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An exact solution for the linearized multifrequency
radiation diffusion equation (U)

A.l. Shestakov and J.H. Bolstad
LawrenceLivermoreNationalLaboratory

An exactsolution,basedon Fourier andLaplace(FL) transformsjs
developedor a linearizationof the systenmodelingthe multifrequency
radiationdiffusionand matterenegy balanceequations.Themodeluses
anideal gasequationof state Opacitiesare proportionalto theinverseof
the cubeof the frequencytherebysimulatingfree-feetransitions.The
solutionis obtainedin termsof integrals over the FL coeficientsof the
initial conditionsandexplicit sources.Resultsare presentedor two
specialcases(1) Nosources,initially cold radiationfield,anda localized
matterenegy profile. (2) Initially cold matterandradiationfieldsanda
souice of matterenegy extendingover finite spaceandtimeintervals. (U)

1. Linear test problem

We preseng solutionfor alinearizedsystemmodelingmultifrequeng radiation
diffusion. We begin with the nondimensionamultifrequeng radiationdiffusionequations
derivedby Hald andShestakv (H&S) [1] to which we addexplicit sourcesS. If the
frequeny coordinates discretizednto N groups,

O=v<r<...<vy,

andthe H&S equationsareintegratedover the frequeng intenvals,see[2], oneobtainsthe
following systemof N + 1 equationsouplingthe N radiationenegy densitiesw;,
j=1,..., N, tothemattertemperaturd’,

atwj = ,ujamwj + D; T — wj/uj -+ Sj , [1]

N
RatT = —T—i—Zw]/,uj—i-ST [2]
j=1
Equation(1) representsV equationsgachsimulatingthetransporif the radiationin the
j—thgroup.In (1)—(2),1; = Dj.’, wherev; is agroup’s representatie frequeng, satisfying

Vi—1 <V <Vj.

Equation(1) shavsthatw; diffuseswith adiffusioncoeficient ;. Additionally, w,
undegoesabsorptioratthe rateuj‘1 while p; T' is therateof enegy thatthe jth group
recevesfrom the matter The emissioncoeficient

p; = exp(—v,_1/T) — exp(—v;/T) [3]
A.I. Shestakov € J.H. Bolstad 1
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andR, which playstherole of the heatcapacityis a positive constantin thelimit of
smallgroupwidths,

p; = exp(—v;_1/T) (6; —65/2+...), [4]
whered; = (v; — v;_1)/T. Themesh{ v, } is assumedo be sufiiciently broadsothatfor
all relevantT,

n<LT <Koy,
whichimplies
N
Y pj=1. [3]
7=1

To beprecisethebroadnessequiremenof themesh{v,} is
py =~ 1/vy = 0.

Thus,evenif we hadenepgy atv > vy, it isirrelevantfor our purposesincethathigh
frequeng radiationwould not be absorbedy the matter;thus,doesnotinteractwith the
model.

Although (1)—(2)arein nondimensionaform, to avoid confusion,we notethatw; is
theanalogueof theradiationenepgy densityperfrequeny multiplied by the groupwidth.
Hence,}"; w; representsheradiationenegy density

In this paperin orderto obtainatractablelinearsystemwe assumehatthe
temperaturaisedto definep;, see(3), is setto a constanvalueT;. Thatis,

pj = p;(To) -

Therestrictiononly appliesto (3).2. Thesystemof interest,(1)—(2),consistsof N + 1
evolution equations)N equationdor thew; andonefor T

At this point, it is worthwhileto discusgheimplicationof thelinearization.Thatis, to
comparethe differencebetweerusing(3) asit standsor using7; to definep;. For a
sufficiently fine frequeny grid, (4) impliesthatin the original (honlinear)H&S model,
radiationis emittedinto the j** groupattherateexp(—v;/T) (v; — vj_1). In our
linearizedsystem adiationis emittedattheratep;(7y) 7'. If T ~ T, throughouthe
simulation,the emissionis approximatehthe samehence soaresolutionsto thelinear
andnonlinearsystemsThedifferencebetweerthe linearandnonlinearsystemss
illustratedin Fig. 1 wherewe plot p; for variousT'. For example,assumehatin aproblem
T rangedrom 0.1to 10.0,but we useT" = 1 to definep;. Thusourlinearizedmodel,
whenit corvertsmatterenegy into theradiationfield, preferentiallyputsit into groups
35-55ratherthangroups15-30whereT” =~ 0.1 andgroups60—-80whereT ~ 10.

Theadwantageof thelinearizedequationss thatwe canobtainsolutionsin closed
form. Our approacHollows thatof SuandOlson[3] and[4]. Theproblemis attacled
usingFouriertransformsn spaceandLaplacetransformdn time. For afunction f(z, t), if

Frs = /oo dte st /oo dz f(z,t) e, (i=+/-1)
0 —0o0
L1t alsoappliesto (4) wherenow §; = (v; — vj-1)/To
A.I. Shestakov € J.H. Bolstad 2
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Fig. 1. Emissioncoeficientp; vs.j for variousT'. Frequeng width: v; = 1073, v, —v; =
1.1 (l/j — Vj—l) .

defineghetransformof f, (1)—(2)transforminto

~ ~ 9 ~ o N 3
—Wjk +8Wjks = —k”pjWiks+pjThs — Wjks/tj + Sjk.s
A~ A A~ N ~
—RT,+RsTys = —Ths+ D> Wiks/lj+ Srps,
i=1

wherew, , andT}, the harmonicsof theinitial conditions,do notdependon s.
Rearrangingermsandcombiningtheinitial conditionswith the sourcegieldsthe
transformedinearsystem

wj,k,s/(,uj ryj,k,s) — Dy Tk,s = 2AJJ',]C,-‘)’ (.7 = ]-7 ey N)7 [6]
N
- Z wj,k,s/:“j + (1 + RS) Tk,s = ET,Ic,sa [7]
j=1
where
Viks = 1/ (1 + s pj + ki) [8]
and

ik =Wik+Sins s Srps=RTh+Srps-
Theexplicit sourcegplay the samerole astheinitial conditions.
The system(6)—(7) canbe solvedexplicitly .2 We obtain
A N A
(ET,k,s + D Veys Seyes ) [9]

dk,s /=1

2Solve (6) for @, 1, s andsubstitutethe resultinto (7). Solving for Tk,s yields (9); substitutingthe result
into (6) yields (10).

A.I. Shestakov € J.H. Bolstad 3

Tlc,s




Proceedings of the NECDC 2002

. Di s Vik, R d e N .
Wjks = % (ET,k,s + ks Yjkst Z Ye,k,s Ee,m) ) [10]
ks pj =1
where N ,
p; (spj+k*p )
dps =1+ Rs— Y R ) 11
k,s + IS jglp]’b,ks S+Z 1+su]+k2,u] [ ]

Thelastequalityis dueto thedefinitionof -, 4 and(5).
Oncethe harmonicsarecomputedthe solutionis givenvia theinversetransform

(+ioco +o00 ~ )
fat) = o [ st (oo [k fue),

211 J¢—ico 2 J-

with ¢ takento theright of all the singularitiesn the comple« s—plane.

In thefollowing sectionswve considertwo problems.Both areinitialized with
wjl—o = 0 andwe discardexplicit radiationsourcesi.e., we setS; = 0. In thefirst
problem,S; = 0 andwe initialize T with alocalizedprofile. In thesecondproblem,
initially 7" = 0, but we inject a pulseof localizedenegy into the matter Firstwe derive
theanalyticalsolutions givenasintegralsover the harmonicsin thelattersectionswe
presennumericalresults,which we obtainby quadratures.

2. Initially localized matter energy

We considera problemwithout sourcesbut with aninitial conditionconsistingof
matterenegy localizedin theregion |z| < z,. Let|z| < oo definethedomainandimpose
theboundaryconditions,

rz—+oo
For theinitial condition,let
wj‘t:():ST:Sj:O (jZl,...,N), and
T(z)|i=0 = H(z + zo) — H(z — ),

whereH is the Heavisidefunction. Thisimpliesthatthetotal enegy is
+00 N +00
E(t) i/ dx (RT+2wj> :/ do RT(z)|;—0 = 2 R0 . [12]
S Pt e

It follows thatonly thetransformof T'(z)|;—o,
Ty, = 2sin(kxo) /k
contributesto the solution. The harmonicsaregivenby

Tkz,s = XA:T,Ic,s/dlc,s ’ [13]
Wiks = D5l Vjik,s STk,s/Dk,s » [14]
A.I. Shestakov € J.H. Bolstad 4
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where X X
ET,k,s = RTk =2R sm(kaco)/k .
In closedform,
R [itico too e sin(kxy) 1
T ,t:—/ ds et / dk; ¢~ke ST , 15
@0 = 52 Jeime ° <_oo ‘ ko dps [15]

whered,, , is definedin (11). Welet s = ¢ + iw with { > 0 andexpand(15) into realand
imaginaryparts® After deletingoddtermswhich areintegratedfrom —oo to oo, we
reduce(15)to

2ReSt [ in(k
T(w,t) = =5 [ db cos(k) sin(kzo)
w2 Jo k
/0 dw [ A, cos(wt) +w By, sin(wt)], [16]
where A B
! k,w / k,w
— B [ 17
T A B e T A B o
N N
Ak =RC+1=> pjAjkw, Bew=R+D pjBjkw, [18]
j=1 j=1
. N
Ajp = —— 5 and B P ik [19]

L+ Wi LW

wherev; ;. is definedin (8); notethatin (19), ¢ replacess in the subscript.Theformula
for Ay, suffersfrom numericalcancellatiorwhenk, w and¢ aresmall. Using(5), Ay,
may bewritten in the equivalentbut numericallystableform

al (C+ K2 uj) Vi + wW2nivi
— v 3 ’C
Akw = RC+ D i, 1+ w222 =
j=1 WS35 k¢

Theenegiesw, areobtainedby recallingthe distinctionbetweerthe harmonics—
see(13),(14). Wefind

2ReSt foo sin(kz
wj(z,t) = Py 7/0 dk cos(kx) %
/ " dw [ A, cos(wt) + w By, sin(wt)] [20]
0 vy vy

where

n
j’k)w
1 ! !
Bj,k,w = k,w Bjsk7w + Bk,w Ajsk7"-"7
3We cannottake ¢ = 0 sincedy, s in our innerintegrandproducesa simplepoleat s = 0 whenk = 0.
Thedenominatoref A;W andB;W arenonngyativefor ¢ > 0, sothisis theonly singularityin theright half
s-plane.

A.I. Shestakov € J.H. Bolstad 5
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andAy ,, 4 k.., etc.aredefinedin (17)—(19).
3. Explicit matter energy source

We now considera problemwhich simulateshe decayof anexplicit source As
before let |z| < oo definethedomain.Assumethatinitially boththe matterandradiation
field arecold andtheradiationsources zero,i.e.,

Tli=o = Wili=0=8;=0  (j=1,..., N).
And, into thematter for 0 < ¢ < ¢y and|z| < o,
Sp = Sr(w,t) = [H(t) — H(t — to)) [H(z + o) — H(z — o)),
whereH is the Heavisidefunction. Thus,thetotal enepgy is

E(t) = /+ dx (RT+Zw,>

7j=1

+xo
= / dT/ dz Sr(x,T) = 2z min(t, to) . [21]

With theseconditions,only the transformof the sourceSr,
XA]T,,C,S =2 (1 — e *) sin(kxy) /ks,

contributesto the solutionandthe harmonicsaregivenby (13) and(14).

In closedform, T'(z, t) is givenby adoubleintegral similar to (15), viz.,

T(x,t) =
1 [orico st (] — gmsto) +00 10 Sin(kxg) 1
1 s\ —e ) / dle e~ ke 10 : 22
2123 /—ioo N S ( —00 ¢ k dk,s [ ]

whered, ; is definedin (11).

As in theprevioussectionwelet s = ¢ + iw with ¢ > 0 andexpand(22) into realand
imaginaryparts? Proceedingsbefore,we reduce(22) to

2 eCt sin(kxg)

T(z,t) =

(k)

/. mAWF—<G>kw+w@F+wG>LJm@+w%, 23]
whereA; , andB; , aredefinedin (17),and
F = sin(wt) — e sin(w (t — 1)) ,

G = e “cos(w(ty —t)) — cos(wt) .

4This time thereis a doublepoleats = 0 whenk = 0, andit is the only singularityin the right half
s-plane.

A.I. Shestakov € J.H. Bolstad 6
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Theexpressiorfor w; is obtainedasin the previous section.We find,

2elt oo sin(kx
w;(z,t) = pju; ?/0 dk cos(kx) ! (k 0) X
| dw@F = (G Ay +w(CF+wG) Bl J/ (G +e). [24]

4. Evaluation of integrals

In this sectionwe make afew remarksaboutthe how to evaluatetheintegralsthat
definethefunctionsT” andw;. First, we list desirablepropertiesof aquadraturenethod.
We assumemoothintegrands.

e Mostimportantly sinceourintegralsinvolve trigonometricfunctions,a quadrature
methodtailoredto Fourierintegralsis moreefficient (andaccuratethanone
designedo handle“arbitrary” integrandsover infinite intervals.

e Themethodshouldbeof highorder Let p bethe orderof accurag of the
guadraturenethod.If anerrortolerance is specifiedthenin onedimensionthe
work requiredis proportionalto '/, But in two dimensionst is proportionalto
527, In practice high orderis achieved by usinglow ordermethodsandapplying
someform of Richardsorextrapolation.

e Themethodshouldbeadaptve. Sincethe chief expensen mostmethodss the
evaluationof theintegrands pnewantsto evaluatethemonly whereneededFor
integratingover infinite intervals,anaddedbenefitof adaptvity is thatthe process
automaticallydecidesvhereto cut off theinfinite tails. Without adaptvity, some
methodmustbe devisedto estimatethe errorcommittedwhenreplacinganinfinite
by afinite interval.

e Themethodshouldsupplya (global)errorestimatefor theresult. Oneneedgo
know whetherthe answelis accurateo two digits or seven. It is easyto obtainsuch
estimatesvhenRichardsorextrapolationis used;the startingpointis to notethat
thedifferencebetweerthe highandlow orderapproximatiorprovidesaglobalerror
estimatefor thelow orderapproximation(Thisis alsohow anadaptve method
decideswhereto adapt.)

The QuadpacHi5] routinedgawf e satisfieghesecriteria. Rombeg’s method
(trapezoidrule plusrepeatedRichardsorextrapolation)satisfiesonly the seconccriterion;
while Simpsons rule satisfienone.Theratio of computingtimes(for the sameaccurag)
of Simpsonsrule or Rombeg’s methodto anappropriataise(describedelon) of
dgawf e caneasilybe morethanonethousando one.

Theroutinedgawf e computed-ourierintegrals,of theform

o0 cos(wx)
/a fw) {sin(wx)} duw,
A.I. Shestakov € J.H. Bolstad 7
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whereq is finite. In principle,thefunction f canbearbitrary butin practice the most
accurate andefficient resultsareobtainedwvhenthe oscillatorybehaior is confinedto the
trigonometricfunction,i.e.,whenf is non-oscillatory The outerintegralsof the
expressiondor thetemperaturd’ andradiationenegy densitiesw; do not satisfythis
condition,but areeasilyrewritten to do so. In the outerintegrandsof (16), (20), (23), and
(24) we usea productformulafor trigonometricfunctionsto replacecos(kx) sin(kxg) by

[sin(k(zo + x)) + sin(k(zo — ))]/2.

Eachouterintegralis now expresseasthe sumof two integrals,eachof whichisin the
desirableform.

In summaryfor eachproblem(andfor boththetemperatur@ndradiationenegy
density),we call dgawf e twice to evaluatethe outerintegral. For thefirst problem(for
eitherT” or w;), eachoutercall of dgawf e resultsin two (recursve) calls of itself to
evaluatetheinnerintegrals. For the secondoroblem,eachoutercall of dgawf e resultsin
four recursve callsto evaluatetheinnerintegrals.

Quadpacldoesnot supportrecursionsinceit waswrittenin Fortran77. We
circumwentthedifficulty by usingFortran90 andin every Quadpackoutinethatwe call,
we replacethekeyword subr out i ne withr ecur si ve subrouti ne.

5. Numerical results

In this sectionwe exhibit two setsof results.First, we displaythe solutionsas
functionsof x atvarioust. Then,we examinecornvergenceof the solutionsasthe number
of groupsis increasedThird, we showv thetemporalevolution of the solutionsat a fixed
spatialpoint.

We fix theextentof the sourcesby settingz, = 1/2 andt, = 1. We setthelargest
numberof groupsas N = 64 andspecifythefinestfrequeng grid asa geometric
progression

Vipg —vj=o(v;—vjq) Gj=1,...,N=1),

wherea = 1.1 andy; = 10~*. Coarseffrequeny gridsareconstructedrom thefinest
grid. For simulationsusing N = 2, 4, 8, 16, 32 groups the coarsegyrid boundariesre
givenby

Vo < Vgg/N < Vo.64/N < *** < UN.64/N -

Thecubeof the“representatie frequeng” 1; is definedasy, = (v1/2)?, and
p; = (vjv;_1)*%for j = 2,..., N. Theemissioncoeficient p; is computedusing
T, = 0.1, andthe“specificheat” R is setto unity.

We referto theinitially localizedmatterenepgy problemdiscussedh section2 as
Probleml andto the explicit mattersourceproblem(section3) asProblem2. Thetwo
problemshave similar results especiallyfor latetimes,whichis not surprising.For the

SWhentheintegrandis notin the desirableform, the integratorfrequentlyreturnserrorindicators,of the
type“The integralis divergentor slowly corvergent”or “The requestedccurag hasnotbeenachiered”, but
doesnotdo sowhenthedesirablgormis used.

A.I. Shestakov € J.H. Bolstad 8
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0.00 0.50 1.00 X

Fig. 2: Initially localized matter energy, 64 groups
A -E: times 0.25, 1, 2, 10, 20

Fig. 2. Probleml. T vs.x att = 0.25 (curve A), 1.0(B), 2.0(C), 10.0(D), and20.0(E);
N =64

parametershoserandfor ¢ > t,, bothproblemscontainthe sameenenpy, cf. (12) and
(21). Furthermorein bothproblemstheinitial enegy is putinto 7" in effectively the same
position.Only in earlytimes,shouldwe expectmuchdifferencesincein Problem2 the
enepy is continuouslysourcedor t < t.

Figures2 and3 displayT andE,(= 3°; w;) vs.z atvarioustimesfor the caseusing
N = 64 groupsfor Probleml. Figures4 and5 arethe correspondingplotsfor Problem2.
As expectedfor largert, the profilesaremorediffuse. Althoughevenfor ¢ = 20, very
little enegy hasbeentransportedeyondx = 1. As previously mentionedthe biggest
differencebetweerProblemsl and2 is at¢ = 0.25 (cf. curvesA). Comparingthe
magnitude®f T' (~ 1.0) andE, (=~ 1.0) shavsthatmostof theenegy is containedn the
matter atleastupto ¢ = 20.

Next, we focusattentionatt = 2 (theapproximatdime whenthefieldsattaintheir
maximummagnitude andexaminehow theresultscorverge asthe numberof groupsh is
increasedIn orderto demonstrateorvergence we concentrat®n thedomainz < 0.5
andlimit the ordinates rangeto magnifythedistinctionfor N > 4. Figures6 and7
displayT andE, for Problem1l while Figs.8 and9 pertainto Problem2. Seconcdorder
cornvergenceis evident. The N = 2 result(curve A, evidentonly in Figs.7 and9) is
clearlysignificantlydifferentfrom the correctmultifrequeng result, N = 64.

A.I. Shestakov € J.H. Bolstad 9
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Fig. 3: Initially localized matter energy, 64 groups
A-E: time 0.25, 1, 2, 10, 20

Fig. 3. Probleml. E, vs.x att = 0.25 (A), 1.0 (B), 2.0 (C), 10.0 (D), and 20.0 (E);
N =64
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T, 1) 1
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0.00 0.50 1.00 X
Fig. 4: Explicit matter energy source, 64 groups

A-E: times 0.25, 1, 2, 10, 20

Fig. 4. Problem2. T'vs.z att = 0.25 (A), 1.0(B), 2.0(C), 10.0(D), and20.0(E); N = 64
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sum_j w_j7|
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Fig. 5: Explicit matter energy source, 64 groups

A-E: times 0.25, 1, 2, 10, 20

Fig. 5. Problem2. E, vs.x att = 0.25 (A), 1.0 (B), 2.0 (C), 10.0 (D), and 20.0 (E);
N =64
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0.990

0.985 1

e T
0.00 0.10 0.20 0.30 0.40 x 0.50

Fig. 6: Initially localized matter energy, time = 2
Convergence: B - F: 4, 8, 16, 32, 64 groups

Fig. 6. Probleml. T' vs.x att = 2 for N = 4 (curve B), 8 (C), 16 (D), 32 (E), and64 (F)
groups
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Fig. 7: Initially localized matter energy, time = 2, blowup

Convergence: A-F: 2,4, 8, 16, 32, 64 groups

Fig.7. Probleml. E, vs.z att = 2 for N = 2 (A), 4 (B), 8 (C), 16 (D), 32 (E), and64 (F)
groups
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0.00 0.10 0.20 0.30 0.40 x 0.50

Fig. 8: Explicit matter energy source, time = 2, blowup
Convergence: B -F: 4, 8, 16, 32, 64 groups

Fig. 8. Problem2. T'vs.z att = 2 for N = 4 (B), 8 (C), 16 (D), 32 (E), and64 (F) groups
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Fig. 9: Explicit matter energy source, time = 2, blowup
Convergence: A-F: 2,4, 8, 16, 32, 64 groups

Fig. 9. Problem2. E, vs.z att = 2 for N =2 (A), 4(B), 8 (C), 16 (D), 32 (E), and64 (F)

groups
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6. Summary

We have presente@nexactsolutionfor alinearizationof amodel,the H&S equations,
simulatingmultigroupradiationdiffusion. The modelcaptureghe salienteffectsof the
physicalequationsyiz., anidealgasequationof stateandopacitiesvaryingastheinverse
cubeof thefrequeng [1]. For easeof analysisthe modelassumeshatthe radiation
emissionfunctionis givenby a Wien (ratherthana Planck)distribution. This distinctionis
not significant;only for low frequenciess therea significantdifferencebetweerthetwo.

The H&S equatiomarenonlinear Our linearizationis equialentto linearizingthe
emissionfunctionabouta fixedtemperaturdy. Althoughthisis grosssimplification,the
linearizedsystenretainssalientaspect®f multifrequeng diffusion: high (low) free
frequeny radiationdiffusesquickly (slowly) andabsorbgoorly (well).

To concludewe analyzethe emissiorandabsorptiortermsof the H&S modelin order
to shedlight ontheeffectsof usinga Wien ratherthana Planckdistribution. In (1), these
termsare,

p; T —w;/p; -
Recallingthe definitions,the couplingtermsfor the jth grouprepresent
/

dv (e —u/v?),
j—1

whereu is the spectralenegy density If the exponentialis multiplied by 23 /23, the
couplingtermbecomes .
[ vty (Ve —u),
Vj—1
andtheWiendistributionis obvious. Usinga Wien distribution bringsa twofold
advantage First, it maybeintegratedexactly over ary frequeng width. Secondjf the
emissiontermis integratedover all frequenciespneobtains,

[T v (1)) () =T = (16T (6T

Theresultmaybeinterpretecasthe productof the“Planck averaged opacity(1/6 T)
timestheintegratedemissionfunction6 7. Notethatthefactor6 approximately8% less
thantheequivalentfactorr*/15 of the normalizedPlanckfunction. Lastly, we notethat
for anopacitymodelwhich s proportionatto » =3, the correspondingveragefor the
Planckfunctiondoesnot exist; theintegral divemes.
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