscontinuityMethodUsing
FastMultipole Techniques
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Geophysicaind Global SecurityDivision,
LawrenceLivermole National Laboratory,
Livermor, U.S.A.
(Presentedt the FourthNorth AmericanRock MechanicsSymposium,

Seattle WashingtonUSA,

ABSTRACT: The DisplacementDiscontinuity
method has beenwidely usedin geomechan-
ics becauseit accuratelycapturesthe beha-
ior of fractureswithin a rock massby explic-
itly accountingfor discontinuities. Unfortu-
nately boundaryelementechniquesequirethe
interactionsbetweenall pairsof elementgo be
evaluatedandtraditionalapproacheso the Dis-
placementDiscontinuity methodare computa-
tionally expensve for large problemsizes.

Approximatesummationtechniquessuchas
the Fast Multipole Method (FMM), calculate
theinteractionsbetweenN entitiesin time pro-
portionalto N. We have implementeda mod-
ified Fast Multipole approachwhich performs
the necessaryalculationsin optimal time and
with reducedmemoryusage.Furthermorethe
FMM introducesparametersvhich can be se-
lectedto give the desiredtrade-of betweenef-
ficiengy andaccurag. The FMM approactper
mits much larger problemsto be solved using
desktopcomputersopeningup a rangeof ap-
plications.We presentesultsdemonstratinghe
speedof the codeandseveraltestcasednvolv-
ing rock fracturein compression.

1 INTRODUCTION

The BoundaryElement(BE) approachreduces
the dimensionalityof a problemby consider
ing only the discretizationof boundariesThe

July 31 - August3, 2000)

ConsequentlyBE methodsaremostefficientfor
problemswherethe surfaceto volumeratio is
small, suchas a simulation of cavities within
an infinite medium.However, when crack for-
mation or crack propagationis consideredthe
region of interestmay becomedenselypacled
with boundaryelementsln thesecircumstances,
traditional approachego the BE method be-
comelessattractve becausdhe computational
effort increaseslramatically

Previous authors have taken several ap-
proachego improving the performanceof BE
methodsapplied to elasticity Some methods
achiee this by assumingthe elementsare
distributed uniformly in space.For example,
“lumping” (Plewvman et al. 1969; Ryder &
Napier 1985) takes advantageof the rapid far
field decayof the BE kernelsto approximate
the contrikution of distantelementsThe spec-
tral BEM(Peirceet al. 1992) exploits the trans-
lational invarianceof element-to-elemenhnter-
actionsassumingthe elementsare locatedon
a uniform grid. Peirce& Napier (1995) com-
bined theseapproachesnd developeda spec-
tral multipole methodwhere multipole expan-
sionson a regular grid were usedto account
for distantelement-to-elemenhteractionsThe
FastFourier Transform(FFT) wasthenusedto
calculatetheinteractionsbetweerthe multipole
expansionntheregulargrid.

The FastMultipole Method (FMM)(Rokhlin

BE solutionrequiresthat the influenceof each 1985; Greengard® Rokhlin 1987; Greengard
boundaryelementuponall othersbe calculated. 1988; Greengard Rokhlin 1997) providesan
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Figure1l: A constantdiscontinuityin displace-
mentover afinite line segment.

alternatve approachfor efficiently calculating
the interactionsbetweenelements.The FMM
wasoriginally developedto efficiently solve the

mary-body problemstypical of electrostatics

andgravitation. Theseapplicationsaregoverned
by Laplaces equationhowever, it is possibleto
extendthe FMM to boundaryelemenproblems,
suchaselasticity which involve more compli-

catedpartial differentialequations Greenbaum

et al. (1992) consideredthe 2-D biharmonic

2 THEORY
2.1 TheDisplacemenbiscontinuityMethod

The displacementdiscontinuity method is a

boundaryelementmethoddevised to simulate
the effect of thin, slit-like openingsand cracks
in anelasticsolid. Thetechniquds basednthe

analyticalsolutionto the problemof a constant
discontinuityin displacemenbver a finite line

segmentin the plane(seeFigure 1). Along the

lengthof thediscontinuitywe defineasheardis-

placementliscontinuity

Ds = Uy (X,0-) —uy (X,04) (1)
andanormaldisplacementliscontinuity
Dh= Uy (XJ,O_) — Uy (XI,O_|_) (2)

where0O_ and 0, denotethe limits asO is ap-
proachedrom the negative and positive direc-
tions respectrely. Crouch(1976)derived a so-
lution for the displacementandstressesiueto
thesinglecrack.For example thedisplacements
aregivenby:

Uy (XI,}/) =Ds [2(1 — V) f7yl — y’ f,x’x’]
+Dn [~ (1= 29) fx ¥ Tey]

Uy (X,Y) =Ds[(1—2v) o — ¥ fy]

+Dn [2(1—V) f7yr —y’f,w]
(3)

equationby modifying the integral equations Wheref is defined:

to accommodatehe FMM. Peirce & Napier
(1995)considere®-D elasticityand Sangani&
Mo (1996)solvedthe 3-D Stokes’ equationdy
modifying the FMM to accommodatehe inte-
gralequations.

In this work, we usean approachsimilar to
Fu et al. (1998) and apply the FMM directly
to the boundaryelementequationsin contrast
with their work, which considereda boundary
elementdescriptionof particlesembeddedh an
infinite binder we useboundaryelementsvhich
represendiscontinuitieswithin the elasticsolid
(the displacementiscontinuity method). Fol-
lowing the approachof Fu et al. (1998)we use
a complex analyticfunctionto approximatethe
element-to-elemennteractions.

-1
Fxy) = m[
y y

y (arctan,— — arctan,—)
X —a X +a
- (X —a)Iny/(x —a)’+y? (4)

+ (X +a)In (x’-|-a)2+y’2}

Thedisplacemendliscontinuitymethodapprox-
imatesboundarieswithin the region of interest
with a collectionof theseslit cracks(boundary
elements)Boundaryconditionsareimposedby
prescribingdisplacementsr stresseslongthe
length of eachelementand the methodsolves



for valuesof the displacementdiscontinuities
consistentwith the prescribedboundarycon-
ditions. This necessitatesransformingthe so-
lutions for local displacementand stressinto
globalco-ordinatex andy to obtainexpressions

strengthsUsing straightforvard direct summa-
tion, the calculationsat M pointswould take or-
derNM time. The FMM performsthis work in
time proportionalto M.

for the contributionsto stressanddisplacement 2.2 TheFastMultipole Method

atelement dueto elementj. For example,the
total displacemenat elementi dueto all other
elementsanbe expressedsa sum

d=Y BUDi+ 5 BUD)
J J

| . o (5)
uln = z BIanDé + Z BIanDrjw
J J

ThetermsA!! andB'! arecalledinfluencecoef-
ficientsanddependupontherelative positionof
elements and j and uponthe orientationand
length of elementj. The original formulation
of thedisplacemendliscontinuitymethodsolved
theseequationglirectly usingGaussiarelimina-
tion. Thisrequiredthe entirematrix of influence
coeficientsto be keptin memory Furthermore,
the Gaussiareliminationalgorithmtakes order
N3 time (whereN is the numberof elements).
The memoryrequirementsnay be reducedby
employing aniterative solution.In thiswork, the
systemof linearequationsvassolvedusingabi-
conjugategradientsolver(Presgtal. 1992)with
a preconditionerbasedupon local clustersof
boundaryelementsThis iteratve schemeuses
repeatednatrix-vector productsof the form of
equationg5) which eachtake orderN? to com-
pute directly. We explain belov how the effi-
ciengy of thissolutionis greatlyimprovedby us-
ing the FastMultipole Methodto evaluatethese
productsin orderN time.

Many applicationsof the displacemendis-
continuity method require evaluation of dis-
placementand stressat points distant from
the boundaryelements.For example, Blair &
Cook (1998a,1998b) simulatedfracture prop-
agation using the displacementdiscontinuity
method.Conditionsattherock massboundaries
andon preisting fractureswereapproximated
using boundaryelements.To determinethe lo-
cationof new cracks stresseslueto thebound-
ary elementswere calculatedat points within
therock andcomparedwith predeterminedite

3

Thefastmultipolemethodwasoriginally devel-
opedto efficiently evaluatean electrostatigo-
tentialin two-dimensions.

®(x,y) = qlog(r) (6)
whereq is the particlechageand
r= /X +y>? (7)

It is corvenientto usecomplex numbersto de-
scribe the particle positionsand the potential.
For example,the potentialat particlei dueto
particle j canbewritten

®(z) =qjlog(z —z) ®)

where
Z=X+1y (9)
logz=1In|z|+16 (10)

Herel? = —1. Thetotal potentialat particlei is
givenby asumover all otherpatrticles:

N
®(z)= ) qjlog(z —z) (11)
=1

Evaluating this sum directly for all particles
takes time proportionalto N2. The standard
FMM algorithmwill evaluatethesesumsfor all
particlesi in orderN time.

We will only describeheFMM in brief asthe
methodhasbeendescribedn detailby otherau-
thors(Greengard@988;Pringle1994).Thecom-
putationaldomainis recursvely bisectedinto
smallercells (seeFig.2). The FMM s a three
stepproceduravhich constructseriessolutions
approximatinghecombinednfluenceof distant
elementauponeachof the smallestcells. Inter-
actions betweenimmediate-neighboelements
areevaluateddirectly.

1. Upward pass- Calculateinfluenceof el-
ement clusters on distant elements(see
Fig. 2a).
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Figure2: The FMM calculatedong rangeinteractionson arecursve grid by using(a) an Upward
passand (b) a Downward passto constructseriesexpansionsto approximatedistantelements

within eachof thesmallestells.

e Calculatecontributions of eachele-
ment to multipole expansionsabout
its cell atthelowestlevel.

e Combine small cell expansionsto
give approximationsfor larger clus-
ters.

2. Downward pass- Calculateinfluence of
distantelementson elementclusters(see
Fig. 2b).

e Corvertlarge cell expansionsnto lo-
calexpansions.

e Translateand combinelarge cell ex-
pansiongo calculatdocal expansions
for smallercells.

3. Evaluation step - calculatecombinedin-
fluenceof all elementson every otherel-
ement.

e Previous stepsprovide the influence
of all elementavhicharenot“nearest
neighbors”

e Calculate element interactions di-
rectlywithin eachof thesmallestells
andnearesheighbors.

Typically, Step3 takes the mosttime to com-
pute.Oncethe coeficientsof the expansionfor
a cell have beencalculated evaluatingthe po-
tential at any point takes constanttime. Thus,

4

evaluatingthe potentialat all pointstakestime

proportionalto the numberof points. Further

more, derivatives of the potentialfield are ob-

tainedanalytically by differentiatingthe series
expansionsThe sizeof the smallestcellsis de-
terminedby the depthof thetreestructure.The
cellsin Fig. 2 have beensubdvided 3 times,
indicating a depth of 3. The deeperthe tree,
the smaller the cells and the shorterthe dis-

tanceover which interactionsare calculateddi-

rectly. Consequentlya more shallov tree in-

volves fewer approximationsand is typically

moreaccurateThe mostefficienttreedepthde-
pendsupon the numberof elementsand their
spatialdistribution.

2.3 Applicationof the FMM to the Displace-
mentDiscontinuityMethod

It canbe shavn thatthefunction f () (seeequa-
tion 4) canbe approximatedy alog function:

lim f (x,y) = ﬁ‘iv) (nr+1)  (12)
where,
r=+/x2+y2 (13)

Figure 3 shows the relative error between(12)
and (4) for a elementof length 2a = 2 located
attheorigin, with v = 0.2. Beyonda distanceof
approximately7a the discrepang betweenthe
the approximatiorandthe exact solutionis less
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Figure4: The CPUusageper elemenusingthe
directmethodandthe FMM with 1% accurag.
TheFMM is moreefficientfor problemsnvolv-
Figure3: Therelative errorbetweerthefunction ing morethan400elements.

f (equation4) andthe log approximation(12)
for asingleelementocatedat the origin.
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whereQ is agivenfunctionwhich canbe eval-

uatedat eachparticle.For example,

than0.1%. This correspondso adistanceof 3.5

elementlengths.Beyond this distance we ex- N 0

pect(12) to beacloseapproximatiorto (4). z X fx(z) ~ 6_x5[i ()
If the constantadditive term is neglected, =1

Eq. 12 is of the sameform asthe electrostatic

potentialin two-dimensiong6) with

(16)

It is possibleto estimatecomplicatedexpres-
sionsinvolving the function f () by combining
—a several instancesof the FMM using different

qj = nA—v) (14) functional forms for Q. Fu et al. (1998) used
a similar approachto approximatethe interac-

Beforethe FMM canbe usedto obtainstresses tions betweenparticlesembeddedn aninfinite
and displacementsit a given location, several binder o
enhancementrerequired. Equation3 is in termsof local elementco-
Sincethe approximation(12) only appliesat ©Ordinates.In order to determinethe contriku-
separation®f several elementlengths,the full tion to displacementsndstressesn global co-
expressionfor f(x,y) will be usedto calcu- Ordinatesseveral transformationsnustbe ap-
late the elemeninteractionswithin neighboring Plied: _
cells(thesizeof thesmallestellsis determined Ux = Uy COSP — Uy sinf3

by the depthof the treestructure) Distantcon- _ - (17)

tributionswill take the form of (12) andcanbe Uy = U SINB+ Uy COSP
well approximatedusing seriesexpansionsde- and

rived previously for the electrostaticpotential 0 _0xd + oy 9

(6). We will denotethis mixed implementation oxX  oxXox ' ox oy (18)
of theFMM by izﬂg+ﬂg
oy — oy ox ' oy dy

N
. ~ i : where is theangleof theelemento thex-axis.
Fi(Q) jle(J) f (ZJ) (15) As anexamplewe consideruy for thecaseDs =

5



0.

Uy (X’,y) =Dp [— (1—2V) f,xl —yfxl ] (19)
This representshe contribution to uy at a point
dueto asingleelementiocatedat the origin.

Substituting(3) and (18) into (17), the in-
fluence of element j located at x!,y! upon
elementi located at X,y' may be written:

410~
+4cogpivfl —3codpl ]
—cog Bl fl.xl +cod Bl fl X
+codplly —codpifly
+4cosBl sinplvfl, — 3cosp! sinp! ],
—cosp!sinBl £,y + cospl sinp! 1y
—cosBl sinp! {1 xI + cosp! sinpl £} X
—2vil+2fl+ flx — flx (20)

The actualvalue of of uy at element is cal-
culatedby summingup contributions from all
otherelements:

Uy = Z uixj
]

The termsappearingn (21) may be evaluated
efficiently usingthe FMM. For example,

o 02
; co< Byl fly~ dy i (cog By)

(21)

(22)

In addition, once the terms of the expansion
for % (cosBy) arecalculatedittle work is re-
quiredto calculateary derivative. Evaluatingall
the expressiongfor uy takestime proportional
to the numberof elementsbecausethe bulk of
the work involved in evaluatingthe % () opek
ators (constructionof local expansionswithin
eachcell) needonly bedoneonce.
Thecompletecalculationof ul, requireserms
dueto Ds, similar to thosein (20) Thederva-
tionsof expressionsor uy, oy, 0y, ando y Pro-
ceedin aS|m|Iarfash|on In all, 2};un|que par-
ticle chages” (Q terms)are required.Most of
theseareusedin morethanonetermto approx-
imatedifferentderiatives.

3 PERFORMANCE

To investigatethe performanceof the method,
anumberof randomproblemswereconsidered.
Eachcaseconsistedof an N by N squarelat-
tice of boundaryelements.Simulationswere
performedwith N = 10,20, 30,50, 75, 100,and
150. Thesecorrespondo 100,400, 900, 2500,
5625,10000,and22500elementsrespectiely.
For eachof thesecasessimulationswere per
formed using direct summationand with the
FMM usingtreedepthsof 2, 3, and4. For each
of the tree depths,simulationswere donewith
differentnumbersof termsin the FMM expan-
sions(from 0 to 7).

The total CPU time spentevaluatingthe el-
ementinfluenceson displacemenand stressat
eachsite werecompiledfor eachsimulation.In
addition, the relative error betweenthe FMM
approximationsand the direct summationover
theentirelatticewascalculatedFinally thesere-
sultswereaveragedver 10randomrealizations
of eachchoiceof N.

Fig. 4 shows the CPU usageper elementfor
the direct methodand for the FMM using the
fastestchoice of parametersvhich provide at
least1% accurag in the displacementalcula-
tion. The costper elemenibf the directmethod
increasedinearly. The time taken per element
by the FMM is very nearlyindependenbf the
total number of elements,indicating that the
methodtakes O(N) time. The FMM becomes
more efficient for approximately400 boundary
elementsor morefor this level of accurag.

4 SCALE DEPENDENCEOF BRAZILIAN
TESTS

We have performedpreliminary simulationsof
Brazilian teststo investigatethe influence of
scale upon strength.Experimentallyit is ob-
sened that compressie strengthdecreasess
samplesize increasesAlthough mary applica-
tionsinvolvelargerockmassest is usuallyonly
practicalto testsmall samplesNumericalsim-
ulations can complementaboratoryresultsby
providing a meansto relatefield scaleproper
tiesto laboratoryscalemeasurements.

Using the methodof Blair & Cook (1998a,
1998b), we simulatedfracture propagationin
rock subjectedo Brazilian loading (seeFig.5).
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Figure5: Brazilianloading:A circulardisk sub-
jectedto diametralcompression.

casel | case? | casel3 | cased
Strength| 0.0% | 0.25%| 0.5% | 5%
Stress | 0.0% 5% 10% | 50%

Tablel: Thestandardieviationsof strengthand
stresgerturbations.

Conditionsattherock boundariesndon cracks
which formedwereapproximatedisingbound-
ary elementsTo determinethe locationof new

Figure6: A typical failed disk atthe endof one
of the simulations.The cracled sitesareshovn
in white with blacklinesindicatingthe crackdi-
rection.Theshade®f grayrepresenlocal stress
heterogeneities.

creaseqerturbationof site strengthandstress
led to decreasedamplestrength.In addition,
increasedsample size resulted in decreased
strengthfor casednvolving non-zeroperturba-
tions. Figure 7b shavs thesesameresultsnor
malizedby theinitial strength Theseresultsin-

cracks, stresseslue to the boundaryelements dicatethat larger perturbationsof site strength

were calculatedat points within the rock and

comparedwith predeterminedsite strengths.

Heterogeneitiesn the rock were simulatedby
introducingspatialvariationsin strengthandlo-

andstressperturbationsnducea fasterdropin
strengthwith increasingsize.

5 SUMMARY

cal stressconcentrationSampleswere deemed We have demonstratedhat the Fast Multipole
to fail when a single connectectrack spanned Method provides an efficient solution for the

morethan40% of the samplediameter For ex-
ample,Fig. 6 shaws the final stateof a typical
simulation.

We conductedh seriesof simulationswith di-
ametersf 20, 50, 100,and 150 grainsanddif-
ferent stressand strengthheterogeneitiesThe
heterogeneitiesvere normally distributed with
a meansite strengthof 20 andmeanstressper
turbationof 0. The standarddeviations of the
heterogeneitiegor the 4 casesconsideredare
showvnin Tablel.

Preliminaryresults(Fig. 7a) indicatethatin-

Displacemenbiscontinuitymethod Ourresults
indicatetheideal O(N) effort for evaluatingin-
teractionsof N elementscan be achieved for
certain elementarrangementsThe accelerated
method has been integrated into an existing
techniqueor simulatingbrittle rock fracture.
Preliminary simulations of Brazilian tests
show the expectedtrendswith increasingsam-
ple size.Increasegerturbation®f site strength
and stressled to decreasedsample strength
while increasedsample size resultedin de-
creasedstrengthfor casesinvolving non-zero
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