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Abstract

Benchmark calculations for radiation transport coupled to a material temperature
equation in a 1-D slab and 1-D spherical geometry binary random media are presented.
The mixing statistics are taken to be homogeneous Markov statistics in the 1-D slab but
only approximately Markov statistics in the 1-D sphere. The material chunk sizes are
described by Poisson distribution functions. The material opacities are first taken to be

constant and then allowed to vary as a strong function of material temperature.

Benchmark values and variances for time evolution of the ensemble average of mate-
rial temperature energy density and radiation transmission are computed via a Monte
Carlo type method. These benchmarks are used as a basis for comparison with three
other approximate methods of solution. One of these approximate methods is simple
atomic mix. The second approximate model is an adaptation of what is commonly called
the Levermore-Pomraning model and which is refered to here as the standard model. It
is shown that recasting the temperature coupling as a type of effective scattering can be
useful in formulating the third approximate model, an adaptation of a model due to Su
and Pomraning which attempts to account for the effects of scattering in a stochastic
context. This last adaptation shows consistent improvement over both the atomic mix

and standard models when used in the 1-D slab geometry but shows limited improve-

ment in the 1-D spherical geometry.

Benchmark values are also computed for radiation transmission from the 1-D sphere
without material heating present. This is to evaluate the performance of the standard

model on this geometry - something which has never been done before.

il




All of the various tests demonstrate the importance of stochastic structure on the
solution. Also demonstrated are the range of usefulness and limitations of a simple

atomic mix formulation.
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INTRODUCTION AND SURVEY

1.0 Motivations For the Research

It has been said that nature abhors a vacuum. It could also be said that nature loves a
mess. Everywhere one looks, from the tangled tree tops to the turbulent hydrodynamics of
hot mixing gasses, one is confronted with the unpredictable material distributions of the
natural world. Often with these types of problems the background material is mixed in
such a way that the material properties of the problem cannot be specified at any given
point } except in a statistical way. And solving the differential equations of physical pro-

cesses on these material-mixed domains can be anything but textbook. The mathematical

nature of the problem is no longer that of simply solving a differential equation (be it diffi
cult or easy) with specified parameters and boundary conditions. Rather, one has a differ-
ential equation with stochastic or random parameters. The solution then of our differential
equation is itself a random quantity. This means that, given a correct solution to the equa-
tions of such a problem, one possesses not the exact value of a measurement but rather the
expectation value or ensemble average of the measurement. This thesis is concerned with
just such a problem. Specifically, this thesis is concerned with the problem of light moving
through and interacting with (heating) random mixes of matter - also known as stochastic
radiation transport in participating media. The specific equations of interest here are the
coupled radiation transport and material temperature equations with stochastic material
coefficients and sources.

In stochastic radiation transport one would like to able to answer such primary ques-

tions as, “How much light passes through the mixing region?”, “How much light is




reflected?”, “How hot does it get?”, and “How long does all this take?”. It is these kind of
predictions which connect theory to eventual experimental measurement. And it is these
questions which are motivating this research from a number of different research direc-

tions. Consider below three example applications.

1.1 Astrophysics

from astrophysics. Consider the following problem. A star or newly forming star is being
observed from the earth, but the radiation from the star must first pass through an interstel-

lar molecular cloud before reaching the observer, as shown in Fig. (1).

Observer

Observed Light Proto-Star

Given that the light from the star is the probe used by astronomers to gather informa-
tion about processes taking place, both in the star and in the cloud itself, one must be able
to understand and predict the way light moves through and interacts with the intervening
interstellar cloud. But the material distributions of the interstellar clouds cannot be known
in any specific detail. This prevents the precise grid resolution of any computational model

of this radiation transport problem. Stated another way, any theory in astrophysics which




uses light as a test probe depends on the ability to predict the light observed here at the
earth. One then needs to be able to account for the effects of the randomly distributed
material properties of the interstellar clouds through which the light must travel. For
example, the random nature of the interstellar cloud structure may be important is in deter-

mining the spectral rate of photon absorption and scattering within the cloud [1]-[3].

1.2 Atmospherics

Another area of interest for the transport of radiation through random mixes occurs in
atmospherics. Here the radiation is the energy from the sun and that energy reflected and

re-radiated from the earth. The stochastic media is the earth’s atmosphere.

FIGURE 2. Random Clouds in the Earth’s Atmosphere
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The distribution of clouds, dirt, dust, and any other suspended solids represent a sto-
chastic material distribution. These randomly distributed materials have an effect on the
way solar energy is deposited and so will effect any process related to this energy. For

example climate modeling or the understanding of global warming [4],[5].

1.3 ICF

The field of Inertial Confinement Fusion, or ICF, is an important application for sto-
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chastic radiation transport as well. Here an intense source of X-Rays is used to implode a
target. The target is typically made up of several spherical shell layers made of different

materials, for example plastic and hydrogen.

FIGURE 3. Cartoon of an Imploding ICF Target
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Because the different shells can have different densities, instabilities can develop at the
material interfaces during implosion - specifically Raleigh-Taylor instabilities [6]-[8].
These instabilities can lead to turbulent material mixing within the target. The modeling of
the radiation transport through this turbulent region is needed to accurately predict the
deposition of energy and hence the hydrodynamic evolution of the system.

These are just a few of the examples where the understanding of how light transports
through and interacts with a random media is important. There are many others in many

different fields.

2.0 What is a Binary Stochastic Media?

To solve any physical problem in a random media, one must be able to quantify the ran-
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along aray £, it will alternately pass through the two materials. The time it spends in

each material will be dependent upon the size and shape of the chunks of the two materi-
FIGURE 4. [dealized Random Media

als, and the way in which the two materials are distributed.
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given material as sampled along the direction of travel {). These are also referred to as
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contained within the chunk size PDF’s to adequately quantify the random character of the

chunk size distribution functions. The assumption is then that sufficient information is
media. Specifying a problem then is equivalent to specifying the material chunk size

PDF’s.



2.1 Absolute Probabilities and Distribution Functions in 1-D

Consider a 1-D random media of two materials labeled material 1 and material 2. Given
the PDF’s for the chunk sizes of the two materials one can compute two basic properties of
the media - the average size of the material chunks and the absolute probability that a ran-

domly chosen location within the problem will contain either material 1 or material 2.

Denote the PDF for material j as f;(/). Then the quantity f 4l is the probability that a

randomly chosen piece of material j will have a thickness between ! and ! 4 d! when seen
along the axis of symmetry. Denote the ensemble average of a quantity with the delimiters

{ ). Then the average size of a chunk of material j as seen along the axis of symmetry is

(U = Jrfar. (EQ1)
0

Denote the absolute probability of observing material j (for example) at a randomly cho-

sen point anywhere within the problem as p It Then the p ; are given by the formula [18]

__
PIT Ty 2

2.2 1-D Homogeneous Markov Statistics

Consider the special case of Homogeneous Markovian staiisiics (hereafier referred to
as HM statistics) in one dimension. For Markovian statistics define the transition parame-

ter A; such that the probability of transiting from material i to material j in a distance d!



.. dl - . .. .. .
is just X [11]. In HM statistics the transition parameter is independent of position within

{

the problem. Then the materials have exponentially distributed chunk sizes so that the

PDF’s are given by

4
b = e (EQ3)

7

Then it is easily seen that the average chunk sizes along the direction of symmetry (for

example the radial direction in a 1-D sphere) are given by

{

(1) = inje Mai = 4. (EQ 4)
0

Let p; be the absolute probabilities of 2 randomly chosen point being located within

material j. Then by Eq. (2)

A

= —J E
p] A1+A2 (QS)

HM statistics have a special role in the historical development of the field of stochastic

P o cic it amohlae rmmrae saotl
The main reason for this is it enables more easily

extension of existing work.,




3.0 The Radiation/Material Temperature Equations

Consider now the radiation transport and material temperature equations and some of

the existing methods for solving these equations in a stochastic media.

3.1 Basic Equations

Restrict the problem to that of grey radiation transport. This means that there will not
be coupling between radiation of different wavelengths and the flux of radiation is
described by a single equation for the energetic average or grey equivalent. The main rea-
son for doing this here is to simplify the writing of computer codes to solve the equations.
Ultimately one would like to solve the problem in complete generality but that is beyond
the scope of this thesis. This is but the first step towards the inclusion of the new physics of
material temperature coupling to the deterministic radiation transport problem. The two

basic equations which describe grey radiation transport coupled to matter temperature are

4
%%III(I, PO)+D -V, ) D) +oy(, D) = S+ @e(t—’r) + %fjwdﬁ’ (EQ 6)

and
pCV%T(t, ) = —coaT (e, 1)+ (c-0,)[wdld, (EQ7)

where y(t, P, ﬁ) is the radiation specific intensity and T is the material temperature. The

quantities ¢, ¥, and { are the temporal, spatial and angular coordinates, § is a general

radiation source, ¢ is the speed of light, a the radiation constant, p the mass density, and



C, the heat capacity. The integrals are taken over all directions. The 0 is a dimensionality
constant given by 6 = j 40y’ .

The total and scattering coefficients are given by ¢ and & . Because the background
media is randomly mixed, the coefficients (¢, ) and & (1, ?) are stochastic quantities.

Then radiation specific intensity y and the material temperature T are themselves contin-
uous stochastic quantities in that they can take on a continuous range of possible values

depending on the particular realization of the mixing statistics. One then is interested in
obtaining as a solution the ensemble average of  and the ensemble average of T which is
denoted as () and (T) respectively.

Notice that the equations have fourth order terms in the matter temperature 7. To fur-
ther simplify the problem a bit, assume a particular analytic form for the heat capacity C, .

Assume

C =

v

dars, (EQS)
p

This form for the heat éapacity is commonly used to simplify problems involving radiation
coupled to material temperature. It has the nice property that it makes the material temper-

ature equation linear. Define the quantity

o(t,z) = aT" (EQ 9)

which is the material temperature energy density. Then Eqs. (6) and (7) become
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——-\y(t L)+ 3 -V, D)+ oy, 1, 0) = ch)ét’ >)+%—‘jwdﬁ’ (EQ 10)

and

ga—,‘f’(" P) = —cod(1,7) + (6 -0,)[ydil. (EQ11)

Equations (10) and (11) are now linear in the two quantities y and ¢ . The task at hand is

to solve these two coupled stochastic and time evolving differential equations for () and

(T).

3.2 Derivation of the Restricted Average Form

Consider what happens if one takes the ensemble average of Eqs. (10) and (11). This

gives
12 +8- V(W) + (ow) = 5+ S0 116 ey (EQ 12)

and
346 = —ctot) + [((c-o,)y)dd. (EQ 13)

These equations are not of a simple form. The terms which are averages of products
(such as (o¢) for example) change the form of the equations to that of non-linear ones.

A similar but different averaging approach to the solution of Egs. (10) and (11) is to
introduce a special operator, the restricted ensemble averaging operator. This operator

computes the ensemble averaging of a quantity over a restricted subset of the total possible
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realizations of the statistics, instead of all realizations. The advantage is that it retains
more linearity (so to speak) for the differential equations. Consider a random spatial distri-

bution of two materials. Then at any point within the spacial domain of the problem there

will either exist material 1 or material 2 with probability p, or p, respectively given by
Eq. (5). Define now a the function ¥; such that x,(*) = 1 if material i is located at },

else x;(*) = 0. Then the ensemble average of ; is just the probability of being in mate-

rial { at a random location. In other words

XD = pi- (EQ 14)

And for any random quantity Q(}) which depends on these same binary statistics one has

that

X9 = piQ;. (EQ 15)

and

Q) = P @+ P00, (EQ 16)

The quantity Q,(#) is then the average value of Q over the subset of possible realizations
which have material i located at P, i.e. the restricted ensemble average of Q. Then the
multiplication of a quantity by %; and subsequent averaging over all possible realizations

acts as a restricted ensemble average operator [14],[15]. The average of the opacities

becomes
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(o) = P16 + P,0,, (EQ 17)

and

(6,) = p10s  + Py0yys (EQ 18)

where ©; and G; are the total and scattering coefficients for material i . One can now

apply the restricted ensemble average operator to Eq. (10). Assuming that the opacities are

constant one gets

1 co;p;9; O ,
E%(P,‘lll,-) +0- (VW) +o,(p;w;) = p;S; + ——ngi + FJ(PiWi)dﬁ , (EQ 19)

with i = 1, 2. The restricted ensemble averaging commutes with all the operators in Eq.

(10) except for the gradient operator [15]. Integrate the gradient term by parts so that

VW) = Vo) —wV = Vipy) - (wVxy. (EQ 20)

Using Eq. (20) in Eq. (10) gives a transport-like equation for each material 1 and 2.

ccip!.tb.

g
%%(p,-w,-) + 8 (P WD+ 0P W) = pS;+—— + | (P WD + (WVx) . (EQ21)

219 = ~co(p) + (0= 0, (pw )R, (EQ22)

Now Eqgs. (21) and (22) are a set of four equations whose solutions combine to give the
solution to the coupled radiation material temperature problem when the opacities are con-

stant. The ensemble average solutions explicitly in terms of the solutions to Egs. (21) and
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(22) are

(W) = p1V +po¥, (EQ 23)

and

(9

]

7101+ pyds- (EQ 24)

But what about that new term which has appeared on the right hand side of the radia-
tion transport equation? Refer to this new term, for reasons which will become clear, as
the statistical coupling term. This method has retained the linearity of all of the terms in
the equations, with the possible exception of the new coupling term, whatever it may be.
This process of applying the restricted ensemble average operator has served to capture all
of the statistical nature of the equations and move it all into the coupling term, leaving the

rest of the equations linear. The trick of course is calculating what that (¥Vy,) coupling

term is.

Notice, Eqs. (21) and (22) have a nice form because the material coefficients ¢; and
o,; were specified as constant for each material. Should they be dependent upon position
or time (as they would be in real temperature dependent material), then Egs. (21) and (22)
become approximations. This is becaunse the procedure for getting Eqgs. (21) and (22)
depends on the fact that all of the possible statistical realizations can be split into two sub-
sets within which the material properties are constant. It is precisely because the set of
possible realizations can be partitioned into these two convenient subsets that the ensem-

ble averages of Egs. (10) and (11) can each be split into two sets of coupled transport-tem-

perature equations - one for the average over each of the two subsets. Should the material
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properties be continuously variable, the procedure leading to Eqgs. (21) and (22) would
yield not four equations (coupled temperature and transport equations for each of the two
materials), but an infinite number (coupled temperature and transport equations for every
possible value that the opacities can attain). But for constant material properties Eqgs. (21)
and (22) apply.

The main advantage to this approach is that the numerical inversion of the left hand
side of Eq. (21) is now amenable to the same techniques used for the solution of ordinary
deterministic transport equations. One does not need to develop new numerical solution
techniques to solve these new equations. This is an important theme central to the methods

used in this thesis.

3.3 The Closure Problem

Determination of the (¥Vy) coupling term, whether in exact or approximate form, is

zero gradient everywhere except at the interface between two materials. The (¥Vy ) term

is then the average of the specific intensity over all realizations where an interface
between material 1 and material 2 lies at position ?. It is not clear yet exactly how one
computes this in a general geometry or with a general set of statistics. However, this value
has been computed exactly for the special case of Markov statistics and in a siab or rod
geometry [11]. It is this success which encourages further investigations into the use of the

restricted ensemble averaging operator technique. This is further elaborated in Section 4.3.
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3.4 Significance of the Ensemble Average and the Variance
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measured at any given time? In

other words, how well does the ensemble average of a quantity represent the quantity as

H

man mamme Doa AT T P i

red for any individual statistical realization? The answer is addressed by a quantity

ncasi
called the variance. The variance is a measure of how much the measurement from any
individual statistical realization can be expected to vary from the average. In other words,

how good is the average at representing a typical measurement? The root mean square

variance is computed as

var(4) = J(A? - (A)?, (EQ 25)

where the quantity A here is just some statistical quantity. So for a statistical problem with
a large variance, the ensemble average will be a poor representation of an individual statis-
tical measurement. This is why when computing stochastic solutions, it is important to get
a handie on what the actual variance is, if possible. It tells the experimenter if the expecta-

tion value is in fact what he or she should expect to measure.

4.0 Existing Deterministic Treatments of Stochastic Transport

In this section is discussed several of the methods which have been developed in the lit-
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erature to address the problem of stochastic transport without material temperature. The
extension of these methods to include the coupling to material temperature in a stochastic

setting (and subsequent testing of the methods) is the core work of this thesis.

4.1 Benchmarking

Let us assume for the moment that one has a model for the solution to Egs. (21) and

(22). This is equivalent to saying one has an explicit form for the x,(?) term. How would

one test the model? How would one know the model to be correct, or not? There is a brute
force technique for the solution of Egs. (10) and (11) in a stochastic media. It is 2 Monte
Carlo type of method in that it uses the statistical description of the problem to generate
many different sample realizations of the material distributions. It is not strict Monte Carlo
though in that it does not generate individual flight histories of individual photons. Rather
it computes the deterministic solution to Eqs. (10) and (11) over many different realiza-
tions and then averages all of the so computed deterministic solutions. It generates ensem-

ble averages in the true sense of the word. This is referred to as the Benchmarking Process
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4,2 Atomic Mix

There is a popular me
has the advantage of being simple to formulate, easy to implement, and it's computational

expense is just that of a single standard deterministic solution of Egs. (10) and (11). Con-

sider the ensemble averages of the product terms in Eqgs. (12) and (13). Do a decomposi-

#imn mE dlha snce B mcin it iblae fembry o smnmnim e d smem et I ) sk o 4Ll

L0 UL LG 1410011 JUAIHIUILICS 1V d 1HICdI] 4ild 4l O5CL1Edil lg pail 50 lal
v = (W (EQ 26)
¢ =(Q)+0 (EQ27)

where the oscillating parts y and ¢ have zero mean. Do likewise for ¢ and &, . Then (for

example)

() (y) + (oW) (EQ 28)

(oW

and

(o) = () (@) + (G}). (EQ 29)

The atomic mix assumption then is that the average of the cross correlation terms like

{GV) are all zero. This assumption yields

(W (EQ 30)

(o

and

(o, ¥) = (o ){W) (EQ 31)
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with similar equations for averages of products with @ . Then Eqgs. (12) and (13) reduce to

203+ 8- V(y) + (o) (y) = () + KD, “;‘) [owdy,  EQ32)

and

%(@ = —c(0)(0) + (G- [ (y)dgl. (EQ 33)

Physically this is equivalent to making the assumption that within a small volume dV
located anywhere in the problem, the material is well represented by the average of the
two materials locally, and that the radiation specific intensity and material temperature are
completely independent of any structure or statistical correlation between the two materi-
als. Eqs. (32) and (33) are now ordinary linear equations for {(y) and (7) which can be
solved using the usual methods for solution of Eqgs. (10) and (11). These are nice proper-
ties and it is for this reason that this technique is widely used. However these are rather
crude approximations in many cases. As will be shown later in the numerical simulations,
for certain cases the atomic mix approximation has quite a large error when compared to

the benchmark solutions.

4.3 Standard Model

This method was originally developed to solve the steady state stochastic transport
equation, i.e. Eq. (10) for steady state and no coupling to material temperature. It does not

in it’s original form include any treatment of material temperature. This model was inde-
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pendently developed by several authors [10]-[13] but is commonly referred to as the Lev-
ermore-Pomraning model. This work refers to this model as the Standard Model. 1t gives

the ensemble average solution for the equation

0- V(s P, Q) +owy(t, b, Q) =S5+ %sjwdﬁ’ (EQ 34)

as

(W) = pv, +poy, (EQ 35)

where the y; are found via the solution of the two coupled equations

piV; PV
A Q) A

P S, . . R — G,_g I L s
WV +o(pyy) = pdi+ g [(pw)dil +

where i, j = 1,2 and i # j. If the problem is further restricted to a 1-D purely absorbing
media with a HM statistical description, then this model becomes an exact solution
[111,[15]. This model can be thought of as a special case of Eq. (21) with a particular
choice of closure relations for the statistical coupling terms. In other words the standard
model Egs. (34) through (36) has the closure relation

Pi¥; PV

(yVyp = = - (EQ 37)
AT ALY

This model has been shown to be quite robust and fairly accurate [14]. However, with the
inclusion of scattering, this is no longer an exact model. One would like to be able to

include the statistical effects of scattering for solving a larger class of problems. One way
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to address this issue is discussed next.

4.4 Su-Pomraning

In an attempt to build on the success of the Standard Model for the obtaining the sto-
chastic solution of Eq. (34), Su and Pomraning have proposed two alternatives to the clo-
sure relation Eq. (37) [16]. These new closures are aimed at improving the performance of
the Standard Model in cases when scattering is present. Both of the new closures relations

are of the general form

(EQ 38)

(V) = K[(ij,-) ) (p.—w,-)] R [j(p,.w,odﬁ' c pjwj)dﬁr] |

A A O A@) A ()

Physically one can think of these coupling terms as a kind of stochastic source/sink of par-
ticles. They represent the gain and loss of photons as they stream across the randomly dis-
tributed material interface boundaries (linear terms) and get randomly redistributed in
angle via the scattering-like process (integral terms).

So the solution is achieved by solving the two coupled equations

Q-V(py)+o(py,) = pS;+ % [(Piyd® + (yVx,) (EQ39)

where i, j = 1,2 and i # j with the closure Eq. (38) and

(y) = P, + pas. (EQ 40)

The new parameters 7| and K are positive weighting constants which are somehow meant
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to take into account the effects that scattering has on the evolution of the statistical solu-
tion. Notice that if 1 = 0 and x = 1 this closure recovers the Standard Model. These

two new closures each specify different values for the two parameters n and x. The first
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Q
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and

x = 0. (EQ 42)

Here ¢, is the absorption opacity for material i and is given by

G.=0CG.—G._.. (EQ 43)

And (o) is the ensemble average of the absorption opacity given by

(6,) = P19+ P20, (EQ 44)

The second of these “scattering accountable” closures proposed by Su and Pomraning is

given by

N = —— (EQ45)

and
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(oy)

(o)
K= ——f . (EQ 46
1_(05> :

(o)

Notice that for both of these new closures, when scattering is zero, they both recover
the standard model, i.e 7 = 1 and k¥ = 0. The closure given by Egs. (38) through (42)

and the closure in Egs. (38), (41) and (42) are both derived by the same method which is

outlined here. First assume the form in Eqgs. (38) and (39). Then assume that the correla-

tion length A_, defined as

1

1 1
A_C—K—].+K;, (EQ47)

is small. Next assume that the fluctuations of the radiation specific intensity are small. In

other words

v = () + e (EQ 48)
where € is a smallness parameter. Then, equate the limiting (first order) cases of A_ « 1 in
Eqgs. (38) and (39) with € « 1 in a direct averaging of Eq. (34). Assuming Kk = 0 gives Eq.
(41). The Eqs. (45) and (46) are obtained by assuming ¢, = 0, and 6, = O, (clearly

an undesirable assumption). For a detailed derivation please refer to reference [16]. This

~ - - T e A . . e e e e A e

model also did not have any treaiment of mai

4.5 Other Approaches

The methods listed above were chosen for study in this work because they all lend
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themselves to numerical solution by way of common deterministic transport solution tech-
niques. That is why Monte Carlo approaches were not considered here, although others
have used Monte Carlo methods for stochastic transport problems [1],{19],[21]. However,
aside from the deterministic methods listed above, there are several other ways to
approach the problem of deterministic stochastic transport. For example the Method of
Smoothing [9] and the Liouville Master Equation [12]. For a good discussion of these and

other alternative deterministic formulations see reference [11].

5.0 Limitations of Existing Methods
All of the above listed methods have their limitations.

5.1 Scattering

None of the above methods except for the benchmark process can exactly treat the
effects of scattering on stochastic transport. Without scattering, the average of a quantity

like the radiation specific intensity only depends upon the possible states of the system

back along that particular ray 0 in space. Introduce scattering however and the same aver-
age is now coupled to the past flight history states over all possible directions. This greatly
complicates the problem and the evaluation of averages. For a general discussion of the

scattering problem see reference [11].

5.2 Material Temperature

None of the above methods can account for the inclusion and time evolution of a mate-

rial temperature coupled to the radiation. The coupling of radiation intensity to material
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temperature makes the problem harder for several reasons. Reason number one is the
redistribution in angle of photons due to thermal re-emission. This correlation through all
angles creates coupling to the past flight history states over all possible directions, just as
in the case with scattering.

With the inclusion of material temperature there are two continuous stochastic quanti-
ties to be found instead of one. This presents the daunting task of simultaneously solving
two coupled stochastic and non-linear partial differential equations. Deutsch and Vander-

haegen [6] have considered the case for 1-D radiation transport with the two materials at

two different but fixed temperatures and fixed opacities, i.e. as binary stochastic quantities.

This is equivalent to having binarv stochastic radiation sources of the form ¢B where

function of the material temperature. But this work is concerned with the more general
case of a time varying material temperature.
And lastly if the material properties are allowed to change with temperature, the opaci-

ties are now continuous rather than binary stochastic quantities. This introduces strong
new correlations which need to be accounted for in the calculation of averages.

Much of the effort in this work is dedicated to exploring how to include material tem-
perature with stochastic transport methods and what new problems it introduces.

5.3 General Statistics

All the above treatments make very strong assumptions about the statistical nature of

be specified by the problem at hand, and not be required to impose the assumption of a
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certain statistical description on the problem. For example, it has been suggested that tur-
bulence in fluids is described by Levy power law statistics rather than Markov statistics
[21]. A technique based on the ideas of Renewal Theory has been proposed [11] for parti-
cle transport through a random media with general statistical description. Unfortunately
this formalism does not easily lend itself to solution via standard transport solution tech-

niques.

5.4 Multi-D

The problem of formulating and testing a stochastic transport model in arbitrary dimen-
sions or geometries is closely related to the problem of general statistics. Assume for the
moment that one has a general model in some geometry. To test it you need to be able to
generate benchmarks against which to compare the model (odds are no analytic solution
will exist). This means that one must first be able to (somehow) generate a computational
mesh which represents a single statistical realization of the mixing statistics. While it is
not known how to do this in two and three dimensions, approximate methods have been
suggested [1]. However it is clear how to generate rod and slab geometry mixes [141,[20].
It may also be possible to generate two and three dimensional Markovian mixes [23]. But
for non-Markovian statistics in a general geomefry this remains unsolved. So there is the
problem of verifying the accuracy of a model by not being able to compute a benchmark.
However, one could generate some set of benchmark meshes and then do ray tracing on
these to determine their statistical nature. But then one needs to be able to incorporate into
the model whatever statistics arise from this procedure and we are back to the general sta-

tistics problem. As a first step toward exploring new possibilities, the 1-D spherical geom-
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etry is considered in Section 10.0.

6.0 Summary of The Approach

This thesis tries to solve the radiation transport equation coupled to the material tem-
perature equation in a stochastic media. The benchmark process described in Sec. (4.1) is
used to generate the “true” answers. The atomic mix method Sec. (4.2), is used to explore
how well this common method works in this context. Then, beginning with the Standard
Model Sec. (4.3), a new method is proposed which generalizes the Standard Model to
include coupling to material temperature. Then is proposed a second new method which is
a generalization of the Su-Pomraning model, Sec. (4.4), again to include the coupling to
material temperature. The performance of the four methods is explored over a range of
parameter spaces and for two different geometries, 1-D slab geometry and 1-D spherical
geometry.

Also, the Standard Model has never before been used in a 1-D sphere. So this was
investigated with and without the inclusion of the material temperature coupling.

The implementation and generalization of these methods to the 1-D slab geometry if
presented in Sec. (8.0). The implementation and generalization of these methods to the 1-

D spherical geometry is presented in Sec. (11.0).




STOCHASTIC MODELS IN 1-D SLAB GEOMETRY
7.0 Homogeneous Markov Statistics in 1-D Slab Geometry

posed some new methods for modeling the stochastic solution to
yand (i1) in a 1-D slab geometry. Also presented are the formulations for some
standard methods for which ‘numerical solutions are computed for comparison. The for-
mulations of these different models are presented in Sec. (8.0) and the numerical solution
results in Sec. (9.0). In this chapter the problem is restricted to a purely absorbing media in
a 1-D slab geometry. In this geometry the media is composed of alternating slabs of the

two materials, as shown in Fig. (5) .

TGURE 5. Typical 1-D Slab Geometry Media
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The problem is assumed to be described by HM statistics so that the PDF for the chord
lengths of material { (along the z direction) are given by
2, (EQ49)

Fi) = e



28
where A; is then the average chord length of material i along the z direction. Let it be the

cosine of the angle between the ray Q) and the z direction. Then the average size of a

chunk of material i as seen along the ray Q is given buy

A
AD) = m (EQ 50)

et EQS1)

One wishes to obtain the stochastic solution, i.e the ensemble averages of the radiation
specific intensity () and the material temperature energy density (@), in the 1-D HM
media shown in Fig. (5) and described by Egs. (49) and (51). In a purely absorbing,

source-free, 1-D slab geometry Egs. (10) and (11) become

L2 itz )+ p 2wt 2 ) +0,u( ) = 2004 2) (EQ52)
cot' " dz' 7 avin™ 2 ’
and
E—)a?q)(r, z) = —co,0(1, ZHG"K;"’U’ Z, )dn, (EQ 53)

where G, is the absorption opacity. Because the materials are purely absorbing, ¢ = G,



29

and 6, = O (this no-scattering assumption is appropriate for X-ray transport in matter, for

example). These simplifying assumptions were made to make the problem more tractable
while still retaining some of the new difficulties associated with the addition of material
temperature coupling. The assumptions resulting in Eqs. (52) and (53) are exactly those
assumptions under which the Standard Model as presented in Sec. (4.3) is exact when
material temperature coupling is absent. In other words the goal here is to see what new
issues arise with the addition of new physics without making the problem overly compli-

cated.

8.1 Benchmark - Implementation

As described in Sec. (4.1), the benchmarking process is not so much a model as a pro-
cedure for the numerical evaluation of the true ensemble solution to the stochastic prob-
lem. It is not new and it requires no reformulation, needing only the numerical techniques
for the deterministic solution of Egs. (52) and (53). It is included here because, though
expensive, it provides accurate ensemble average solutions to the problem. The procedure
is simple. One uses the PDF’s given by Eq. (49) to populate a particular realization of the
statistics. One then determines the solution to Eqgs. (52) and (53) on that particular realiza-
tion. The problem is repopulated with a new material realization and the equations solved
again. This process is repeated many times and the resulting many solutions are averaged.

This gives an ensemble average in the truest sense of the word.
But how does one generate a particular realization of the statistics? Let P;(x; < x) be the
probability that a randomly chosen piece of material ¢ has a chord length less than or

equal to x as seen along the z axis. Then
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X

P(x;<x) = [fdz. (EQ 54)
0
Using Eq. (49) gives
x  _Z -
iy T
Pxsx) = [ie "de=1-c". (EQ 55)
0 I
Inverting Eq. (55) gives
x = -AIn(1-P). (EQ 56)

Refer to Eq. (56) as the sampling function. The P; are uniformly distributed between 0
and 1. Hence, random P; ‘s chosen uniformly between 0 and 1 will give a chord length dis-

tributions for material i which satisfy Eq. (49). So to populate a particular realization of
the problem one begins at one end of the mixing region and, using Eq. (56), samples one

chunk of material {. Then sample one chunk of material j using Eq. (56). In this alternat-
ing way, sample one material then the other until the end of the mixing region is encoun-
tered. This is sometimes referred to as the leapfrog method for generating a realization
[20]. Note that the form of Eq. (56) is particular to this choice of statistics, but the process
in general is true for any statistics. One simply replaces Eq. (56)l with the appropriate sam-
pling equation derived from whatever PDF’s describe the problem.

To summarize: one populates a realization using the sampling function Eq. (56). One

solves Egs. (52} and (53) obtaining the solution to one statistical realization. The proce-

dure is repeated N times and the final ensemble average solution is given by
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N
W =5 Y ¥, (EQ57)
n=1
and
1 N
(@) = & g,lcp,,, (EQ 58)

where y, and @, are the solutions to Eqs. (52) and (53) for the n* realization.

8.2 Atomic Mix - Implementation

The atomic mix approximation is anything but new. It’s ease of implementation and speed
make it a popular method. Casting Egs. (52) and (53) into the atomic mix Formulation

from Sec. (4.2) gives

%g-t(w) + u-a%(ll!) +{o(y) = (S)+ dL;)EQ: (EQ 59)
and
240) = — (o) (®)+ (o[ (w)ddd. (EQ 60)

Again, this no-correlation approximation is crude and assumes that the average two sto-
chastic quantities can be factored as {oy) = (o) (W), for example. This method was
included not because it is new, but because it is easy and popular - for comparison with the
new methods. Because the atomic mix formulation is relatively easy and fast to implement

and run, it is important to know when it works. If it works there may not be any need to
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perform a more complicated analysis.

ar

8.3 Standard Modei - Impiementation

Now adapt the Standard Model formulation for the stochastic solution of Egs. (52} and
(53). How does one do this? Recall from Sec. (4.3) that the Standard Model is equivalent
to choosing the closure relation Eq. (37) to approximate the statistical coupling terms that
arise in the restricted ensemble averaging of the transport equation. Recall also that these
coupling terms arise because the restricted averaging operator does not commute with the
gradient operator in the transport equation. Because Eq. (53) contains no spacial deriva-
tives, the restricted ensemble averaging of Eq. (53) will not give rise to a new coupling
term. So to adapt the Standard model to Egs. (52) and (53) simply make the assumption
that the original closure relation Eq. (37) still holds. So restricted ensemble averaging of
Eqgs. (52) and (53), and using the Standard Model closure relation gives

Falel 1..1
(020

25 PV (P +Oopi¥) = (P9 + %(Piwj) - %(Pf‘*’s)’ (EQS1)

and

=t
=
Nt
S-
"=
~
L
A2
[=)
3%
g

with i, j = 1,2 and i+ j. This represents a set of four coupled differential equations for
the restricted ensemble averages W, and ¢;. The the ensemble average solution is given

by
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(W) = Py + Py, (EQ 63)

']
]

(@ = P19, +Ppy9,, (EQ 64)

just as in the Standard Model.

The closure relation used to derive this model is exact for transport in a purely abso

8.4 Su-pomraning - Implementation

The closure relation Eq. (37) is only approximate when there is scattering present. This
was the motivation behind the new closure proposed by Su and Pomraning and which was
described in Sec. (4.4), i.e. to account for the effects of scattering in a stochastic setting.
Here, there is no scattering. But there is coupling to a material temperature. And this cou-
pling to material temperature can be viewed as a kind of effective scattering. It is for this
reason that the closure used in the Standard Model is no longer exact when material tem-

perature is included.

8.4.1 Material Temperature Coupling seen as an Effective Scatterer
Just how the coupling to material temperature can be seen as a kind of effective scatter-

ing can be easily shown. While Eqs. (52) and (53) cannot in general be solved analytically,
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they decouple approximately by time integrating the temperature equation over a small

interval At = (¢ —t,) > 0. Integrating Eq. (53) gives

0(1,2) = Gt 9e v 0,e [ > aee, yar, (EQ 65)

1
where I{1,7) = J 1 (1, z, B )dl . Now approximate the time integral in Eq. (65) using the

trapezoid quadrature rule getting

e A oc
0t 2) = d(tg )e Y + G‘;_ Gt 2)+ € Ity 2)]. (EQ 66)

Substituting the right hand side of Eq. (66) into Eq. (52) gives

aJ A C orp Al
o a _ TS - ’ ’
FYH LW+ R (2, W +OW (L 2, W) = Sprp+ —5— | Wtz 1)d, (BQ67)

G =

(s At G At
Seen(z 1) = —2—¢ 0¢° [t )+ ——I(t Zﬂ (EQ 68)
EFP Y757 2 LT\ul/ 2 A § 1 IJ i A Sl 4 7
is an effective source and
(8] cht
OspFr = ao (EQ 69)

is an effective scattering coefficient. It is important to note that even though the scattering

coefficient is zero(o, = 0), the coupling to material temperature can be thought of as
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introducing an effective source and effective isotropic scattering. This suggests that in
order to treat the statistical nature of the coupling in Eqs. (52) and (53) one must first be
able to treat the statistical effects of scattering in the transport equation itself, even though
there is no real scattering present. Therefore, in an effort to improve upon the Standard
Model when applied to Eqs. (52) and (53), adapt the Su and Pomraning closure relation by
allowing the effective scattering coefficient given by Eq. (69) to take the place of real scat-

tering.

8.4.2 The Su-Pomraning Closure with the Effective Scatterer
Recall from Sec. (4.4) that the model proposed by Su and Pomraning has the same gen-
eral form as the Standard Model but introduces a new general closure, Eq. (38). In the 1-D

slab geometry this closure has the form,

W Vi (piwan” | (pyy;)dn
(V) = K|ll|[(pi%)—(p§l_’ ):I_{_Tl!?li!l:,[ - _J Jl{ ] (EQ 70)

J ¢ t J

with two proposed formulas for the weighting parameters K and 1. The 1-D slab form of

this model (in a pure absorber) is then given by the four coupled differential equations

19 o)+ 1 (oy) +0,p W) = —=Z(p:0) + (WY EQT1)
cﬁ P,-‘If,- l'l'az P;-‘i’,a ai P,W,- 2 P; i il
and
1
Lp) = ~c0(p9)+ 0u (P €QT2)

with i, j = 1,2 and i # j, and Eq. (70) used for the closure term.
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Here, because the material is a pure absorber, 6, = 0, and Egs. (70) through (72) reduce
to the Standard Model. However make the direct substitution of 6 g for 6, in the

expressions for x and i} gives something new. The hope is that the coupling term Eq. (70)
will capture the statistical effects of material temperature coupling in exactly the same

way it was meant to capture the statistical effects of scattering.

Consider the first set of relations proposed for x and 1, namely Eqgs. (41) and (42).

Applying these to Eq. (67) gives the weighting parameters

v = J("a)|<°aEFF)|[(GaEFF>(‘5a2—°a1)2+ (S (O prra~ aEFFl)Z]

K : % (EQ 73)
[{6,prr) (Caa = Ca)]” + (O (Cuprr2 — Ouprri)]

and

n=20, (EQ74)
where
Gm-cAt

OukrFi = Cgi— OsgFFi = Gai( ‘—'2——) (EQ75)

and
(0,5rr) = {0 = {Csppp) (EQ 76)

The quantity ©_gr; Can be thought of as a reduced effective absorption coefficient which

4 118 W S o o8 o}
aL.rrte

is allowed to be negative - hence the introduction of the absolute value in Eq. (73).
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Refer to the closure given by Egs. (70}, (73), and (74) as variation 1.

Using the second expression for ¥ and 1 proposed by Su and Pomraning, Egs. (45)

and (46), gives variation number 2. Again, applying to Eq. (67) gives

1

” 1 (Oserr)
(6,

M = (EQ77)

and

(OsprF)

K = (0) . (EQ 78)

I i (Osprp)

{0y

The whole point of these two variations is to include the effects of scattering in the sto-
chastic solution. Here the idea of material temperature viewed as an effective isotropic
scattering is being used within this same framework to account for the statistical effects of
temperature coupling. Physically this is a reasonable hope, in that both scattering and
material temperature serves to redistribute photons to other directions of travel. Scattering
does it via a scattering event, and material temperature coupling does it via a heating and

thermal emission. But the net result is in both cases isotropic redistribution of photons.

9.0 Numerical Results

In Sec. (8.0) were presented several methods for approximating the stochastic solution
to the 1-d slab problem with HM statistics. Here are present the numerical solutions to the

various methods discussed in Sec. (8.0).
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9.1 Numerical Techniques

=

All methods are solve

usin
dient operator and implicit time-discretization for the temperature and specific intensity
time derivatives - see Appendix B or reference [17]. The angular variable p is treated by
standard discrete ordinate methods - again see Appendix B or reference [17]. At every
time step, the temperature and specific intensity were updated to the same time stamp via
an inner (fixed point) iteration, of fixed length. The maximum size Az of the grid spacing

was chosen to guarantee positivity of the radiation specific intensity according to

where | is the smallest absolute value from the S-16 quadrature ordinates, G

min max 18

the maximum of the two material absorption coefficients [17]. The time step At is chosen
to be fixed at the value Az = 1.0e — 12 seconds. This choice of time step is somewhat
arbitrary. It was simply chosen to be of the same order of magnitude as the time it takes
light to cross a typical spatial zone. Essentially a time step was used which was suitable
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lem would run without complication. It was a very conservative choice but it worked with-

out difficulty.

The benchmark averages were computed using 1024 deterministic realizations. This
number was arrived at by trial and error. Solutions were generated for various numbers of

realizations and determined that 1024 sufficient by observing the convergent behavior of
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the solution as the number of realizations was increased. The error bars on the benchmark

curves are within the thickness of the lines used to plot the graphs.

9.2 Numerical Stability of Source Iteration

A comment is in order regarding the way in which the radiation transport equation was
solved at each time step. It was solved using a standard technique commonly called
Source Iteration [17]. In this method, any integral terms are approximated by estimating a
value for the solution and using the estimate to evaluate the integral term. The equation is
solved, and the integral terms are again updated using the new solution. This process is
repeated until convergence. In Appendix (A) it is shown that Source Iteration applied to

Eqgs. (70) and (71) has the stability criteria that

max[ﬁl Os2 ‘l:| <1 . (EQ 80)

¥ H
o, 6, x

In a purely absorbing media this reduces to the condition

A=

<l1. (EQ 81)

This is guaranteed to be true in a purely absorbing media with the original expressions for

7 and « as proposed by Su and Pomraning. But using Egs. (77) and (78), the value 2 can

now be greater than 1. This means that this model, the one referred as the Su-Pomraning
second variation (the one with 1 # 0), may not be stable under Source Iteration when

O, prp is used to compute M and K.




40

9.3 Results - Constant Opacities

Table (1) contains the data used to compute the curves shown in Fi

LAipsee iX L ¥

Notice that the values of the volume ratio for material i at any given point are equal to

A,
the probability of finding that material there, 1.e. V; = P, = The different A,
(?L +Ay)
were specifically chosen so that the volume ratios were the same for all the test runs

the answer.

Each of the figures (6) through (13) have four curves. Curve (A) is the benchmark
value. Curve (B) is the value returned by the atomic mix model, Egs. (59) and (60). Curve
(C) is the result from the standard model adaptation given by Egs. (61) and (62). Curve
(D) is the result from the adaptation of the Su-Pomraning model, Egs. (70) through (72),
with the effective scattering used in calculation of the weighting factors via Egs. (73) and
(74), i.e, variation number 1. When calculating the weighting factors using Eqgs. (77) and
(78), i.e. variation number 2, the source iteration technique for solution of the transport
equation was not stable, and would not converge. It is easily seen why this is so. Using the

values in Table (1) to compute the stability criteria Eq. (81) for variation number 2 gives

. AY
\VsEFF/
0 _ 2 sBFEL _ 100181. (EQ 82)
k(o
Since this number must be less than one for the method to be stable, it cleatly is not stable

here. Hence, no results for this method were calculated.
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Figures (6) through (9) are plots of —(-% versus time step as computed for the
a [+

benchmark calculation and the three models which converged under source iteration. In

other words, the time evolution of the ensemble average of the material temperature

energy density scaled to the initial material temperature 1,, as computed at the ontgoing

edge of the mixing region, as shown in Fig. (5).

(Trans)

)

caT,,

Figures (10) through (13) are plots of versus time step as computed for the

three different models and the benchmark, where

1
Trans = jocw(z, z=L, n))udu. (EQ 83)

In other words, it shows the time evolution of the ensemble average of the radiant energy

streaming out the outgoing edge of the mixing region scaled to the initial material temper-
ature T,.

Figures (14) through (17) are plots of the variance in the benchmark for material tem-

perature energy density and radiation specific intensity as scaled by the answer for each

J {0 - (9)?
) and

time step. In other words it is plots of percentage variance given by

J((Trans)?) — (Trans)?
{Trans)

as a function of time step. The time step axis for the variances

is on a log scale.




Table 1.Parameters for 1-D Slab - Constant Opacities

G, =1000/cm G, =5/cm
y(z, z2=0, 1) =03 KeV
T, =0.03 KeV
L =0.15cm
Figure # ;\-1 (cm) 12 {cm)
6,10,14 5.0e-3 5.0e-1
7,11,15 5.0e4 5.0e-2
§,12,16 5.0e-5 5.0e-3
9,13,17 5.0e-6 5.0e-4

FIGURE 6. ((p) versus Time Step - Constant opacities
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FIGURE 7. (@) versus Time Step - Constant opacities
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FIGURE 9. {@) versus Time Step - Constant Opacities
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FIGURE 11. {(Trans) versus Time Step - Constant Opacities
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FIGURE 13. (Trans) versus Time Step - Constant Opacities
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FIGURE 15. Benchmark Variance - Constant Opacities
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In all of the resulting curves the atomic mix model (B) consistently underestimates the
steady state values of radiation transmission and material temperature. This demonstrates
the well known effect that the atomic mix assumption overestimates the absorption of pho-
tons [11]. Also notice the general trend that the simple application of the Standard Model
(C) consistently overestimates both the material temperature and the transmission of radi-
ation. In treating the coupling to material temperature as a kind of effective scattering in
the Su-Pomraning model (D), there is consistent improvement over both atomic mix and

the Standard Model.

Special notice should be taken of the behavior of the three approximate models in the
limit of small correlation length, i.e as the A, get small. While curves (C) and (D) every-
where converge to the benchmark answer (A), the atomic mix value (B) only does so in
the steady state. This was surprising. Analysis of the models show that the coupled equa-
tions for the specific intensity as given by Egs. (61) and (71) go to the atomic mix equation
(59) as the l,- go to zero. However the material temperature equations (62) and (72) do not

go to the atomic mix equation for material temperature Eq. (60), except in the steady state.

But the coupled equation models both converge numerically to the benchmark answer as

the A; get small. So let us take a closer look at the atomic mix equation for material tem-

perature, Eq. (60). Consider the material temperature equation without the coupling to the

radiation intensity

9 - oo . (EQ 84)
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The exact answer for (¢} on a binary stochastic media is

— ct —
(9) = o,lpre "+ pe 1. (EQ85)
But the atomic mix assumption would give
(¢) _ %e—(P.Uu + p,Gy)ct , (EQ 86)

where ¢, = aTi - They are not the same and no amount of letting A; go to zero will make

them so. In fact the A, do not appear explicitly at all. This leads to the conclusion that

there is something missing from the “obvious” formulation of the atomic mix model for
the material temperature. The simple atomic mix formulation does not get the correct tran-
sient behavior in the small chunk limit. Evidently it is not sufficient to simply use averaged
material properties in the small chunk limit. Yet neither is it yet clear what the correct
interpretation of atomic mix should be to get the correct time dependent behavior for the
atomic mix material temperature. Because the temperature and the radiation intensity are
coupled in Egs. (59) and (60) one might expect that this effect will influence the atomic

mix average value for the transmission as well, which is indeed apparent in Fig. (13).

The variance on all of the runs was at or below 50% with the highest values being dur-
ing the transient phase. This means that for this problem the ensemble average might be a
good representation of the answer on an individual statistical realization, with the lowest

fit during the transient phase.
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If the equations were in fact approaching the atomic mix answer as the chunks were
made smaller, all of the correlations would go to zero and the variances would also go to
zero. Looking at the behavior of the variances it is obvious that the models are in fact
doing this in the steady state. But in the transient the correlations are not going to zero.
This is yet another manifestation of the fact that the atomic mix assumption is not correct

for the transient, even in the small correlation length limit.

9.4 Results - Temperature Dependent Opacities

All of the numerical results so far in the 1-D slab geometry have been computed on var-
ious models with the opacities being held constant. However real problems are not gener-
ally this accommodating. Letting the opacities be dependent upon the material
temperature, and hence time variable, introduces a whole new level of complication to the
problem. To investigate how well these 1-D slab models perform with temperature depen-
dent opacities, the opacities of the two materials were allowed to depend on temperature

as

C

o, = —L, (EQ 87)
air T3.5

where C; is some arbitrary constant chosen for material i . How does this change the level
of approximation in our models? Consider the restricted ensemble average of the product

{x,;0,¥ - With constant opacities this average factors as

Q
=

|

Q
o~
to
2
0o
=]
S’

The derivation of the models in this chapter (except for the benchmark of course) depend
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on Eq. (88) being true. But with temperature dependent opacities Eq. (88) no longer holds.
So how well do the models work with material temperature dependent opacities? All phys-
ical parameters other than the opacities were kept the same as in the constant opacity runs

and are shown again in Tabie (2).

Table 2.Parameters for 1-D Slab - Variable Opacities

W(t, z=0, B) =0.3KeV
T, =0.03 KeV
L =0.15cm
Figure # A (em) Ay (cm)
18,2226 5.0e-3 5.0e-1
19,23,27 5.0e-4 5.0e-2
20,2428 5.0e-5 5.0e-3
21,25,29 5.0e-6 5.0e-4

The opacities are variable according to Eq. (87) with | = 1.07x10% and

C, = 1.73x10% . These choices together with Eq. (87) are based on the assumption that

the absorption opacities arise via an inverse-Bremsstrahlung process for a plasma of two
materials with the electrons of each material in thermodynamic equilibrium. The two
materials chosen were gold for material 1 and hydrogen for material 2. To handle the
extremes of the temperature ranges, a minimum of 0.1/cm and a maximum of 10000/cm
were imposed on the opacities. They were allowed to vary within this range according to
Eq. (87). The data of these runs is shown in Figs. (18) through (25). The layout of the
plots, and the quantities plotted are identical to that in the previous section - only now the

opacities are temperature dependent.
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4
Just as in the previous constant-opacity runs, Figs. (18) through (21) are plots of iT—4->-

]

versus time step as computed for the benchmark calculation and the three models which

converged under source iteration. Figures (22) through (25) are plots of ﬂﬂgﬁz versus

caT

time step as computed for the three different models and the benchmark. Figures (26)

V(eD - (@)% 4
(o)

through (29) are plots of the scaled benchmark variances

J{(Trans)? - (Trans)2
{(Trans)

as a function of time step. The time step axis for the variances

is again on a log scale.

FIGURE 18. (@) versus Time Step - Variable Opacities
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FIGURE 19. () versus Time Step - Variable Opacities
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FIGURE 21. {@) versus Time Step - Variable Opacities
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FIGURE 23. {Trans) versus Time Step - Variable Opacities
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FIGURE 24. {Trans) versus Time Step - Variable Opacities
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FIGURE 25. {(Trans) versus Time Step - Variable Opacities
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FIGURE 26. Benchmark Variance - Variable Opacities
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FIGURE 27. Benchmark Variance - Variable Opacities

an0a — =

200 -.: .-—-

1.00 —- .-—
. g A: Temp Variance |
] B,"’ B: Trans Variance C

Q.00 ~T T - T s
1.00 1000 100.00

FIGURE 28. Benchmark Variance - Variable Opacities

15.00

10 00

500

0.oo

B

[
-

i
4
3
3
4
i
:

CIL T LT v
il T DT
Rkl T N
-

A: Temp Variance
B: Trans Variance

TP TITTPITTTTTIITITITITT

TITTYIITTTITTTTTTT

TIITTHTTTTT T TTTT

1.00

10.00 100.00

FIGURE 29. Benchmark Variance - Variable Opacities

7.00

B5.00

«4.00

2.00

1.00

0.00

A: Temp Variance
B: Trans Vanance

AL L LLe L2100 LA Al LTI LA L LA AL |

1.00

57




58

Clearly the various approximate models do not do nearly as well when the opacities are
strong functions of the material temperature. The general trend of all models converging to
the same answer as the chunk sizes are refined is still present, as it should be. The general
over absorption of the atomic mix model is also still present as is the error in the transient
of the atomic mix model. However the Su-Pomraning variation using temperature as an
effective scatterer is in this case not significantly better than the Standard Model except in
a small space of chunk sizes. Evidently the approximation introduced via the assumption
that Eq. (88) still holds is a significant source of error. And any model which hopes to
accomplish the modeling of real temperature dependent systems is going to have to better
treat the new statistical correlations that material temperature coupling introduces.

Notice how that the variances in the transient period have grown dramatically with the
introduction of temperature dependent opacities. Obviously there are very large variations
between different statistical realizations. This calls into question the value of the ensemble
averages for representing individual experimental measurements on this kind of problem.
A meaningful comparison could only be made with averages taken over a large number of
experimental measurements, covering a large range of statistical samples for this problem.

Once again it is clear that the models are recovering the atomic mix answer in the
steady state, but not in the transient. If it were, the correlations and hence the variance

would go to zero in the transient. And clearly this is not happening.
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This chapter proposes some new methods for modeling the stochastic solution to Eas.
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(10) and (11}in a 1-D spherical eeome
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10.0 Markov Approximation in a 1-D Sphere

The mixing region is described by alternating spherical shells of random thickness

with Poisson PDF functions along the radial direction. The PDF’s for the chord lengths

(read shell width) of material i along the radial direction are assumed to given by

_P
fip) = e, (EQ 89)

I

where A; is then the average width of a shell of material i along the radial direction. Then

the probability of finding material { at any given point is still given by

A
= EQ 90
P oty (EQ 90)

just as in the slab geometry case. Let L be the cosine of the angle between the ray 0 and
the radial direction p . Consider the probability of transition from one shell to the next
when taking a step from » to » + 4% along the ray (3. In the case of homogeneous statis-

tics this probability is independent of position. Here however this is not the case. This is

because for a shell of fixed thickness along the radial direction, the thickness as seen by a

photon traveling across the shell at an angle Q. p will depend not only upon angle but

=
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=
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=4
o
1
<
=
=]
)
[

is now dependent upon

it’s position within the problem. This is easily seen. Consider Fig. (31).
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FIGURE 31.
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Let the width of a shell of material i as seen along the ray ) and at radius R be given by
I; with the thickness of the same shell seen along the radial direction as p;. Let the ray 9)

make an angle © with the radial direction p. Then simple geometry gives

(R, @) = ~Rcos® + [(R +p,;)? - R%5in20 . (EQ91)

Notice that in the limit as the radius gets much bigger than the thickness of the shell, i.e,

%-i « 1, Eq. (91) becomes
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pi
!l =
Y cos© (EQ92)

which is the slab geometry result Eq. (50). However, as the radius of the problem grows,
the geometry of the sphere does not necessarily just become a 1-D curved slab problem.
This is because radiation from one side of the core can be radiated across the sphere to the
other side - a geometric connectivity missing in the 1-D slab geometry. But, when the only
sources of radiation are in the core, this cross-problem connectivity disappears if there is
no scattering or material temperature coupling present. Also, if one specifies a core bound-
ary condition such that the radiation field is constant there, then this geometric connectiv-

ity disappears regardless of the presence of any scattering or temperature coupling.

11.0 Formulation of the Different Methods

Again, one wishes to obtain the stochastic solution, i.e the ensemble averages of the
radiation specific intensity (y) and the material temperature energy density (@), in the
1-D spherical media shown in Fig. (30) and described by Eqs. (89) and (90). In a purely

absorbing 1-D spherical geometry, Eqs. (10) and (11) become

1oy 3y (1-p?)oy = e
car *Hap T autOaY = RS #Q99

B
A

20(,0) = ~c0,0(1,p) + 0, [ wah, ©Q94)

where G, is the absorption opacity. Because the materials are purely absorbing, 6 = G,
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and ¢, = 0. These simplifying assumptions were made for the same reasons as in the last

chapter on the 1-D slab geometry. Namely to make the problem more tractable while still
retaining some of the new difficulties associated with the addition of material temperature
coupling. In the slab geometry these assumptions were exactly those assumptions under
which the Standard Model as presented in Sec. {(4.3) is exact when material temperature
coupling is absent. Here that is not quite the case. Not only are new physics introduced via
the radiation coupling to material temperature but also a statistical material distribution
which is not HM statistics. The goal here then is twofold. One is to see what happens with
the material temperature coupling in the spherical geometry. The other is to see what
effect the changing of the statistics has on the performance of the standard model and it’s

variations.

11.1 Benchmark - Implementation

The benchmark process for the 1-D spherical geometry is identical to that in the 1-D
slab. The sampling functions Eq. (56) is unchanged also. Now instead of sampling the
width of alternating slabs of the two materials one samples the thicknesses of alternating

spherical shells. And the solutions for each realization are performed on the spherical

geometry.

11.2 Atomic Mix - Implementation

Casting Egs. (93) and (94) into the atomic mix formulation from Sec. (4.2) gives

-

£ an

23w + gy + 6 p”)"<w>+<o><w>-<s>+‘ S, ®e9)




and

d
540} = ~ () (8) + (6 [ (V). (EQ 96)
The level of approximation here is identical to that of the 1-D slab case in Sec. (8.2).

11.3 Standard Model - Implementation

Now adapt the Standard Model formulation for the stochastic solution of Egs. (93) and
(94). How? Just as in the slab geometry case, assume that the closure relation Eq. (37) is
still valid. How, since Eq. (95) has a new spacial derivative term? Won’t that give rise to a
new coupling in the closure relation? Formally no. The distribution of material is radially

symmetric. This means that the restricted ensemble average operator will commute with

the angular derivative term a_a;I Then just as in the slab geometry case, only the 8a_p will

give rise to a statistical coupling. So restricted ensemble averaging of Egs. (93) and (94),

and using the Standard Model closure relation gives

19, 3, 0-p2H? _ €Ogi M M)
[E§?+ bt 5 ot oai](p,-\vi) = pSit 5P+ lj(p jwj) - ki(”iwi) (EQ 97)
and
ad 1
(P9 = —cCui(pid) + 0] (Piw)dn (EQ98)

with i, j = 1,2 and i # j. This represents a set of four coupled differential equations for

the restricted ensemble averages y; and ;. The the ensemble average solution is given
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by

(W) = p1y + oV, (EQ 99)
and

(@) = P19+ P20, (EQ 100)

just as in the Standard Model. This adaptation of the standard model to my problem is

identical to what was done in the 1-D slab geometry except that in the spherical geometry
there is a twist. The statistics are not HM in this case. This, combined with the material to
temperature coupling acting as an effective scatterer, make for two levels of approximation

to explore.

Just as in Sec. (8.4.2) apply the Su-Pomraning closure using the effective scatterer Eq.

(69). Once again this closure has the form,

ey (P T,|..|l’f(pi-u_li-)‘:i,u’ [(p.w)du" R,
R e v " A
J I

with two proposed formulas for the weighting parameters K and 7 . The spherical equa-

Jq

tions then are

19 . 3 (-pHa _ €Ggai
s T SOl P¥) = PS5 () + (WY, (EQ102)

and
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209 = ~coup0) +0u] (P¥)dH (EQ 103

with i, j = 1,2 and i # j, with the coupling term (V) given by the closure relation
Eq. (101) and the ensemble averages given by Eqgs. (99) and (100). Once again the two

variations on the forms for the weighting parameters x and 7 are given by Eqs. (73) and

(74) (variation 1) and by Eqs. (77) and (78) (variation 2).

12.0 Numerical Results

Now investigate how the various model formulations in Sec. (11.0) perform relative to

the benchmark.

All methods are solved using a 1-D spherical generalization of diamond difference for
discretization of the gradient operator - see Appendix B or reference [17], and implicit
time-discretization for the temperature and specific intensity time derivatives. The angular
variable | is treated by standard discrete ordinate methods - again see Appendix B or ref-
erence [17]. At every time step, the temperature and specific intensity were updated to the
same time stamp via an inner (fixed point) iteration, of fixed length. The maximum size
Ap of the radial grid spacing was chosen according to the same relation as was used for
the slab geometry case. Here it does not necessarily guarantee positivity, but lacking an

equivalent formula for the spherical geometry it was used anyway. The time step At is

again fixed at the value At = 1.0e — 12 seconds for the same reasons explained in the




67

slab geometry section.

In all of the numerical tests for the 1-D sphere, the temperature of the core was held to
be constant. Also were specified a constant and isotropic radiation source in the core only.
However, the radiation specific intensity within the core is allowed to change. This retains
the effect of the cross-problem connectivity, as discussed in Sec. (10.0), inherent to this
geometry. Because this introduces an effect not present in the 1-D geometry runs, it makes
it difficult to compare the 1-D slab with the 1-D spherical runs. Because of time con-
straints no tests were done with the radiation field in the core held constant - what would

essentially be a curved slab geometry...not a true sphere.

12.2 Results - Constant Opacities without Temperature Coupling

The Standard Model has never before been used in the 1-D spherical geometry. If this
were a 1-D slab geometry with HM statistics and constant opacities, then the Standard
Model would in principle give the exact result. But this is not a 1-D slab geometry and
hence the statistics are not homogeneous as explained in Sec. (10.0). So in order to explore
the performance of the Standard Model in this new geometry without the additional com-
plication of coupling to material temperature, first compute solutions to the different meth-
ods without material temperature coupling. Table (3) has the physical parameters used in

these runs.

The radius of the core is given by R,,, and the thickness of the surrounding mixing

region by L. The radiation source is constant, isotropic, specified by S, , and is zero
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Table 3: Parameters for 1-D Sphere without Temperature

O, = 1000/cm C.n =5/cm

0‘aCcm? = Ga2

SCore = (.3 KeV

RCore =0.1cm

L =0.15cm
Figure # A, (cm) A, (cm)
32,36 5.0e-3 5.0e-1
33,37 5.0e-4 5.0e-2
34, 38 5.0e-5 5.0e-3
35, 39 5.0e-6 5.0e-4

Just as in the slab geometry, the volume ratio for material i at any given point is equal

i

to the probability of finding that material there,1.e. V; = P; = YW
1 2

. And again the

different A; were specifically chosen so that the volume ratios were the same for all the

test runs, just as in the slab geometry runs. Hence the results for the atomic mix model will
again be the same for all test runs.

Each of the figures (32) through (35) has three curves. Curve (A) is the benchmark
value. Curve (B) is the value returned by the atomic mix model Eq. (95). Curve (C) is the
result from the standard model adaptation given by Eq. (97). Because there is no material
temperature or scattering for these runs, there is no adaptation of the Su-Pomraning
model.

Because there is no material temperature, only the radiation transport equation is being
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solved. The results, Figs. (32) through (35), are plotted as plots of (Trans)

4
caT,

versus time

step as computed for the three different models and the benchmark, where

ol
Trans = JOWSurfaceudu. (EQ 104)

o = 0.03KeV . This is the same value used for the initial material temperature in the
temperature coupled runs made later in this chapter. The scaling was kept the same just for

consistency.

The values of M were plotted with time on a log scale for these runs. This was

caTa

only done for these runs to better bring out the differences between the benchmark and the
Standard Model.

The benchmark variance in the transmission is shown in Figs. (36) through (39) and is

J{((Trans)?) - (Trans)?
(Trans)

a plot of as a function of time step. The time step axis is on a

log scale.




FIGURE 32. {Trans) versus Time Step without Temperature Coupling
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FIGURE 34. {Trans) versus Time Step without Temperature Coupling
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FIGURE 35. {Trans) versus Time Step without Temperature Coupling
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FIGURE 36. Benchmark Variance without Temperature Coupling
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FIGURE 38. Benchmark Variance without Temperature Coupling
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FIGURE 39. Benchmark Variance without Temperature Coupling
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The Standard Model performed extremely well here. It fact it performed remarkably
well. Evidently the variation from HM statistics that is introduced by going to the 1-D
spherical geometry is not nearly as important as was the introduction of temperature
dependent opacities in the slab geometry.

Notice that all the different methods converge to the atomic mix answer in the small

correlation length limit, i.e as the A; go to zero. Notice too that the atomic mix answer is

now getting the transient correct in this limit. This is because the temperature equation is
not part of the picture here and the purely local nature of the temperature equation is not
introducing error into the atomic mix answer. Also notice that because the atoric mix
approximation is correct here in the small correlation limit, the variances are all going to
zero in this limit as well. Hence the big hump in the transient for the variance is gone.
For these runs without the material heating there is no scattering type of effect. There is

no redistribution in direction. So a photon starts out going one direction and keeps going
in that direction unless absorbed. This means that the cross problem connectivity dis-

cussed above is not present in these runs. All the radiation source is in the core so photons
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never stream back into the core from the mixing region. They only stream outward. This
problem is more of a curved slab than a sphere. This might help explain why the standard
model performs so well here.

Notice that the relative position of the atomic mix model is the same here as it was in
the 1-D slab geometry runs. It continues to over absorb radiation resulting in a lower
steady state outgoing flux than the benchmark or the standard model.

The next thing to do is turn the coupling to material temperature back on, still keeping

the opacities constant, and redo the runs.

12.3 Results - Constant Opacities with Temperature Coupling

Here are presented the results of the different methods in a 1-D spherical geometry with
the material temperature coupling turned back on but with the opacities still held constant.

The parameters of the problem are given in Table (4). Again the volume ratios of the two

Table 4: Parameters for 1-D Sphere with Temperature - Constant Opacities

G, =1000/em G,y = 5/em
0-aCore = Gc12
Score =03 KeV
T cope = 0.3 KeV
T, =0.03 Kev
D - 1 e
‘\Care — V.1 V111
L =0.15cm
Figure # Ay (cm) A, (cm)
40, 44, 48 5.0e-3 5.0e-1
41, 45, 49 5.0e-4 5.0e-2
42 46, 50 5.0e-5 5.0e-3
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Table 4: Parameters for 1-D Sphere with Temperature - Constant Opacities

G, = 1000/cm G2 =5/cm

0-aC.:n'e = GaZ

SCO?’B =03 KeV
T core =03 KeV

T, =0.03 Kev
Reyre =01 em
L =0.15cm
Figure # A, (cm) A, (cm)
43! 475 51 5.06"6 5_06-4

material were held constant as the size of the material chunks were made smaller. The
material temperature, isotropic radiation source and material properties in the core were
constant and given by the values in Table (4). However the radiation specific intensity in
the core was allowed to change as photons were redirected via thermal emission and
streamed back into the core from the mixing region. This represents a 1-D sphere now -
not just a curved slab geometry as discussed above.

Each of the figures (40) through (47) have four curves. Curve (A) is the benchmark
value. Curve (B) is the value returned by the atomic mix model, Egs. (95) and (96). Curve
(C) is the result from the standard model adaptation given by Egs. (97) and (98). Curve
(D) is the result from the adaptation of the Su-Pomraning model, Egs. (101) through
(103), with the effective scattering Eq. (69) used in calculation of the weighting factors via
Egs. (73) and (74), i.e. variation number 1. Because the method with weighting factors
Egs. (77) and (78), i.e. variation number 2, was not stable under source iteration (refer to

Sec. (9.3)) it was not used.




76

Figures (40) through (43) are plots of (—2 versus time step as computed for the four
a o

different methods. In other words, the time evolution of the ensemble average of the mate-
rial temperature energy density scaled to the initial material temperature T, as computed

at the surface of the sphere, as shown in Fig. (30).

Figures (44) through (47) are plots of g:f@;—) versus time step as computed for the

caT,

three different models and the benchmark, where

Trans = J:](\V(t, z=L, W))dp. (EQ 105)

In other words, the time evolution of the ensemble average of the radiant energy

time step. In other words it is plots of percentage variance given by

J{(Trans)? — {Trans)?
(Trans)

as a function of time step. The time step axis for the variances

is on a log scale.




FIGURE 40. {¢) versus Time Step - Constant Opacities
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FIGURE 41. () versus Time Step - Constant Opacities

T TN TR TSN T TN S S U TN |

300.00

200.00

A: Benchmark

B: Atomic Mix

C: Standard Model

D: Su-Pomraning Var. 1

[ O S U PR N U S T T U0 G T S S U TR SR T T S N T A U |

III|II|IIIIIIIIIIIII|II|ll|lll|

0.00

lIIIIl[lIl|lTlrlllllIlIlillll[lllllIII|lllIIIlITI|

0.00 50.00 100.00 150.00 200.00 250.00




FIGURE 42. () versus Time Step - Constant Opacities

300.00 TSR N TN T NN AN TN ST IS NN -
200.00 — =
100.00 -
- A: Benchmark -

| B: Atomic Mix r

. C: Standard Model -

] D: Su-Pomraning Var. 1 |

0.00 -

T VT 1110 7T I LINE LI B B I 'l Trrrrrrere I Trrroerrir ll Trrrrroertr I
0.00 50.00 100.00 150.00 200.00 250.00

FIGURE 43. () versus Time Step - Constant Opacities
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FIGURE 44. {Trans) versus Time Step - Constant Opacities
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FIGURE 45. (Trans) versus Time Step - Constant Opacities
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FIGURE 46. {Trans) versus Time Step - Constant Opacities
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FIGURE 47. {Trans) versus Time Step - Constant Opacities
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FIGURE 48. Benchmark Variances - Constant Opacities
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FIGURE 49. Benchmark Variances - Constant Opacities
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FIGURE 51. Benchmark Variances - Constant Opacities
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First notice that as the size of the material chunks (shell widths) is made smaller, i.e.
the small correlation length limit, all of the methods converge to the same steady state
answer. This is a good check and is what should be happening. Also notice that the atomic
mix model (B) once again does not get the transient stage correct, even though the steady

state answers are converging. This is precisely for the same reasons explained in Sec.

(9.3).

Also notice that because the atomic mix is once again not the correct small correlation

limit, the hump in the transient period for the variance is back. But it still goes to zero in

the steady state in this limit as it should.

With regards to the temperature, the standard model (C) and Su-Pomraning with effec-
tive scattering (D) have almost identical performance and only slightly better than the
atomic mix model (B). However for the radiation, the atomic mix actually does a better
job. Notice too that the relative performance of the atomic mix model has changed. It now
is resulting in steady state temperatures that are consistently higher than the other models.

This was not the case in the 1-D slab geometry. Why this is happening is not yet clear, but
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it may well be connected to the fact that the sphere now has the connectivity across the
source (the core) not contained in the 1-D slab.
The standard model and the Su-Pomraning with effective scattering show little if any

improvement over the atomic mix model for this problem.

12.4 Results - Temperature Dependent opacities

Now redo the runs from the previous section but allow the opacities for the two materi-
als to change with temperature. Again use the same temperature dependence as was used
in the 1-D slab geometry runs. Allow the opacities of the two materials to depend on tem-
perature as

6. = i (EQ 106)
ai

35°
T

with C| = 1.07x10% and C, = 1.73x10%. The remaining parameters are shown in

Table (5). Again the source of radiation in the core is constant and isotropic, the tempera-
ture in the core is held fixed (and hence so are the opacities) and the radiation is allowed to
stream across the core region. And again the volume ratios of the two materials are held
constant while the average shell widths of the two materials are made smaller.

Each of Figs. (52) through (59) has four curves. Curve (A) is the benchmark value.
Curve (B) is the value returned by the atomic mix model, Egs. (95) and (96). Curve (C) is
the result from the standard model adaptation given by Egs. (97) and (98). Curve (D) is the
result from the adaptation of the Su-Pomraning model, Egs. (101) through (103), with the

effective scattering Eq. (69) used in calculation of the weighting factors via Egs. (73) and
°
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(74), i.e. variation number 1.

Table 5: Parameters for 1-D Sphere with Temperature - Variable Opacities

0-aCore = c5512

SCore =0.3 KeV
. =03 KeV

Figure # A; (cm) Ay (cm)
52, 56, 60 5.0e-3 5.0e-1
53, 57, 61 5.0e-4 5.0e-2
54, 58, 62 5.0e-5 5.0e-3
55, 59, 63 5.0e-6 5.0e-4

Again the method with weighting factors Eqs. (77) and (78), i.e. variation number 2, was

not used.

Again Trans is defined by Eq. (105) and all values are scaled to T, just as in all previ

ous runs. Figures (53) through (56) are plots of <$Z versus time step as computed for
a

2
the four different methods at the surface of the sphere. Figures (57) through (59) are plots
versus time step as computed for the four different methods at the surface the

sphere. The benchmark variances for () and () are plotted versus time step Figs. (60)

through (63). Again these are plotted with the timé axis on a log scale.




FIGURE 52. (@) versus Time Step - Variable Opacities
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FIGURE 54. {p) versus Time Step - Variable Opacities
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FIGURE 55. {¢p) versus Time Step - Variable Opacities
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FIGURE 56. {Trans) versus Time Step - Variable Opacities
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FIGURE 57. {Trans) versus Time Step - Variable Opacities
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FIGURE 58. (Trans) versus Time Step - Variable Opacities
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FIGURE 59. {Trans) versus Time Step - Variable Opacities
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FIGURE 60. Benchmark Variances - Variable Opacities
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FIGURE 61. Benchmark Variances - Variable Opacities
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FIGURE 63. Benchmark Variances - Variable Opacities
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Once again, the introduction of new and strong correlations with the temperature
dependent opacities wreak havoc with the solutions. This is exactly what happened with
the 1-D slab geometry models and it should come as no surprise here. This is because the
closure relations Eqs. (37) and (38) were both derived from the two state partitioning of
the total possible set of statistical realizations, as described in Sec. (3.2). Neither coupling
relation was designed to handle the correlations arising from continuously variable opaci-
ties.

Again the four methods are all converging to the atomic mix answer in the small corre-
lation length limit. However it is difficult to see from the plots of {¢) and (Trans) what
is happening to the atomic mix model in this limit due to the errors involved. Clearly the
problem has not evolved to steady state within the time frame of the runs, so it is difficult
to judge the behavior of the models there either. Yet the convergent behavior is evident
none the less. Again, this is a good check. It is however clear from the variances that the
atomic mix answer is once again wrong for the transient period in the small correlation

length limit. Hence the big hump once again seen in the variance there.
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CONCLUSIONS

The four main chapters of this thesis contain many results and they are summarized

here.

13.0 So What Was Learned In all This?

13.1 Atomic Mix Assumptions and Spatial Connectivity

When it was decided to include the atomic mix formulation as one of the approximate
methods to test, it was believed that the atomic mix was a built in check on the small cor-
model should recover the same answer as the atomic mix formulation when the chunk
sizes were shrunk to very small sizes. After all, this is the case for the standard model[11]
and the Su-Pomraning variations[16] as they were originally developed, i.e for the radia-
tion transport equation alone. So it was quite surprising when it was found that (for this
problem) the approximate models and the benchmark converged in the small chunk limit,
but that the atomic mix model did not. True, all the methods converged in the steady state
for small chunks, but not in the transient. Clearly there was either an error in one of the
solvers of there was something else going on. Eventually came an understanding of the
following. The atomic mix formulation is a kind of spatial/volumetric averaging of the
material properties. And this averaging is correct in the limit of small mixing only if the
process being modeled has some kind of spatial smoothing in its formulation. In other
words, the differential equation being modeled must have some spatial operator connect-

ing the quantity through space. In formulating the equation for material temperature, ther-
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mal diffusion is neglected here. And hence there is no spatial derivative in that equation.
The temperature equation is a purely local equation in space. This is why the atomic mix
method was not getting the correct answer in the transient. It recovered the correct answer
in the steady state only because of it’s coupling to the transport equation, which does
recover the atomic mix formulation in the small correlation length limit. Refer to the dis-

cussion in Sec. (9.3) for further analysis.

13.2 Stability of Coupled Source Iteration

When confronted with the task of numerically solving a differential equation, it is often
much easier to develop a method then to determine the method’s numerical stability. Ana-
lytic evaluation of a method’s stability criteria is often very difficult, if possible at all. So it
was a pleasant surprise to arrive at the stability criteria presented in Appendix (A). Not
only does this result lend confidence in the use of a method, it can explain v
on when the method fails - as was the case in Sec. (9.3) when the adaptation of the Su-
pomraning model failed to converge after the idea of temperature coupling as an effective

scattering was incorporated.

13.3 The Role of Thermal Emission in Stochastic Transport

In hindsight it is obvious that scattering and thermal emission of photons should play
similar roles in the stochastic radiation transport process. But this was not at all clear when
this project started. The initial formulations of the standard model as presented in Sec.
(8.3) were meant to simulate the type of problem when the standard model gets the exact
answer, but with a material temperature equation thrown in. It was not expected that this
simple extension to change the exactness of the standard model formulation. But it did. In

trying to understand why this was so, I came clear that the way scattering redirects pho-
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tons into other directions is much like the way thermal emission redirects photons into
other directions. And for both processes, the act of computing the ensemble average of the
radiation specific intensity (at any point) now means averaging over all past possible flight
histories of the photon, in all directions. Without scattering or thermal emission, one need
only average over the past flight on a single quadrature ray. It is this coupling of the aver-
age to the flight histories over all directions that explains why the standard model did not
get the exact answer for the model in Sec. (8.3).

This led to the idea of treating the thermal emission as a kind of effective scattering-like
process and the use of the Su-Pomraning model with effective scattering coefficient. This
idea showed promise in the 1-D slab case by consistently improving over the standard
model formulation. But this improvement was not there in the 1-D spherical case. It may
well be that the generalization of the Su-Pomraning closure does not naively generalize to
the 1-D spherical geometry. It was after all derived on the 1-D slab geometry, and it was
adopted it here in an ad hoc way. It might be instructive to redo the Su-Pomraning deriva-

tion of their closure forms but in a 1-D spherical geometry, and see if the closure changes.

13.4 Correlations from Temperature Dependent Opacities

Whatever the performance of the various (non-benchmark) methods when used with
constant opacities, all performed badly when the opacities were allowed to depend on
material temperature. The standard model and the Su-Pomraning variations both depend

An tha 1A
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two convenient partitions - either material A or material B is located at point }. And that
within these two partitions the value of the opacities are constant. If the opacities are not

constant, one cannot compute averages involving the material opacities over the two parti-
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tions in a simple way. But this is exactly what the formulation of the standard model and

the Su-Pomraning model depend on for their simplicity. They assume that the value of the
opacities do not correlate to the value of anything else within the two natural partitions of
the total set of allowable states. Hence, when the opacities are temperature dependent, all
sorts of new strong correlations are ignored by the standard and Su-pomraning models.

This results in the large errors seen in Sec. (9.4) and Sec. (12.4).

13.5 Usefulness of Two-Partition Restricted Average Operators

The poor performance of the models based on coupled transport like equations (stan-
dard model and Su-Pomraning variations)} when using temperature dependent opacities led
me to the conclusion that two-partition restricted average operators (refer to Sec. (3.2))

may not be useful for treating problems with continuously variable stochastic coefficients.

One really needs restricted average operat
ues of the continuously variable stochastic coefficients. This leads not to two coupled

transport-like equations (for example Eq. (21) ) but rather to an infinite number of coupled
equations. For example this would replace the two equations represented by Eq. (21) with

PR . a

a set of equations - one equatior

..
-
=
=t
[¢]

number of resulting equations one would have to solve, the practical usefulness of this

approach is questionable.

13.6 Slab Geometry Models - General Comments

The use of material temperature as an effective scattering showed significant improve-
ment over the standard model, and it was much better generally than the atomic mix

method also. The choice of chunk sizes demonstrates clearly that mix structure has an
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important role in the solution and that the atomic mix answer can be very wrong. The use
of time dependence was important in that it brought out the limitations of the atomic mix
approximation for uses in the small correlation length limit. With temperature dependent
opacities, nothing compared well with the benchmark, although all methods showed con-
vergence to the same steady state answer in the small chunk limits. The methods also
clearly demonstrated the generally accepted behavior of over absorption by the atomic

mix method[11] - something which was mysteriously lacking from the 1-D spherical runs.

13.7 Spherical Geometry Models - General Comments

The standard model without any material coupling did remarkably well in this geome-
act that the mixing statistics are no longer HM. With the coupling to
material temperature, the standard model and the Su-Pomraning variation with effective
scattering did equally well (or badly as the case may be). Neither did any better than sim-

ple atomic mix in this case. This turnaround was quite surprising considering the success

It was also surprising to see that the atomic mix method consistently had higher steady
state values than the other methods - except when the material temperature coupling was
turned off. It was expected that the atomic mix model to achieve lower steady state values

Fre 11 tha minc
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ust as it did in the slab
nomena[11]. The fact that the atomic mix method only achieved lower steady state value

with the material temperature coupling turned off and just the opposite when the material
temperature coupling is turned on, leads me to suspect that this may have something to do
. I P TSR TS S T

with the geometry involved here. It is suspected that this “something’ lies in the way that

mixing regions can exchange photons across the core. This is a connectivity between parts
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of the mixing region which is not present in the slab geometry runs. However, if the only
source of photons is in the core (as it was for all my tests), this connectivity only occurs if
there is a redirection in angle for the photons. In other words if there is scattering or ther-
mal emission. Otherwise the photons start out streaming outward from the core and just
keep on going. They never get redirected back inward. So this means that this mixing
region connectivity vanishes when there is no scattering or coupling to material tempera-
ture. Hence perhaps, the observed difference in relative behavior between the models

when the material temperature coupling was absent versus when it was present

14.0 Needed Improvements
There is still much to be done. This work only scratched the surface of this field.

14.1 Better Temperature Models

14.2 Other Statistics

It appears that the use of the standard model (and others based on it) with mixing statis-
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tics that are not HM may yet provide useful results. It would be interesting to perform an

entire series of tests on these models to see just how sensitive they are to variations in the

mixing statistics. Can one just replace the average chunk size A ; in Eq. (37) with the

average for whatever statistics are used? how well would that work? It be interesting to
find out. It certainly seemed to do fairly well in the 1-D sphere when temperature coupling
was not present.

Regardless of the approach taken to the formulation, one needs to be able to treat more
than just Poisson distributed materials if one hopes to model real life problems. One set of
statistics of particular interest are Levy statistics. As mentioned earlier in the survey chap-
ter, it has been suggested that Levy statistics are a much better representation of turbulent
mixing in Rayleigh-Taylor instabilities[21], than say Poisson statistics. After all, the goal
is to eventually make the connection between real problems and the stochastic models.
And this means using real statistics - not dictating statistics of convenience to the problem.
Therefore, methods for treating an arbitrary set of mixing statistics need to be developed

and tested.

14.3 Other Geometries

Just as one would like to use a set of statistics appropriate to any problem at hand, the
same is true for the geometry of the problem. Clearly, real problems will rarely conform
themselves to conveniently fit within 1-D formulations. To treat real problems, models are
needed that can be adapted to formulation and testing on the geometry at hand. The stan-
dard model can easily be formulated on any geometry. But because of the difficulties asso-

ciated with generating computational meshes which are good examples of a given
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statistics, the benchmarks cannot generally be computed for comparison. However, given

real experimental data this would not be necessary as one would then just compare to data.

14.4 Comparison with Experiment

Which brings us to an important point. I know of no examples in the literature where
the various methods were compared to real experimental data. This kind of testing could

rovide invaluable insight into the various processes involved and the relative importance

When I first set out on this project, I knew little of the actual direction this work would
take. It is part of the process, I suppose, that producing a doctoral dissertation involves a
genuine exploration. But little did I expect to spent as much time in the act of searching for
new ways to contribute to the field of stochastic transport as actually trying solve the prob-
lems. Stochastic transport is a very difficult problem in it’s complete generality. And that I
was able to make some contributions to help further it’s understanding is gratifying. I
learned much that I didn’t know when I started this. And hopefully, it will help others take

the process further.
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APPENDIX A: Numerical Stability of Coupled Source
Iteration
When the numerical solution of an equation (or set of equations) involves an iieration
process, the successful solution requires that the iteration process be a stable one. In the
case of the solution to discretized differential equations, one often is confronted with an
iterative solution which can be written in matrix/vector form. Then the requirement of sta-
bility for the iterative linear system can be written in the following way. Let vector %, be

the solution after the nth iteration of the process

Mz = Nx _,+b, (EQ 107)

n n
where the M and N are matrices specific to the problem. Then the iteration Eq. (107) is

stable if the spectral radius of the matrix A = M TN is less than one. With this in mind,

consider the numerical stability of a generalized class of coupled stochastic radiation

transport equations.

The source-free equation of neutral particle transport for single energy group and con-

stant opacities is in steady state
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where O is the direction of particle travel, ¢ is the total opacity, G, is the scattering opac-

o)

VPR [, sl U W | N rJ T o PRS-y D e ey ~
ticle Specilic iniensity, ana U = Ju.\z. isa duucumuudhty constant. The

ity,  is the p:
direction integral is taken over all directions. When the background material is randomly

mixed the total opacity ¢ and the scattering opacity o, are binary stochastic quantities

known only via some statistical description. Hence the specific intensity y(?, ﬁ) is a con-
tinuous stochastic quantity. The goal then is to obtain, as the solution to this problem, the

ensemble average of the specific intensity which is denoted as {y) .
Consider here a general form for the solution of () based on a model due to Su and

Pomraning, which is

o, W kg nvidt n[ypdl
@) A Q) () 8AD)

and

G-Vy,+0,y, = (L‘}'JrW2dﬁ' +K b B +11J\|!2dﬁ' ﬂj‘lﬁdﬁ’ (EQ 110)
=
8 M@ @) @) er D)
where the ensemble average of the specific intensity is then given by
(W) = y, +V,. (EQ 111)

Here o; and G; are the total and scattering opacities for material i and ?«.,-(Q) is the aver-

age size of a chunk of material i as seen by a particle moving along the ray 0. The x and
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M are positive weighting constants. The ¢; and ¢ ; are now constant and the problem has

been reduced to solving two coupled deterministic transport-like equations.

A common numerical technique for the solution of Eq. (108) is known as Source Itera-

tion. In this method the right hand side of Eq. (108) is held constant as the left hand side is
inverted. The right hand side is then updated and the process is repeated. Denote the n'

iteration of the specific intensity as y" . Then the method can be expressed as the follow-

ing recursion,
Q. vyt e D) royt'on D) = %j\p"dﬁ’. (EQ 112)
it can be shown that this technique is stable if
c=—=xl. (EQ 113)

The number ¢ is called the scattering ratio and Eq. (113} is a standard result well known

within the transport literature [22].

The Source Iteration technique applied to Eqgs. (109) and (110) gives the coupled recur-

sion
n+1 n+l n oy "oy
Ky Ky Ss1¢ n ﬂj wldﬁ TIJ wzdﬁ
] n+l | SR ¥ N 7 114
Q-Vy " ropyy 4 M@ M@ 0 o+ or, @D ory (@ Hne
n+1 n+l n Ao " dny
n+1 n+l KV¥2 ¥ %s2( n (04 n‘[‘deﬁ nj\vldﬁ
| i _ % EQ 115
Q-Vy, " +opuy + M@ M@y O Jraats 01, 61 (@) F
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It is shown that the stability criteria similar to Eq. (113) but generalized to the recursion
Eqgs. (114) and (115) in a 1-D slab geometry is

(8] o
max[—“, 2, ‘J:I - max[cl, e ’l] <1. (EQ 116)
o, 0, ¥ X

16.0 Von Neumann Stability

To evaluate the stability of the coupled recursion Eqs. (114) and (115), perform a Von
Neumann stability analysis. This essentially means that if the problem is stable in Fourier
space then it will be stable in position space as well.

But first, replace the direction integrals in Eqs. (114) and (115) with quadrature rule
approximations. This is a common method called Discrete Ordinates [17] for the numeri-
cal solution of Eq. (108) and it is adopted here. This gives

M

(v, d = ¥ w,v,, (EQ 117)

m=1

where Vom = ¥ p(f, ﬁm) , W,, are the quadrature weights, and M is the total number of

quadrature directions. Then ¥ p 1s a vector of length M with components v, and the

integral in Eq. (117) can be represented in the matrix-vector form
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fu et
w-g, = : (EQ 118)
J "’Pdﬁ’.
where W is the MxM matrix
~w1 Wy een oo qu
W‘I w2 ------ WM
W=|. - (EQ 119)
Wy Wy WMJ

Notice the matrix W is rank 1 and has only one non-zero eigenvalue given by

M
Ay = Y w, = tr(W). (EQ 120)

m=1

Now transform to Fourier space. Make the ansatz that y can be expanded in a discrete

Fourier basis,

Vpm = o pme™ ¥ (EQ 121)
Allk

Then

D Vy,, = Agki(ﬁm - l‘c)akpme"k'*, (EQ 122)
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_ . . . k
where the recursion index is dropped for now. The expansion coefficients o pm can now

be isolated using the orthogonality of the expansion basis. First, substitute Egs. (121) and

(122) into Eqs. (114) and (115) to get

k .

((z’ﬁm-k+cl +-}Li)a"1m-“;z‘ zm]elk'i = (EQ 123)
All k Im 2m

rgw((usl_,r T )a“ __n ax )e;kx
AHkLI:l \Le 6k, TRALE Y J

and

(¢ \ k ko im) it 2

(iﬁm F+cz+i)a 2m— 1’"Je‘ = (EQ 124)
All k l2m A’lm

M k X

) DT (LTI IS
AT\Ty N8 A My )

AW 1" 1 - 1 1 - o™ P Nate AN h B WL B | _ia-j h 4 Pl i 1 :
Multiplying botn 81a€s oI EgS. (1) and (144) Dy ¢ -~ and inregraung over ail x BIvESs

M

4 Y wofy (EQ125)
w1 - — ) wie2r (BQ
1 2my _

[ K\q K ."_(“‘ l\
L:Qm-z)+ol+-——Ja 1m- lZm _Le +07L J

llm

and

M

M
N - ] 1 { o Y \‘-—1‘ 7 n -— 7 o - -
(100 om0 = | P g | T oty B weu BQ 126
m 1m 1=1 my =1
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for all ¢. Relabel g back to k. Letus denote I",, = iﬁm -k and drop the k index on the

o~ X TP ot £ ~1- = P
hen, putting the index for the recursion iteration back in gives the Fourier compo-

M M

' kY n+l g n+l {Gsl 1 ] n n n
(I“ +C +—)a ——0 = | —t = Wil 1= o wo 2; (EQ 127)
mU M T A om 6 O, E‘l ! 9h2mt§1 !
and
n+1 g M M
X i+ 1 K 52 n n N n
(I‘ +0G +—)a - = (—+ ] WOl 2] — = wia 17. (EQ 128)
" 2 A‘2m 2m llm 1m 9 97\.2’" l§] ! 97\'lmllg‘l !

Now write this in matrix form. Define the four MxM matrices D P 0 r Q P and R p s

the diagonal matrices with components

= p,mm m'¥p ’
pm
_. _ K PR
pomm = 3> (EQ 130)
pm
q
Q. mm = °~w+x_| (EQ 131)
pm
and
R = (EQ 132)
p,mm ?L A 4 ’

pm
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Also define the vector & p as the vector of length M with the components o, . Then

rewrite Eqgs. (127) and (128) in matrix form as

a]"
A1 (EQ 133)

The recursion given by Egs. (114) and (115) will be stable if the spectral radius of A is

less than one. Denote the spectral radius of A as p(A). The next task is to compute p(A).

17.0 Computing the Spectral Radius

To compute the spectral radius of A, begin by computing the eigenvalues of the matrix

Theorem I: There exist two non-zero eigenvalues of the matrix A given either by

(A+Ay) 1
, = —12—~—4—i§J(A1—A4)2+4(A2A3). (EQ 135)
or
(EQ 136)

Ay = A Ay

with
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M
1 m
Ay = =
R (e
(I“m +06 + XI—;JLP”’ +G,+ lsz— Lllmlsz
L LI K
1 E [xzm("ﬂ*xm) xzm(r m ¥ O2 +xz,,,ﬂ“"" 0 1)
278
m=1( \ ()
Ll“m +0, + i ){I‘m +0,+ lzmj_blmlzmj
X - L
Ay =2 g [M’"(Gsﬁhlm) llm(rm+61+xl”’)]wm (EQ 139)
==
em:l{r e +LV1~ P kY [ « )
k g ! )‘]ka " 2 A‘ZmJ kllm?"QmJ
L Ny _ KN
i i l:(rm+cl+}']m)(csz+x2m) klml‘Zm:,W
Ay=52 (EQ 140)

Proof: Make use of the fact that the matrices D, , D,, 0,,and O, are all diagonal

Lot wags ) e Afily

)

and hence commute with each other, to evaluate the inverse matrix in Eq. (134) giving

-1
4 é [D,D,~0,0,] 0 J | [D?_ 021 . [QIW -sz]- EO 141)
] 0 [D,D,-0,0,] | |0y Dy| |-R\W @, W]
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(EQ 142)

xmm -

2

K K K
(I‘m+c71+,1l——}(1“m+0'2+1 }—(
N J\alnlj AN Ihzmj \l\vlml

Then the matrix A can be written

,(X(Dle‘Ole)W X(02Q>,~R,D5)

A=9

[x(olQl_RlDl)W X(D10,~01R,)

Define the four MxM sub-block matrices

1
Ay = gh(D21-O,RDW,
1
Ay = é%(onQ—Rzpz)W:
1
Az = gx(0:12,-R\ D)W,

1
Ay = gl(D1Q;-01R)W,

sg that

A= A 4y :
A; A,

“2m

w

1
Il

1 .
J
(EQ 143)

(EQ 144)
(EQ 145)
(EQ 146)

(EQ 147)

(EQ 148)

Define the 2M eigenvalues of the matrix A as A. The A can be found using the char-

acteristic equation for A . In other words by solving
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A—-IN A
Det|™! 2 1=0 (EQ 149)
Ay A -IA

for the values A.
First consider the case where the A cannot be one of the eigenvalues of A| or A, . Fac-

toring the determinant gives
-1
A - -
Det[( 1=IA) 0 _’Det‘} (A= 1A) 4, -’=0.(EQ 150)
}_J |_0 I-(Ay—- IA)_1A3(A1 —IA)"1A2J

Using the fact that the determinant of block triangular matrices is the product of the deter-

minants of the diagonal blocks, Eq. (150) becomes

Det[A, —IAN)Det[A,— INIDet[I - (A, IA) Aj(A;—TA) 'A,] = 0. (EQ151)

The determinant of a matrix is just the product of its eigenvalues so

M

DetfA,-IA] = [T (A;i—A), (EQ 152)
i=
M

Det[A,-IA] = J] (Ay;=B) (EQ 153)
j=1

M
DetlI— (A~ IAY Ay (A, - IAY 4,0 = TT (1- £ (M) (EQ 154)
k=1
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where A,; and A,; are the ith eigenvalues of A| and A,, and the f,(A) are the kth

eigenvalues of the matrix (A, - A )_] As(A -1 A)_IA2 and are functions of A . Then the

eigenvalues of the matrix A are given by the roots of

M M M
[Tai-M T~ a-r) =0 (EQ 155)
k=1

i=1 j=1

At this point, Eq. (155) can be simplified by exploiting the properties of the sub-block

matrices. Note that all four of the sub-block matrices have the form of a diagonal matrix

times the matrix W. This means that each of the sub-block matrices have one and only one
linearly independent row and hence only one non-zero eigenvalue. This one non-zero

eigenvalue is easily found to just be the trace of the matrix. Denote the one non-zero

eigenvalue of the sub-block matrix A; as A; = tr(A;), then Eq. (155) becomes

M
(A-ADA-ADJ[-f) = 0. (EQ 156)
k=1

The values f, are found by further making use of the properties of the A; sub-blocks.
Consider that all the A; matrices have the form of products of a diagonal matrix, which is

labeled A,, and the matrix W. So that in general

A, = AW, (EQ 157)

H I

Denote the eigenvector of A; corresponding to it’s single non-zero eigenvalue A;, as %;,

so that
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Also denote the eigenvector which corresponds to the one non-zero eigenvalue of W as %

It is easily seen by demonstration that X is just the vector of length M comprised of all

1’s.

£=|. (EQ 159)

Then it is also easily seen that the eigenvectors X; are just

R, =A% (EQ 160)

Now multiply Eq. (158) through by the inverse of A;. Using Eq. (160) gives

W-% = AX. (EQ 161)

Multiplying Eq. (161) through by A, and using Eq. (160) again gives the rule that

Moreover, because the sub-block matrices are all of r:

that taking the dot product of the A ; sub-block onto an arbitrary vector $ with compo-

nents y, the resulting product must lie in the space spanned by the single eigenvector X i
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In other words

Ay = C?cj (EQ 163)
where C is a constant given by
M
C= 3 wy. (EQ 164)
k=1

To compute the f, one more rule is needed. Multiply the vector ®; by the matrix

(Ag - IA) and use Eq. (162). This gives

(Ag—IA)- %, = A2 — A2, (EQ 165)

Inverting (A, — TA) gives

A '2k

-1
2 = m_z\mk—m) % (EQ 166)

Rearranging Eq. (166) gives the other needed identity

A-Iayt.z = o X EQ 167
( k— ) ’ i-A(Ak—“A)"K. (Q )

Now get the eigenvalues of the matrix [(A,—JA) ™ A5(A, ~IA) ' A,]. Take the dot

product of this matrix onto an arbitrary vector 9, and using Eqgs. (162) through (164) and

Eq. (167) gives
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(A, ~IAY A5 (A, —TA) A0 9 =

AaC As 2,—% EQ 16
A(AI—A)[<A4—A)4‘ 3]' (BQ 168)

Using a different y vector will only change the value of the constant C. Clearly then the

matrix [(A
Ly

R — (EQ 169)

is the eigenvector corresponding to the single non-zero eigenvalue

AA
f= 23 . (EQ 170)
(A —A)(Ay - A)
Now Eq. (156) reduces to
AA
(A=A YA-AY1- 23 =0 (EQ 171)
! YU (A -A (AL -A)

and one has that the two non-zero eigenvalues of the matrix A are given from the roots of

the quadratic
AP AA + A+ (A A~ AyAy) = 0 (EQ 172)
which are explicitly
(Aj+Ay) 1
, =t iiJ(Al—A4)2+4(A2A3) (EQ 173)

when A, or A; are not zero.
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Now consider the case where the A are allowed to be either A| or A,. In this case the

factoring of the determinant in Eq. (150) is not allowed. First notice that in general the

matrix A has at most two non-zero eigenvalues. This can easily be seen by taking the dot

product of A onto an arbitrary vector [p Z}][ and using Eq. (163) to get

W BHRE S s 178
Ay Ay 2, 2,

where the constants C p and C_ are given by Eq. (164). Clearly the matrix A maps any

f t
vector into the space spanned by the two vectors I::kl 23] and I:j:z by 4:| . Then it follows

that A can have at most two non-zero eigenvalues. And since the sum of the eigenvalues

of A is just the trace of A, i.e.

tr(A) = tr(A) +1r(Ay) = A, +A, (EQ 175)

it follows that if one of the eigenvalues of A is A the other must be A,, and vice versa,

giving
Ay = AL A, (EQ 176)
Thus we have the result
(A +4Ay) 1 2
. = _—Z—iiﬁA,-Ag +4(AA5) or Ay A, EQ 177)

Combining the definitions of the sub-block matrices with the fact that A; = tr(4;)
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gives

r w \/ "~ ey
___l}_ _l - l\l'
1 z er+02+ ZmJLG”-l-}“lmJ 1‘lm;zL2m-,M"
Ay = 5 2 » (EQ 178)
m=1 K K
I — || T
( m+cl +7L]m)( m*+ 92 +A’2m) (llmA‘ZmJ
g/ nYy M (-~ K \]
R o S v B o O o)
Ay =3 Y ; (EQ 179)
m=1 K X K
(l"m +0; + 7Llmj(l“m +0,+ A'?_m) - l]mlsz
I LS U ) I TR Y £ P T
1 - l-klmk st l']m) A'lmk " : A‘lm)-l "
Ay =g X - (EQ 180)
m=l( K K
r,+o +—)(l"m+c + )
! )‘lm 2 A‘2m (A‘lmlﬂm}
K K
A ‘- 1"“_ 1 .—"\( ) _Tl \— 1.1 -I
1« W “+Gl+7‘1m}\0“+%m} ;\'lml.?m—lwm
Ai=3g X (EQ 181)

proving Theorem 1. QED.
Ultimately, the goal is to compute the spectral radius of the matrix A which is the larg-

est eigenvalue in absolute value, so that

p(A) = max(|A,]|,|A]]. (EQ 182)

Given the complicated form of the eigenvalues of the sub-blocks and the form of Eq.

(173), this looks to be a difficult task. To make things a bit easier, consider the problem in
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a 1-D slab geometry.

In a 1-D slab geometry the A,, become

A
A, = —

im (EQ 183)
[

where L is the cosine of the angle the quadrature ray 0,, makes with the axis of symme-

try. Then the A; become

[[iu k+o +|”m“‘)(c +|“m|“)_|”m|2““]w
m 2 kz sl ?\'1 lllz m

I By (116"
(zj.tmk+cs1 )(iumk+62+ X, )—( A, ]

!
[«=2 0
i M =

(EQ 184)

m

[IumIK( +|umln)_lumln(,. i +lumIK)]w
M A Cs2 N Y Hon 2 s m
1 2 2 2 5
A, = 6 Y, (EQ 185)

2
(”| k+61+——"— "1)(1“ k+02+ ”2 )_ e

[t [y |Ram, lumlx)
[_7‘1 (Gn"‘ l] )— 11 (lu”‘k-‘-ol-"_k] ]wm

M
1
Ay=5 Y —  (EQ186
" g oy Yy )l
" ! ?\’1 " 2 x2 A‘ll2
. || % k| Iumlzm
M [(Ii-lmk+0'1 + X )(0s2+ 2 ) x 0y
Ay = é Y ! 2 2 (EQ 187)

3
I

2y '
l(il-tmk +0,+ w—%{)(gumk +G,+ |I-linz|l<) B (|H£l12 }
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Calculation of Eq. (182) is complicated by the fact that the maximum is taken over all
possible Fourier components k. There is however good evidence suggesting that the spec-
tral radius is in fact dominated by the k = 0 mode. It is easy to see that this is true for the

simpler case of ordinary source iteration Eq. (112). Performing the Von Neumann analysis

in slab geometry on Eq. (112) gives the recursion equation

(il k + o) * lm =

t| 9

M
3 ol
=1

(EQ 188)
Label the single non-zero eigenvalue of the resulting recursion matrix as L. Then the

spectral radius of this recursion is the largest absolute value of L. Explicitly

M

L=52,L. (EQ 189)
21___ 1(1u1k+o')
Taking the absolute value of Eq. (189) gives
s H e V(M e v
L} = —2‘[([;1 (Ll;k)z”fcz) + Lg} -(M;k)2+02) } : (EQ 190)

With a Gaussian quadrature rule, the second sum in Eq. (190) is identically zero. Clearly

then L] has the maximum at ¥ = 0 and Eq. (190) reduces to |L| =

al.2

. In light of the
evidence, make the assumption that only the & = 0 mode need be considered for comput-
ing Eq. (182).




Theorem 2: In a 1-D slab geometry and assuming the k=0 mode, then

()]
p(A) = max[|A,), ]A|]<max|:(; ] “]
2

in the limit of an exact quadrature rule.
Proof:

With & = 0, Eqgs. (184) through (187) become

118

(EQ 191)

(EQ 192)

(EQ 193)

(EQ 194)

(EQ 195)

So equations Eqs. (177) and (192) through (195) give the exact spectral radius for the

recursion Egs. (114) and (115) for slab geometry with continuous space and discretized




angle variables.
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Now, consider that Eqs. (192) through Eq. (195) are just quadrature rule approxima-

tions to integrals over all scattering directions. Indeed, taking the limit of a perfect quadra-

ture, these become integrals over direction. Then in this limit the eigenvalues of the sub-

blocks are

Os1 )
! [0“02+ |].L|(K-7L— +11-?-L——ﬂ
1 2 1
A= i.f aw,

o, ©
-1 |:G]0'2+1(l[.l|(x—;+x2-)]
1

w
— (KO _,—-N0
{ 1 ?\‘2( 2~N05)

e EI[ (3 +°2)]d”’
-1/ 6,6, + ¥u|| — + =
1~2 7\_2 ?\'1

| 1 %(Kosl—ncl)

T EI[ (3. +°2)]du’
1|60, + k|y| = + ==
1~2 7\_2 R’l

O Oy
i [0' 40+ ]pl(x-— +1'|—):|
1 ’ Ay Ay d

A =3 c, O,
-1 [0162+K|u|(r+1—)]
1

These integrals can be computed explicitly. Define the following quantities

OLI - ).10] .

az - 1120'2,

(EQ 196)

(EQ 197)

(EQ 198)

(EQ 199)

(EQ 200)

(EQ 201)
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0oy

B = K(0, +0)° (EQ 202)
- 1

g = Bln(l + B), (EQ 203)

where 0 < <ee and 0 < g < 1. Then computing the integrals gives

A, = (‘h)(azg+a1) +(n)a2(1 —¢)

— EQ 204
G,/ (0 +0y) K/(0g +0,) (EQ )
Os2 T\) (1-g)
A, = Ao, —= - | ——=—,
2 10&(02 x (o, + 0,) (EQ 205)
A, = AAC (cﬁ_‘ﬂjﬂ__g)_ (EQ 206)
A Y (TR )
A < (E](alg'i'aﬁ)-l_('ﬂ)al( -g) (EQ 207)
4 \Cy/ (0 +0y)  \x/(0 +0y)

Now Eqgs. (177), (182) and (204) through (207) give the spectral radius of the iteration
equations (114) and (115) for a slab geometry and in the limit of a perfect quadrature,
assuming the k=0 mode. One last step is to explicitly find the maximum that the eigenval-

ues from can attain. Denote the following quantities

;= =, (EQ 208)

=1
r= (EQ 209)
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and

o
r, = ?"—2 =c,—r. (EQ 210)

Then if the eigenvalues of A are given by Eq. (173), they become

(07 + 0 7)) g + (04 € + 0ycy) £ Wh
A, =L+
+ =3 20, + o) EQ2lh

where

2 2
h = [(O,r{—0ry)g + 0y =0, +400,r r(1-g)". (EQ 212)

So the eigenvalues A, as given by Eq. (173) are pseudo-linear functions of g. All that

remains is to find their largest absolute values.
Lemma 1: h>0 forall0<g<1.

Proof: Consider Eq. (212). The only parameters which can be negative are the r;.
Clearly then A is positive if r, and r, are of the same sign, both negative or both positive.
To see that & is positive also for the case that the r; are of opposite signs, notice that # is

a quadratic in g. Then h(g) will have one extrema, be it a maximum or a minimum, Label

the extremum point g, . Solving %% = 0 for g gives

rirp(od+ad) - oo, (rf +ri —4riry) (EQ 213)

° (O,r +0yry)?
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The point g, is clearly negative when the r; have opposite signs. Since A has only one
extrema and that point lies outside the range 0 < g < 1, h must be monotonic in this range

when the r; has opposite signs. But A(0) = (a;r; + 0,r,)? and

k(1) = (o, + 0,)2(r, ~ r,)? are both positive. Therefore 4 is positive forall 0 S g< 1.

QED.
Lemma 2: gﬁ_>oforall 0<g<1 whenrr,<O0.
g

Proof: Taking the derivative of 2 with respect to g gives

oh

3¢ OO F 7o(1 —g) + 2(0gr ) — Oy )(0 r = Oyry + g(0ry — 0 7)) . (EQ 214)

The result is obvious by inspection. QED.

Lemma 3: The A, are monotonicin g forall0<g<1.

Proof: Taking the derivative of A, with respectto g gives

dA

. JONy - . dh A
' — = . EQ 2
4Jh(a1+a2)ag 2Nh{0,r) +0qry) 32 (EQ 215)
And since 4./h(a, + 0,,) >0 by Lemma 1,
[aA+] [- = . N ah] e al a e R A
] = } = sign{ 2R(0LF + O Y E—¢- (B} £10)
Slg"iag f 8’1 NA(Op 7y + 041 ) agj

Now if
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ENACEET AN B g_’;‘, (EQ 217)
one can conclude from Eq. (216) that
LY
sign a;‘ = sz‘g;;r:{ZA/ﬁ(OLzr1 +0ry)}- (EQ 218)
Likewise if
I"’ E{N - A e \I /lahl M 10N
[eN A Ty F i + Ty 7o) ‘-..l (E\Y £1Y)
dg
one can conclude that
dA
signl T*l = sigm[ _%l. (EQ 220)
198 | L 98]

To determine if either of these cases is in general true, compute the difference in their

squares,

A a2
(%J — (2R(eyry + 0yry))® = ~160 07y rp(0y + 0y)2(ry = 7). (EQ 221)

The right hand side o
the r; have opposite signs. So if the 7; have the same sign, then Eq. (218) is true and by
Lemma 1 the A, are monotonic for all 0 < g < 1. If the r; have opposite signs then Eq.

(220) is true and by Lemma 2 the A, are monotonic forall 0 < g<1. QED.

Because the A, are monotonic in g, the maximum values of |Ai| occur etther at
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g = Oor 1.Evaluatingthe A, atg = O andatg = 1 gives

(e + 0,y (0T + 0yrs) (opey +0,05)
A = f— + =
tle=0 2 2(a; +0,y) To(og + o) (BQ222)
and
(cy+cy)E(cy—cy) o
A+ = = ~= = Cl, Cz . (EQ 223)
“lg=1 2
All four of these values are positive. Then using
(2 %%) < maxte ;) (BQ 224
CRTHER axlcy, ¢y

gives the result that

p(A) = max[]A+|, |A_l] < max[c;, ¢y, 1] (EQ 225)

If the eigenvalues of the matrix 4 are given by Eq. (176) then they are linear functions

of g and hence their maximums either occurat g = 0 or 1. Taking these limits gives

_ (e +0pr) (07 +0,05)

A = , (EQ 226)
+ |g=0 (o + ) (o, +0,) Q
and
Ay = ¢y, Cy (EQ 227)
g =

Then using

(o1 + 0,¢5)

—— < max[r, c,] (EQ 228)

(o +0a,)
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and
£ooe o PR TR
KU]C[ + U.2r)
—————— < max[r, ¢,] (EQ 229)
(o) +ay)
again recovers the same result Eq. (225) proving Theorem 2. QED.
The requirement for convergence
p(A) <1 (EQ 230)

then becomes in a 1-D slab geometry

p(A) <max(cy, cp r1< 1. (EQ 231)
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APPENDIX B: Discretization Methods

To generate numerical solutions of the transport equation it is necessary to replace each

term in the equation with discrete approximations. The primary terms requiring special

attention are the streaming operator Q- Vv and the integral over direction J' wdﬁ,
all Q

where 0} is the direction of photon travel. One common method to discretize the stream-
ing operator is the diamond difference method [17]. A common methed to discretize the
direction integral is the discrete ordinates method [17].

The diamond difference discretization is a bit different in 1-D slab and 1-D spherical

geometries so they are presented separately.

18.0 Discretizations in a 1-D Slab

In a I-D slab geometry the discretization of space and angle can be done independent

of each other.

18.1 Diamond Difference
Let z denote the spacial axis in a 1-D slab geometry. Then In a i-D siab geometry the

streaming operator becomes

Q.Vy = ug_‘zl’ (EQ 232)

where b is the cosine of the angle 3 makes with the z axis. Define v(z;) = ;. The dia-
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mond difference discretization simply says

NI
2 2
a—g’ =—2 2 (EQ 233)
& (Z. 172, 1)
i+= i-3
combined with the auxiliary relation
1
v; = i("’né“"l_%) (EQ 234)

18.2 Discrete Ordinates

In the 1-D slab geometry the integral over direction becomes

The discrete ordinates methods is a replacement of the integral over direction with a
quadrature rule approximation. Essentially this means that the possible directions of pho-

ton travel are divided into “bins” which act as the ordinates in the quadrature rule. This

method is also referred to as the Sy method. This in general yields a discrete approxima-

where the w, are the weights for the chosen quadrature rule and N is the order of the

quadrature.




128

19.0 Discretizations in a 1-D Sphere

In the spherical geometry the discretization of angle and direction are related to each

other so they are presented together here.

19.1 Diamond Difference/Discrete Ordinates

Let p be the radial direction in a 1-D spherical geometry. Let |l be the cosine of the

angle QO makes with the p axis. Then the streaming operator becomes

(1-p?)dy

EQ 237
o5 (EQ237)

Q.-Vy = “ap

The integral over direction is represented the same as in the 1-D slab geometry, i.e. by

Egs. (235) and (236). But now the streaming operator contains a derivative with respect to

angle so that it becomes necessary to discretize the g‘: term on the same ordinates used in

Eq. (236). This is done in the following way. The streaming operator is first written in con-

servation form as

B\p' (1- 2)a\|; wo 2 2
“ap 5 op 2app w+ (1 LY. (EQ 238)

0
V

Now denote W(W,, p;) = V¥, ;- Then the angular derivative is discretized as

[a Wwooa v 1:|. (EQ 239)

n+- n+x= n—= n—z

24- uz)w} =
al.t 2 2 2 2

Wy

p pw,

The o; are weighting factors which are generated from the quadrature weights according
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to the recursion

The purpose of the o, weights are to guarantee that the streaming term vanishes in the

litnit of a uniform isotropic flux in an infinite medium. See reference [17] for further dis-

cussion.

To discretize the radial derivative the equation is volume averaged over a spherical shell

to get
%-aipz‘ifl E%{A. WA v (EQ 241)
p P |mp” i r+§ ni+= l—i nu—ij
and
(A. 1~ 4 1)
19 \ ity i3t 1
29 (1-p2 = La o, J EQ 242
pau( uwlp,.g" Vw, n+%wn+%,i n—%\pn—%,i (EQ242)

The quantities A; are the surface area of a sphere at radius i and the V; are the volume of

a spherical shell from radius p | to p_ ;. The Eqgs. (240) through (242) are then com-
[ Sd 5. i+ 5_
bined with the auxiliary relations
Vo, = i(‘” ity 1] (EQ 243)
mt+§ mi—i

and
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V=3V v ) (EQ 244)

NI R =] n——,i

to complete the discretization.
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