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Abstract

A nondimensionalmodelof themultifrequency radiationdiffusionequationis
derived. A singlematerial,idealgas,equationof stateis assumed.Opacitiesare
proportionalto the inverseof the cubeof the frequency. Inclusionof stimulated
emissionimplies a Wien spectrumfor the radiationsourcefunction. It is shown
that thesolutionsareuniformly boundedin time andthatstationarysolutionsare
stable. The spatially independentsolutionsare asymptoticallystable,while the
spatiallydependentsolutionsof thelinearizedequationsapproachzero.

1 Introduction

This paperderivesasymptoticstability propertiesfor a systemof equationsmodeling
thefrequency dependentradiationdiffusionequationcoupledto thematterenergy bal-
anceequation.In orderto obtaina tractablesystem,wesimplify theequationsandfirst
derivea systemin nondimensionalform. Our derivedsystempreservesthesalientfea-
turesof theoriginal, dimensionalsetof equations;in particular, frequency dependent
opacitiesanda nonlinearrelationshipbetweenthe mattertemperatureandthe radia-
tion emissionterm. We assumematterto consistof a singlematerialcharacterizedby
an ideal gasequation-of-state,i.e., a specificenergy proportionalto temperature.In
the analysis,we imposezeroflux boundaryconditionson the radiationfield. How-
ever, sinceweareinterestedin studyinghow thetwo fields(radiationandtemperature)
equilibrate,andsincethe radiationdiffusionequationis itself derivedassumingnear
isotropy, i.e.,shortmeanfreepaths,ourboundaryconditionis not overly restrictive.

We begin with themultifrequency radiationdiffusionequations(CGSunits),�������
	 �
������������������������� ���"!�#
(1)$ ���&%'	 �(��)+*,.-�/ ����������� ���"!10 (2)2
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1 INTRODUCTION 2

Equations(1)–(2)simulatediffusivetransportandemission-absorption.Theequations
donotcontainscatteringnoreffectsdueto fluid motion(advectionandspectralshifts.)
Thevariable

���
(erg seccm4�5 ) representsthespectralenergy densityof theradiation

field, / (sec4�6 ) is thefrequency coordinate,$ is themassdensity(assumedfixed),and%
is thematterspecificenergy density. Thelatter’s temporalderivative is expressedin

termsof thespecificheat
�87

andthemattertemperature9 ,� � %�	 ��%� 9 � � 9 0	:� 7 � � 9 0 (3)

On the right sideof (1), the diffusion coefficient
� � 	;�=<�>?� �

, where
�

is the speed
of light and

� �
(cm4�6 ) is the inversemeanfree path.1 (In mostapplications,

� �
is

modifiedby includingthetotalscatteringcross-section,(MihalasandMihalas[9]) and
a flux limiter (Lund andWilson [7].) Section6 discusseshow suchgeneralizations
impactour model. Thecoefficient

� �
is a complicatedfunctionof frequency. In this

paper, we consideronevalid for free-freetransitions[12],���@	A�CBEDF<E>�G 5HJI ! 6LKNM �PORQ MH %TS=U�V"U H <E>?WX�J! 9 4�6YKNM / 4�5 # (4)

where
G H is theelectronmass,I is theBoltzmannconstant,

Q H is the ionic charge,
%

is thefundamentalcharge,
U V

and
U H arethenumberdensities( Z cm4�5 ) of theions

andfreeelectrons,and
W

is thePlanckconstant.We focusattentionon a fully ionized
hydrogenplasmaof density $ . Thus,

Q H 	\[ , and
U�V]	^U H 	 $`_ where _ is the

Avogadroconstant.This impliesthat� � 	a� , / 4�5 #b� , 	A[�0 >�O�c�[Td�e S $ M <�f 9 0 (5)

In orderto obtaina tractablesetof equations,we ignoretheweaktemperaturedepen-
denceof

� , and,since $ is assumedto befixed,absorb$ M < f 9 into
� , .2 Thus,taking

characteristicvaluesfor $ and 9 , we let
� , $ M < f 9hg � , . Since

���
hasunitsof cm4�6 ,� , now hasunitsof cm4�6 sec4�5 .

Lastly, we definetheradiationemissionterm
� �

. To simplify thealgebra,instead
of theusualPlanckfunctionwe assumeaWien distributionandwrite,� � 	A�ji�DkW�<E� 5 ! / 5@lnmRo �Y�pW / < I 9 !q0 (6)

Thedifferencebetween(6) andthePlanckfunctionis thatthelatterreplacestheexpo-
nentialtermwith r lnmRo �CW / < I 9 !k��[ns 4�6 . For ourpurposes,this is of little consequence.
Both distributions, Planckand Wien, have the sameexponentialdecayat high fre-
quencies.At low frequencies,(6) andthe Planckfunctionareproportionalto / 5 and/ M , respectively. Equation(6) andthePlanckfunctionpeakat

W / < I 9 	t> and2.82,
respectively. Also, thefrequency integratedemissionterm) *, -`/ � � 	au`0 d�d�c�[Td 4�6 e 9wv #

1Someauthorsexpressthemeanfreepathas xzy={�|~}���� where {�| (cm� /g) is theopacity.
2Section6 discussestheeffect of keepingthe �L��� � dependenceof {?| .
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which is approximately8% lessthan the Planckresult,
u`0�����cX[=d 4�6 e 9 v . Lastly, the

relativeerrorof thetwo distributions,(Planck
�

Wien)/Planck= lnmRo �Y�pW / < I 9 ! . Thus,
theerror is greatestat / 	td , but at the peakof the Planckfunction, the error is less
than6%.

We now derive the nondimensionalsystemof equationsand begin by choosing
characteristicvaluesfor thedensity $ , specificheat

�87
, andtemperature9 , . As men-

tionedabove, incorporatingthesevaluesinto (5) yields
����	\� , / 4�5 . Denotingthe

normalizationvalueswith zerosubscriptsand the normalizedvariableswith primes,
wedefine,/R� 	 / < / , , 9 � 	 9 < 9 , , � � 	h��<~� , , � � 	 � < � , , andif � is thespatialcoordi-
nate,� � 	 � < � , . This impliesthat

� � 	�� , � / , /R� ! 4�5 , � � 	���[~< � , !R� �P� , ��	A��[~< � , !Y� � ,
etc. Theconstants/ , , � , , etc.,maybeexpressedin termsof theoriginal three, $ , � 7 ,
and 9 , . Thechoices, / , 	 I 9 , <�W�#� , 	 / 5, <R����� , !�#� , 	 / 5, <R� f >�� , !�#� , 	 i�D�W / 5, <E� 5 #� 	 $ � 7 � 5 <R�ji�D I / 5, !�# (7)

yield thedesiredsystem,� � � 	 ��c / 5 ���
��� / 5 % 4 � KN� � ��!�< / 5 # (8)� � � 9 	 � 9 � ) *, ����< / 5 ! -�/ # (9)

where
��	a��� � # � # / ! and 9 	 9 � � # � ! . In (8)–(9)andhenceforth,we droptheprimes

from thenondimensionalvariables,� , / , � , etc.Notethatthefirst termontheright side
of (9) stemsfrom integratingover frequency, i.e.,) *, -�/ � / 5 % 4 � KN� !N< / 5 	 ) -`/ % 4 � KL� 	 9 0

It is instructive to choosecharacteristicvaluesfor 9 , , $ , and
� 7

, and evaluate
the normalizationconstantsin (7). For example, the choices 9 , 	�[Td e � K, $ 	[=d 4 S g cm4�5 , and

� 7 	¡[=d?¢
erg/(g

�
K), imply / , 	£BR0 d�i¤c�[=d 6 e Hz

�C¥¦[=d
eV),� , 	§u`0¨[TB�cj[=d 4�© sec,� , 	][?0 B�O�c�[Td v cm,

� , 	a�R0���ª�cj[=d 4�6L6 ergsec/cm5 , and
� 	�i?�R0 i

Note that the above valuefor / , correspondsto a wavelength « , 	�[?0 O?O�c¬[Td 4 e cm,
which lies just outsidetheso-callednearUV range:2–

O�c�[=d 4 e cm.

Thenondimensionalequations(8)–(9)preserveimportantpropertiesof theoriginal
system(1)–(2).Conservationof totalenergy followsby ignoringboundaryfluxes(e.g.,
by imposinghomogeneousNeumannboundaryconditionson

�
) and integrating the

totalenergy density
� 9 �®­ -�/ � overthespatialdomain.Thehighfrequency photons,

i.e.,
�

with large / in (8)–(9)arecharacterizedby fasttransportandslow absorption.
In (8),

[E< / 5 plays the role of a coupling coefficient; the low frequenciescoupling
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the fastest.Matter preferentiallyemits radiationinto frequencieswhere / 5 % 4 � KN� is
maximal.

Beforelaunchingintoourtheme,wesummarizepreviouslypublished,relatedwork.
Andreev etal [1] considerthesystemcouplingthematterenergy equationto eitherthe
equationof radiativetransfer(i.e.,for theradiationintensity ¯ ) or to theradiationdiffu-
sionequation.They examinethegrey, i.e., frequency-integrated,aswell asthespectral
cases.Andreev et al assumeDirichlet boundaryconditions;that is, the incomingin-
tensity is specified,or in the diffusion limit, the radiationenergy density. Isotropic
scatteringis includedin the transferequation. Assumingexistenceof solutions,the
paperprovesamaximumprinciple,viz., thatthesolutionis boundedby theinitial data
andtheboundaryvalues.Thepaperdoesnot discusswhethertheequilibriumsolution
is anattractor.

Mercier[8] considersthesystemcouplingthespectralradiativetransferandmatter
energy equations.ThesystemincludesThomsonscattering,i.e., no energy exchange
for the scatteringprocess. By applying the theory of Accretive Operators,Mercier
showsthat: (1) A solutionexists.(2) Thesolutionis boundedby theinitial andbound-
arydata.(3) As timeprogresses,thedistancebetweenthesolutionandtheequilibrium
pointdecreases,i.e.,thelatteris anattractor. Merciermakesthefollowing assumptions
regardingthebehavior of thecoefficientsof theequations:Thematterinternalenergy
hasa positive minimum andthe specificheat,a finite upperbound. For the opacity�

, Lipschitz continuity with respectto 9 , a finite upperboundfor all frequency, and
that
�

decreaseswith 9 . Lastly, that radiationemission
�w�

increaseswith 9 . These
assumptionsarelargelysatisfiedby our model,with theexceptionsthatour

�
diverges

with decreasingfrequency (as / 4�5 ) andthat
�

is independentof 9 .

The existenceof a maximumprinciple (MP) hasimplicationsfor the designof
numericalmethodsfor theseequations.Ideally, theschemesshouldalsosatisfya MP.
In [6], Larsenand Mercier apply the theoreticalwork of [1] and [8] to analyzethe
MonteCarlomethodof Fleck andCummings[5]. LarsenandMercierprove that for
sufficiently smalltimesteps,thealgorithmdoessatisfytheMP, but thatit fails to doso
for largetime steps.Theanalysisis confirmedby their numericalsimulationsandby
FleckandCummings’own results[5], Fig. 4, p. 332.

Therearetwo competingMonteCarloschemesfor theequationsof radiativetrans-
fer. Oneis the previously mentionedoneof Fleck andCummings[5]; anotheris the
methodof CarterandForest[2]. Both schemesrewrite thematterenergy equationin
termsof theintegratedradiationenergy densityfunction

��°�� 9 !±	:² 9 v , where
²

is the
radiationconstant.Theschemesrequireavalueof

��°
throughoutthecourseof thetime

step,but they differ in how that term is approximated.The choiceof approximation
impactsthestabilityof thescheme,i.e.,whetheror not thenumericalsolutionsatisfies
the maximumprinciple. In [3], DensmoreandLarsenapply the LarsenandMercier
analysis[6] to theCarter-Forestscheme.DensmoreandLarsen’s analysisshows that
theFleck-Cummingsschemeappearsto allow largertime stepsthanCarter-Forestbe-
fore thenumericalsolutionviolatesthemaximumprinciple.Theanalysisis confirmed
by numericalresultson aproblemsimulatingradiativeflow into initially cold matter.
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In this paper, we extendthe work just cited by analyzingthe rateat which solu-
tions equilibrate. Sinceour interestslie with the multifrequency radiationdiffusion
equations,we restrictattentionto thenormalizedsystemderivedabove.

We now summarizethe rest of the paper. Section2 confirmsthat solutionsare
positive and uniformly boundedby the initial conditions. Section3 shows that the
stationarysolutionis uniqueandif theinitial conditionsof a givenproblemlie within
anenvelopeaboutthestationarysolution,sodoesthesolutionfor all time. In section4,
we considera linearizedform of (8)–(9)andprove thata smallperturbationaboutthe
stationarysolution decaysto zero exponentially fast, if the perturbationis spatially
varying.Section5 considersthenonlinearsystem(8)–(9)andshows thatnonspatially
varyingperturbationsalsodecayto zero. However, we areunableto give anestimate
for therateof decayandsurmisethat thedecaymaybeslow. A summary, motivation
and for this work, anddescriptionof ongoing,relatedresearchappearin section6.
Section6 also discussesthe impact that more realistic assumptions,e.g., non-ideal
gases,haveon ourmodel.

2 A priori bounds

Let ³ be an open,boundedandconnectedsubsetof ´µ5 with smoothboundary. We
considertheequations� � ��� � # � # / !F� [/ 5 ��� � # � # / !±	 / 5T¶ �µ� � # � # / !k��% 4 � KN��·¨¸�¹ �Pº # (10)

� �?� 9 � � # � !�� 9 � � # � !�	a)+*�J» , �µ� � # � # / !/ 5 -`/ # (11)

for ��¼(³ , �1½ d and
d�¾ / ¾ ¿ with boundaryconditions�X���À � � # � # / !±	:d¬# �Á¼ � ³ (12)

andinitial conditions��� � #Ld�# / !�	�� , � � # / !n# 9 � � #Ld?!"	 9 , � � !�# �(¼�³ 0
Here 9 � � # � ! is themattertemperatureat position � andtime � , �µ� � # � # / ! denotes

theradiationenergy densityat frequency / , and ¶ ��	]Â 5Ã » 6 � M¸TÄ � . Theconstant
�

is
positive.

Lemma 1 Let
�µ� � # � # / ! , 9 � � # � ! besmoothsolutionsof (10)-(12).Ifd
Å+�µ� � #Ld¬# / !1Å / 5 % 4 � KN�TÆ ²�À - d�¾ 9 � � #Ld�!1¾ 9 M #
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then,for �1½ d d�¾Ç�µ� � # � # / !�¾ / 5 % 4 � KN� Æ ²�À - d�¾ 9 � � # � !1¾ 9 M 0
Remark Lemma1 shows that the solutionsof (10)–(12)areuniformly boundedin
time. This is to be expectedas the temperatureand the radiationenergy are non-
negativequantitiesandthereis no energy flowing throughtheboundary. Theresultis
alsovalid when ³ is a boxwith periodicboundaryconditions.

Proof Theideais to rewrite (10)–(11)asintegralequations,anduseproofby contra-
diction. It follows from (10) thatfor each/ ½ d ,�?�n�j% � K �JÈ ��!�	 / 5~¶ ��% � K �nÈ ��!k�Ç% � K �JÈ % 4 � KL� 0
UsingDuhamel’sprinciple[4], p.49,we obtain��� � # � # / !±	�% 4 � K �nÈ )¬É�Ê�� � � #LË�# � !`�µ�PË�#Ld�# / ! - Ë� ) �Ì » , % 4k· � 4 Ì º K �nÈ )¬É
Ê�� � � #LË�# � �ÎÍ~!Y% 4 � KN�k·zÏ~¹ Ì º - Ë - Í±0 (13)

Here
Ê�� � � #YË�# � ! is the Green’s function for

� �&Ð 	 / 5 ¶ Ð with Neumannboundary
conditions.From(11)weseethat� � ��% � KNÑ 9 !"	 % � KNÑ� ) *�n» , �/ 5 -`/ 0
Integratingwith respectto � andusing(13)yields9 � � # � !q	�% 4 � KNÑ 9 � � #Ld�!�Ò) �Ó » , % 4F· � 4 Ó º KNÑ� )+*�n» , % 4 Ó K �nÈ/ 5 )�É Ê ��� � #YË�#YÔ�!�����Ë�#Nd¬# / ! - Ë -`/�- Ô� ) �Ó » , % 4F· � 4 Ó º KNÑ� )+*�n» , ) ÓÌ » , % 4F· Ó 4 Ì º K �nÈ/ 5 )¬É
Ê�� � � #YË�#YÔ���ÍT!Y% 4 � KN�k·zÏ~¹ Ì º - Ë - Í -`/R- Ô¬0

(14)

To bound 9 we assumethat either Õ
Ö¨×1ØÉ 9 � � # � !�	^d or ÕÚÙ m ØÉ 9 � � # � !�	 9 M for
some��½ d . Let � M be the smallestsuch � . Then

d ¾ 9 � � # � !�¾ 9 M for
d�Å � ¾ � M .

Since 9 , ½ d , Ê�� ½ d , � ,�Û d , � ½ d , and
% 4 � KN�+½ d for � ¾ � M we concludefrom

(14) that 9 � � # � M ! ½ d . Thus,theupperboundmusthold at � 	 � M . Let � M definethe
point where 9 � � M # � M !@	 9 M . Recallthat

­ Ê�� - Ë ÜÝ[ . Since
����Ë�#Nd¬# / !�Å / 5 % 4 � KN�~Æ
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and
% 4 � KL�k·zÏ~¹ Ì º ¾ % 4 � KN� Æ for

Í@¾ � M it follows from (14),afterintegratingover
Í
, that9 M 	 9 � � M # � M !1Å % 4 � ÆNKLÑ 9 � � M #Ld?!� ) � ÆÓ » , % 4k· � Æ�4 Ó º KNÑ� )+*�n» , % 4 Ó K �JÈ % 4 � KN� Æ -`/R- Ô�Ò) � ÆÓ » , % 4k· � Æ�4 Ó º KNÑ� ) *�n» , ��[��Î% 4 Ó K �JÈ !�% 4 � KN� Æ -�/¬- Ô�0

Cancellingthe termsinvolving
% 4 Ó K �JÈ andevaluatingthe remainingintegralsyields

thecontradiction, 9 M Å % 4 � Æ KNÑ r 9 � � M #Ld�!�� 9 M s¬� 9 M ¾ 9 M 0
Thus,theboundsfor 9 � � # � ! hold for all time.

To bound
��� � # � # / ! , we let �1½ d begivenandchooseÞp½ d suchthat

Þ ¾ Õ�Öz×Ï~ß ØÉ ¹ ,Jà Ì à � 9 ��Ë�#8Í~!1Å ÕÚÙ mÏ~ß ØÉ ¹ ,=à Ì à � 9 �PË�#NÍ~!q¾ 9 M � Þ 0
Since

�µ� � #Ld¬# / ! Û d , Ê � ½ d , and
­ Ê � - ËáÜâ[ , it follows from (13) that

�µ� � # � # / ! Û��[ã��% 4 � K �nÈ !Y% 4 � K8ä�½ d , which establishesthelower bound.For theupperbound,we
usethe inequalities

�µ� � #Ld�# / !
Å / 5 % 4 � KN�~Æ and
% 4 � KN��·zÏE¹ Ì º ¾�% 4 � KJ·z�~ÆJ4�ä º . Doing the

integralsin (13)gives��� � # � # / !�ÅÒ% 4 � K �nÈ / 5 % 4 � KN�TÆ �:��[��Î% 4 � K �nÈ ! / 5 % 4 � Kn·¨�TÆn4�ä ºÅ / 5 % 4 � KN�~Æ �Ò�Y[��å% 4 � K �JÈ ! / 5 % 4 � KN�TÆ �R[��Î% 4 � äCKJæ �~Æn·z�~Æ�4�ä ºèç !¾ / 5 % 4 � KN�~Æ 0
Thiscompletestheproof.

3 Stationary solutions

In this sectionwe considerstationarysolutionsof (10)–(12).We shallshow thatsuch
solutionscannotdependon � , and that they arestable. The problemof asymptotic
stability is discussedin sections4 and5.

Lemma 2 Let
��� � # / ! , 9 � � ! be a stationary solution of (10)–(12) and satisfy the

boundsin Lemma1. Then
�F# 9 are independentof � and there is a constanté such

that �µ� / !�	 / 5 % 4 � K&ê # 9 	 é 0
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Proof It is clearthat
�ë	 / 5 % 4 � K&ê , 9 	 é is astationarysolutionof (10)–(12).We

will show thatthereareno others.It follows from (10)–(12)that� / S ¶ �µ� � # / !k����� � # / !±	 / 5 % 4 � KN��·z¸ º #9 � � !�	 ) *�J» , �µ� � # / !/ 5 -�/ # (15)

where
�

satisfiestheboundarycondition(12). Since
� / S ¶ Ð � Ð 	aì with

� Ð <��XÀ(	d
hasa uniquesolutionand

Ð 	A[
if
ì�	][

, we seethat�µ� � # / !±	 )¬É�í?� � � #YË¬! / 5 % 4 � KN��·¨Ï º - Ë�# (16)[ã	a)�É í �¬� � #LË¬! - Ëã0 (17)

Onecanshow thattheGreen’s functionsatisfies
í?� � � #LË¬!q	 í?� �PË�# � ! ½ d when ��î	:Ë

andis singularwhen � 	:Ë . Let é 	 Õ�Ù m ØÉ 9 �PË¬! . Then é 	 9 � � ! for some� in ï³
andby using(17), (15),and(16)we find,d�	 é � 9 � � !	 )+*�n» , % 4 � K&ê )¬É�í?� � � #YË¬! - Ë -�/ � )+*�J» , [/ 5 )¬É�í?� � � #YË¬! / 5 % 4 � KN��·zÏ º - Ë -�/	 )+*�n» , )¬É�í?� � � #YË¬! r % 4 � K&ê �å% 4 � KN��·¨Ï º s - Ë -�/ 0
Since

í � ½ d and r % 4 � K&ê � % 4 � KL�k·zÏ º s Û d , we concludethat 9 ��ËR!
	 é for all
Ë

in ³ . Equations(16)–(17)thenimply that
��� � # / !�	 / 5 % 4 � K&ê for all � in ³ . This

completestheproof.

How do we determinethe stationarysolution correspondingto particular initial
data?Let ð � � !�	 )¬É:ñ � 9 � � # � !k� )+*�n» , �µ� � # � # / ! -`/�òw- � # (18)

definethe total (matterandradiation)energy for the system.Differentiatingwith re-
spectto � andusing(10)–(12)weseethat

ð � � ! is independentof time. If 9 � � # � ! góé
and
�µ� � # � # / ! g / 5 % 4 � K&ê as ��g ¿ we canfind é by solving� é �Ç� é§v 	 ð ��d�!�<�ô?õ�ö�� ³ !�0 (19)

If

ð ��d?! ½ d this equationhasa uniquesolution.We will now show thatthestationary
solutionis stable.

Theorem 1 Let
�µ� � # � # / ! , 9 � � # � ! bea smoothsolutionof (10)–(12).If/ 5 % 4 � KL��÷ ÅÒ��� � #Nd¬# / !1Å / 5 % 4 � KN� Æ ²�À - 9 6 ¾ 9 � � #Nd?!q¾ 9 M #

thenfor �1½ d/ 5 % 4 � KN� ÷ ¾Ò�µ� � # � # / !�¾ / 5 % 4 � KN�~Æ ²�À - 9 6 ¾ 9 � � # � !1¾ 9 M 0
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Remark Equations(18)–(19)show that if
�

and 9 satisfytheassumptionsin Theo-
rem1 then

� 9 6 �å� 9 v6 ¾ � é �å� é v ¾ � 9 M �å� 9 vM . Therefore,thetemperatureé
for thestationarysolutionlies in theinterval 9 6 ¾ é ¾ 9 M .
Proof We have alreadyestablishedtheupperboundsin Lemma1. Our proof for the
lower boundsis similar. AssumeÕ�Öz×�ØÉ 9 � � # � !�	 9 6 for some�p½ d andlet � 6 bethe
first such � . Then, 9 6 	 9 � � 6 # � 6 ! for some� 6 ¼øï³ and 9 ��Ë�#8Í~! ½:9 6 for

Ë ¼Î³ andÍ@¾ � . Since
­ Ê � - ËÚÜ][ , ����Ë�#Ld¬# / ! Û / 5 % 4 � KL� ÷ and

% 4 � KN��·zÏE¹ Ì º ½ % 4 � KN� ÷ for
Í�¾ � 6 ,

it followsfrom (14),afterintegratingover
Í
, that9 6 	 9 � � 6 # � 6 ! Û % 4 � ÷ KLÑ 9 � � 6 #Ld?!� ) � ÷Ó » , % 4k· � ÷ 4 Ó º KNÑ� )+*�n» , % 4 Ó K �JÈ % 4 � KN��÷ -`/R- Ô�Ò) � ÷Ó » , % 4k· � ÷ 4 Ó º KNÑ� ) *�n» , ��[��Î% 4 Ó K � È !�% 4 � KN��÷ -�/¬- Ô�0

Cancellingthe
% 4 Ó K �nÈ termsandevaluatingtheremainingintegralswe get9 6 Û % 4 � ÷�KNÑ r 9 � � 6 #Ld�!�� 9 6 s¬� 9 6 ½+9 6 0

Thecontradictionshows thatthelowerboundfor 9 � � # � ! holdsfor all time.

To bound
��� � # � # / ! from below we let �q½ d begivenandchooseÞw½ d suchthat9 6 � Þ ¾ Õ�Ö¨×Ï~ß ØÉ ¹ ,Jà Ì à � 9 ��Ë�#NÍ~!�0

Since
�µ� � #Nd¬# / ! Û / 5 % 4 � KL��÷ and

% 4 � KN�k·zÏ~¹ Ì º ½ % 4 � KJ·z��÷ V ä º it follows from (13) that��� � # � # / ! Û % 4 � K �nÈ / 5 % 4 � KL� ÷ �:��[��Î% 4 � K �nÈ ! / 5 % 4 � KJ·z� ÷ V ä ºÛ / 5 % 4 � KN��÷ ���Y[��å% 4 � K �JÈ ! / 5 % 4 � Kn·¨�E÷ V ä º ��[w�Î% 4 � äCKJæ �E÷N·z��÷ V ä ºèç !½ / 5 % 4 � KN� ÷ 0
Thiscompletestheproof.

4 Linearized equations

In section3 we have shown that (10)–(12)hasa stablestationarysolution. The im-
portantquestionis whetherthe stationarysolution is asymptoticallystable,i.e., will
nearbysolutionstendto the stationarysolutionastime increases.We approachthis
from two directions. In this sectionwe linearize(10)–(12)aroundthe stationaryso-
lution andprove that the linearizedequationis asymptoticallystablewhenthe initial
dataareorthogonalto constantfunctions.In thenext sectionweshow that(10)–(12)is
asymptoticallystableif theinitial dataareexpressedin termsof constantfunctions.
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To getthelinearizedequationsweassumethat
�®	 / 5 % 4 � K&ê ��� � and9 	 é � 9 �

where
� � and 9 � aresmall. Insertingin (10)–(12),expanding

% 4 � KN� in a Taylor series,
anddiscardingthehigherordertermsleadto thelinearizedequations,���&� � � � # � # / !�� [/ 5 � � � � # � # / !±	 / 5 ¶ � � � � # � # / !F� / % 4

� K&êé M 9 � � � # � !�# (20)� �?� 9 � � � # � !F� 9 � � � # � !±	§) *�n» , � � � � # � # / !/ 5 -`/ # (21)

where
� � satisfiesthe original boundarycondition (12). Since é satisfies(19), we

concludefrom (18) thatfor every � Û d ,)¬É:ñ � 9 � � � # � !F� )+*�J» , � � � � # � # / ! -`/�òw- � 	hd�#
We solve(20)–(21)by separationof variables.Let� � � � # � # / !q	 *ùú » , ² ú � � # / !�% ú � � !n# 9 � � � # � !q	 *ùú » ,�û ú � � !Y% ú � � !�# (22)

where ¶ % ú � « ú % ú 	âd in ³ ,
�j��<E��À�!�% ú 	�d on

� ³ and
­ É % Ã %Jü - � 	âý Ã ü . It canbe

shown that « , 	þdÇ¾ « 6 Å « M Åÿc=cJc with
% , 	b[~<�� ô�õ?öj� ³ ! . Inserting(22) into

(20)–(21),we get-- � ² ú � � # / !F��� [/ 5 � « ú / 5 !Y² ú � � # / !±	 / % 4
� K&êé M û ú � � !�# (23)� -- � û ú � � !k� û ú � � !�	 ) *�J» , ² ú � � # / !/ 5 -`/ # (24)� û , � � !k� ) *�J» , ² , � � # / ! -�/ 	:d�0

Note that the last equation,which follows from energy conservation, (18)–(19),and
the orthogonalitypropertyof the

% ú , doesnot constrainthe coefficients û ú , ² ú forI Û [ . Following the proof of Lemma1, we canshow that solutionsof (23)–(24)
satisfy � ² ú � � # / ! � Å / v éâ4�M % 4 � K&ê � and � û ú � � ! � ¾Ò� for ��½ d , if theconditionshold
at � 	�d .

To analyzethesolutionsof (23)–(24)weneedthefollowing result.

Lemma 3 Let é # � ½ d . For every «ë½ d thereexist a � 	 � � « ! ½ d such that) *�n» , / % 4 � K&êé M �Y[1� « / S � � / 5 ! -`/ 	 [�� � � 0
The function � � « ! is an increasingfunction of « and there is an �t½ d such that[q� « / S � � � « ! / 5�½��RM for all «Á½ d , / ½ d .
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Proof Since
[X� « / S � � / 5 	 [�� ��M <R�PO « !�� «Fr / 5 � � <¬�jB « !�s M weseethattheintegral

– call it
ìµ� � ! – is positive andwell definedfor � ¾tB f « . It is a smoothincreasing

functionof � andbecomesunboundedas �Îg B f « . Usingthepropertythat
[w� � �

decreaseswith � andthe inequality
d®¾§ìµ�jd?!p¾�[

, we canfind a � 	 � � « ! ½ d such
that
ìµ� � !�	Ý[�� � � . Note that � ¾ Õ�Öz× �Y[~< � #8B f « ! . Dif ferentiatingthe identity in

Lemma3 with respectto « we obtain-- « � � « !q	 ) *�J» , / © % 4 � K&ê -`/é M �Y[q� « / S � � / 5 ! M ��� � � ) *�J» , / v % 4 � K&ê -`/é M ��[q� « / S � � / 5 ! M
	
and

� - M < - «�M ! � � « !å¾\d . This implies that � � « ! is an increasingfunction of « and
concavedown. If « is smallandpositive,we have

� � « !1	hdp� ��d�O?d é S� �+BEO é 5 « �ÒcJc=c�0
Let
í � « !�	 [@� � M � « !L<¬�PO « ! with

í ��d�!�	 [
. Then,

í � « ! ½ d for all «:½ d . Since��M � « !N<R��O « ! g d
as «�g d

and
í � « ! Û >�<~O when « Û [~< � M , we seethat

í � « ! is
continuousat « 	hd andconcludethat

í � « ! ½��RM for all « Û d . But
[E� « / S � � � « ! / 5 Ûí � « ! . Thiscompletestheproof.

Theorem 2 Let
² ú � � # / ! , û ú � � ! besolutionsof (23)–(24)satisfying

� ² ú ��d�# / ! � Å / v % 4 � K&êé M � ú # � û ú ��d?! � Å � ú #
for I 	hd�#J[?#J0J0=0 and / ½ d . Let ��½ d satisfythenon-linearequationin Lemma3 with« 	 « 6 where « 6 is thesmallestnon-zero eigenvalueof ¶ %`� � !�� « %`� � !ã	âd , �+¼Ç³
with

�j��<E��Àk!�%`� � !�	hd for �(¼ � ³ . If � , 	:d and
Â *ú » 6 � M ú ¾ ¿ , there is a 
�½ d such

that for � Û d� � � � � # � # / ! ��� Æ · É º Å / v % 4 � K&êé M 
 % 4 ,�� ��� � # � 9 � � � # � ! ��� Æ · É º Å 
 % 4 ,�� ��� � 0
Remarks (1) The theoremassertsthat if

� � , 9 � initially consistof only spatially
varying components,i.e.,

² , �jd¬# / !�	 û ��d?!
	Ýd , the
² ú , û ú modesfor I Û [ decay

to zeroexponentially. Thus,for suchperturbationsaboutthe stationarysolution,the
latter is anattractor. (2) If

² , �jd¬# / ! , û ��d�! î	]d , it is possibleto show that
² , � � # / ! andû , � � ! tendto zero.However, thedecayis veryslow andrequiresa differentproof. We

discussthis in section5.

Proof To prove Theorem2, we derive boundsfor
² ú , û ú asfunctionsof time. One

might think that the higherFourier coefficientsgo to zerorapidly, but this is not the
case.Therelaxationto equilibriumdependson

�
andthesizeof thedomain,andcan

beslow for large
�

andlargedomains.



4 LINEARIZED EQUATIONS 12

Let I Û [ befixedandreplace
² ú , û ú , « ú in (23)-(24)by

²
, û , « . We will show

thata particularlinearcombinationof
²

and û goesto zero.Let ��½ d bedetermined
asin Lemma3. If we subtract� ² from bothsidesof (23), divide throughoutby

[w�« / S � � / 5 , integratefor / ½ d , andapplyLemma3, we obtain-- � )+*�J» , ²�� � # / ! -�/[q� « / S � � / 5 � )Ç*�n» , ²�� � # / ! -�// 5	§) *�n» , � / < é M !R% 4 � K&ê -`/[q� « / S � � / 5 û � � !"� � ) *�n» , ²�� � # / ! -`/[q� « / S � � / 5	���[�� � � ! û � � !"� � )Ç*�n» , ²�� � # / ! -`/[q� « / S � � / 5 0
Combiningthis resultwith (24) leadsto-- � ñ � û � � !F� ) *�J» , ²�� � # / ! -�/[q� « / S � � / 5 ò 	]� � ñ � û � � !k� ) *�n» , ²�� � # / ! -`/[q� « / S � � / 5 ò 0
We cansolve this differentialequationandget� û � � !k�Ò)Ç*�n» , ²�� � # / ! -`/[q� « / S � � / 5 	 
 6 % 4 � � 0 (25)

where 
 6 is theinitial valueof theleft handside.

Our next goalis to deriveadifferentialinequalityfor��� � !�	 ) *�J» , é M % � K&ê ² M � � # / ! -�// ��[�� « / S � � / 5 ! 0 (26)

Thistimewemultiply bothsidesof (23)by
B / 4�6Jé M % � K&ê ²¬<R�Y[¬� « / S � � / 5 ! , integrate

for / ½ d , andobtain-- � ��� � !F�ÇB ) *�J» , é M %
� K&ê ² M � � # / !/ v -`/	:B ) *�n» , ²�� � # / ![q� « / S � � / 5 -`/ û � � !
��B � ��� � !�0 (27)

Using(25)andcompletingthesquarewewrite thepenultimatetermasB )�*�n» , ²�� � # / ![q� « / S � � / 5 -`/ û � � !	b� B� � ) *�n» , ²�� � # / ![±� « / S � � / 5 -�/ � [B 
 6 % 4 � � 	 M � 
�M6B � % 4�M � � 0 (28)

Inserting(26)and(28) in (27)yields-- � ��� � !k�+B � ��� � !k�+B ) *�n» , é M % � K&ê ² M � � # / !/ v -�/� B� � ) *�J» , ²�� � # / ![q� « / S � � / 5 -�/ � [B 
 6 % 4 � � 	 M 	 
�M6B � % 4�M � � 0
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Neglectingtheintegral termsgivesadifferentialinequalityfor
��� � ! with thesolution��� � !1Å � ���jd?!k� 
�M6B � � 	 % 4�M � � 0

In theargumentsbelow it is inconvenientto carrythetermproportionalto � . However,
as � % 4 � � K e Åh�?<R� � %E! for � Û d wecanusetheweaker result��� � !1Å � ���jd?!k� 
�M6� � 	 % 4�6 � ¢ � � 0 (29)

Our next taskis to estimateû � � ! and
²�� � # / ! . Using Cauchy-Schwarz in (25) we

seethat � û � � ! � 	 [������ 
 6 % 4 �
� ��)Ç*�n» , ²�� � # / ![q� « / S � � / 5 -�/ ����Å [����� 
 6 � % 4 � � � � )Ç*�n» , é M % � K&ê ² M � � # / !/ ��[1� « / S � � / 5 ! -�/ 	 6YKNM� � )Ç*�n» , / % 4 � K&êé M ��[q� « / S � � / 5 ! -�/ 	 6YKNM�� 0

In the product, the first integral is
��� � ! , while the secondis

[�� � � , see(26) and
Lemma3. Since

� � ¾:[ and
f ²�� � Å f ²�� f � we find from (29) that

� û � � ! � Å [����� 
 6 � % 4 � � � � ����d?!F� 
 M6� � 	 6LKNM % 4 ,�� � � � �Y[�� � � ! 6LKNM �Å [� ñ � ���jd?!k� B � 
 6 �f � � ò % 4 ,�� ��� �	 
 M % 4 ,�� ��� � 0 (30)

To estimate
²�� � # / ! werewrite (23)as²�� � # / !q	h% 4k· �"!�ÈYV$#~�JÈLº � ²���d�# / !F� ) �Ì » , / % 4 � K&êé M % 4k· �"!�ÈYV$#~�nÈNº · � 4 Ì º û �jÍ~! - Í�0

Using(30)andintegratingwith respectto
Í
, weobtain

� ²�� � # / ! � Å+% 4k· �%!�ÈYV&#T�JÈLºP� � ²���d�# / ! � � / % 4 � K&êé M 
 M % 4 ,�� � � � �Î% 4F· �%!�ÈLV$#~�nÈNº �
/ 4�5 � « / 5 �Îd¬0 ª � 0

Since
["� « / S � � / 5 ½'� M , seeLemma3, it followsthat

��� / 4�5 � « / 5 !1¾§�wd¬0 ª � and

� ²�� � # / ! � Å / v % 4 � K&êé M � � ú � 
 M� M(	 % 4 ,�� ��� �	 / v % 4 � K&êé M 
 5 % 4 ,�� ��� � 0 (31)
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Next, we derive boundsfor
����d�!

, 
 6 , 
 M , and 
 5 . After setting � 	]d in (26) and
recallingtheassumption,� ²���d�# / ! � Å / v éâ4�M % 4 � K&ê � ú , it follows from Lemma3 that� ����d�! � Å ) *�n» , / © % 4 � K&ê � M úé M �Y[1� « / S � � / 5 ! -`/Å u*) é S � M ú� M 0
Similarargumentsappliedto (25)give� 
 6 � Å � � û ��d�! � � ) *�J» , � ²��jd¬# / ! �[q� « / S � � / 5 -�/Å � � � BEO é 5� M+	,� ú
Combiningthesebounds,weconcludefrom (30)and(31) that
 M Å [� ñ uR[ é 5� � Bf � � � � � BEO é 5� M+	 ò � ú Ù�×.-


 5 Å � [±� [� � M ñ uR[ é 5� � Bf � � � � � B�O é 5� M/	 ò 	0� ú 0 (32)

So far we have assumedthat I is fixed. However, note that é ,
�

, and � are
independentof I . Since « 6 Å « M Å;cJcJc and � � « ! is an increasingfunctionof « we
seethat � � « 6 !�Å � � « ú ! for I Û [ . Thus,if we replace� by � � « 6 ! in theboundsfor
 M , 
 5 wefind that 
 M # 
 5 Å 
 v � ú , where
 v is independentof I . Observealsothat
theslowestdecayin (30), (31)occursfor � 	 � � « 6 ! where « 6 is theeigenvalueof the
lowest,spatiallyvaryingeigenmode.

Finally we mustreassembletheFourierseriesfor
� � , 9 � . Since

Â *ú » 6 � M ú ¾â¿ it
followsfrom (22),(31),and(32) that� � � � � # � # / ! ��� Æ · É º 	 � *ùú » 6 ² ú � � # / !R% ú � � ! ��� Æ ·

É º
	 1 *ùú » 6 ² M ú � � # / !*2 6YKNMÅ / v % 4 � K&êé M 
 % 4 ,�� � � � #

where
 	 
 v,3 Â � M ú"4 6LKNM . Wecanusethesameargumentsfor 9 � . Thiscompletesthe
proof.

5 Asymptotic stability

In section4, we linearized(10)–(12)arounda stationarysolutionandshowedthat the
solutionof the linearizedequationstendsto zeroexponentially. We thereforeexpect
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thatfor every / thesolutionsof theoriginalequationswill beapproximatelyconstantas
timesincreases.In thissectionweconsideraclassof functionsthatareindependentof� andshow thatthey tendto a stationarysolution.Thestationarysolutionis therefore
asymptoticallystablefor this classof initial data.

Theorem 3 Let
�µ� � # / ! , 9 � � ! beindependentof � , satisfy(10)–(11)andtheboundsin

Lemma1. If � 9 ��d�!��+) *�J» , �µ��d�# / ! -`/ 	 � é �Ç� é v # (33)

and � ) *�J» , é M % � K&ê/ � ���jd¬# / !µ� / 5 % 4 � K&ê � M -`/ 	 6LKNM ¾ � éu (34)

then, �µ� � # / ! g / 5 % 4 � K&ê ²RÍ ��g ¿h# / ½ dÚì65 � % -9 � � ! g é ²RÍ ��g ¿þ0
Proof As in theproof of Theorem2 we set

� � 	â�ë� / 5 % 4 � K&ê and 9 � 	 9 � é ,
but now we do not assumethat

� � , 9 � aresmall. It follows from (10)–(11)and the
constraint(33) that�� � � � � � # / !k� [/ 5 � � � � # / !±	�% 4 � KJæ ê V � � · �Pºèç �Î% 4 � K&ê # (35)

� -- � 9 � � � !F� 9 � � � !±	 ) *�J» , � �/ 5 -`/ # (36)

� 9 � � � !k� ) *�n» , � � � � # / ! -�/ 	:d�0 (37)

Equation(37) follows from the energy conservation property. We proceedas in the
previousproof. This timewe deriveadifferentialinequalityfor��� � !±	 )Ç*�n» , é M % � K&ê/ � � � � � # / ! � M -`/ # (38)

andshow that
��� � ! decays.The function

��� � ! definedin (38) is the analogueof the
onedefinedin (26),exceptnow weareconsideringthe « 	�d case,whichaccordingto
Lemma3 correspondsto � 	:d . Notethat(34)and(38) imply thatd�¾�����d�!�¾a� � é <�u�! M 0 (39)
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UsingCauchy-Schwarzin (37)yields� � 9 � � � ! � Å )Ç*�n» , � � � � � # / ! � -`/Å � )+*�J» , / % 4 � K&êé M -`/ 	 6YKNM � )+*�n» , é M % � K&ê/ � � � � � # / ! � M -`/ 	 6LKLM	 [�c � ��� � !�0 (40)

To analyze(35),we expandtheright handsideusingTaylor’s formula,% 4 � KJ·¨ê V � � º �å% 4 � K&ê 	 / % 4 � K&êé M 9 �� [B % 4 � KJ·¨ê V$7 � � º ñ / M� é �98 9 � ! v � B /� é �:8 9 � ! 5 ò � 9 � ! M # (41)

where
d�¾'8�¾:[

.

We now provethat � 9 � � � ! � ¾ é <?u for all � anddo thisby contradiction.Equations
(40), (38),and(39)show thatat leastfor small � ,� 9 � � � ! � Å � 4�6 � ��� � !�¾ é <?u10
Let � 	 � M bethefirst time for which theinequalityfails; thus, � 9 � � � M ! � 	 é <�u . Since� 9 � � � ! � Å é <�u for � Å � M , weseethattheabsolutevalueof thetermmultiplying

� 9 � ! M
in (41) is boundedbyU�� / !�	 [B % 4�© � KJ· ¢ ê º ñ / M�j� é <�u�! v � B /��� é <�u�! 5 ò 0
Hence,thereexistsa ; � / ! with � ;<� Åa[ suchthat% 4 � Kn·èê V � � º �å% 4 � K&ê 	 / % 4 � K&êé M 9 � � ; UÇ� / !�� 9 � ! M 0
Insertingthis expressionin (35), multiplying both sidesby / 4�6né M % � K&ê � � � � # / ! and
integratingover / ½ d , wefind[B -- � ) *�J» , é M %

� K&ê/ � � � � M -`/ �+) *�J» , é M % � K&ê/ v � � � � M -`/	 � ) *�n» , � � -�/ 	 9 � � � ) *�n» , é M % � K&ê/ � � ; U�� / ! -`/ 	 � 9 � ! M 0 (42)

Notethat thefirst termis
��[E<�B?! - ��< - � . Let = 6 , = M denotethetermson theright hand

sideof (42). It is clearfrom (37) that = 6 	;� � r�9 � � � !�s M . To estimate= M , we recall
that � ;>� Åa[ , applyCauchy-Schwarz,andget

� = M � Å � )+*�J» , é M % � K&ê/ � � � � � # / ! � M -�/ 	 6YKNM� 1�) *�n» , ñ é % � Kn·¨MNê ºf / U�� / ! ò M -�/ 2 6LKLM � 9 � ! M 0
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The first integral is
��� � ! , see(38), while an elementary, but tediouscalculation

shows that the secondintegral is lessthan
>?��< é M . Thus, � = M � Åø���`< é ! � ��� � ! . In-

sertingtheexpressionsfor = 6 , = M in (42),weobtainthedesireddifferentialinequality,[B -- � ��� � !��+)+*�n» , é M %
� K&ê/ v � � � � � # / ! � M -�/ � � � � �é � ��� � ! 	 ��9 � � � ! � M ÅÒd�0 (43)

Wenotethatfor thelinearizedproblemdiscussedin theprevioussection,wewould
havearrivedat thesameinequality, but without theterm

�j��< é !�� ��� � ! andwith
� � , 9 �

replacedby
² , , û , .

Equations(39) and(43) show that
��� � ! is a decreasingfunction of � for � Å � M .

Thus,
��� � ! M Å?���jd?! M ¾ � é <�u . However, (40) shows that � 9 � � � ! � Å � 4�6 � ��� � !�¾é <�u for
d�Å � Å � M which contradictsthedefinitionof � M . Thus,thebound,� 9 � � � ! � Å é <?u1# (44)

holdsfor all time.

We now show that 9 � � � ! decaysto zero.If in (43) we ignorethemiddleterm,note
that
� �Î� � ��� � !N< é ½ � <�u , andintegrateweobtain,

��� � !k�+B ) �Ó » , � u � 9 � �PÔ�! � M - ÔëÅ@����d�!�0
The function � 9 � � � ! � M is thereforeintegrableon

�jd¬#8¿+!
. However, this is insufficient

for our purposessincewe wish to show that 9 � � � ! g d
as �Úg ¿

(which implies9�góé .)

To prove 9 � g d , we first show that � � - < - � ! r 9 � � � !&s M*� is bounded.Equation(44)
leadsto ���� -

� 9 � ! M- � ���� ÅhB � 9 � � � ! � ���� - 9 �- � ���� Å
B é u ���� - 9 �- � ���� 0 (45)

Using(36), (44),andthedefinitionof
� � � � # / ! , weobtain

���� - 9 �- � ���� Å
[� ñ é u � ���� ) / 4�5 ���¤� / 5 % 4

� K&ê ! -�/ ���� ò 0
If 9 M is theupperbounddefinedin Lemma1, thelastintegralisboundedby ÕÚÙ m � é # 9 M �é !1¾ 9 M . Substitutingtheseresultsinto (45)yields,� � - < - � ! r 9 � � � !&s M � Å �jB é <�u�!���[~< � !�� 9 M � é <?u�! 0	:�µ0

Thus,the function � 9 � � � ! � M is integrableandhasa uniformly boundedderivative.
Clearly, � 9 � � � ! � M , for large � , cannotstraytoo far from zero. In fact, for any Þë½ d ,� 9 � � � ! � M canonly haveafinite numberof spikesabove Þ nolessthan

B Þ <E� apart,because
everyneighborhoodwith radiusÞ <E� of aspikecontributesat leastÞ M <E� towardthearea
underthecurve. Thus � 9 � � � ! � M ¾ Þ for � sufficiently large.
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To show that
� � g d when / is fixedand ��g ¿ , wesolve (35)andget� � � � # / ! 	 % 4 � K �nÈ � � ��d¬# / !k�Ò) �Ó » , % 4k· � 4 Ó º K �JÈBA % 4 � KJæ ê V � � · Ó º ç �å% 4 � K&êDC - Ô0	 = 5 � = v 0

Clearly = 5 g d
as ��g ¿

. For = v we useL’Hospital. Since
% � K �nÈ g ¿

and9 � � � ! g d as �"g ¿ it follows that

ö ÖzÕ�FE * = v � � !¤	 ö Ö¨Õ�FE *
­ �Ó » , % Ó K �JÈ A % 4 � KJæ ê V � � · Ó ºèç �å% 4 � K&ê C - Ô% � K � È

	 ö ÖzÕ�FE * % 4
� KJæ ê V � � · �Pºèç �Î% 4 � K&ê��[~< / 5 ! 	þd�0

Combiningtheresultsfor = 5 , = v completestheargument.Our proof is nonconstruc-
tive andgivesno rateof convergence.However, numericalexperimentsindicatevery
slow convergence.This completestheproof.

6 Concluding remarks

Wehavederivedanondimensionalform of thesystemthatcouplesthemultifrequency
radiationdiffusion equationsto the matterenergy balanceequation. In deriving the
nonlinearsystem,we strived for equationsthat preserve the salientpropertiesof the
underlyingphysics,yet be amenableto analysis. Our equationsmay be appliedin
multiple spatialdimensionsandarbitrarily sizeddomainson which onemay impose
boundaryconditionsappropriateto parabolicsystems.

Our nondimensionalsystemconservestotal energy anda uniquestationarysolu-
tion is eventuallyestablished.For homogeneousNeumannboundaryconditions,the
stationarysolutionis spatiallyconstant.We have shown that thedecayto equilibrium
is constrainedby anenvelopewhoseextentdependson theinitial conditions.Spatially
varyingperturbationsaboutthe stationarysolutiondecayto zeroexponentially. Spa-
tially constantperturbationsalsodecay. However, we areunableto estimatethespeed
of decay;it maybeveryslow.

Althoughournondimensionalsystemis avalid modelfor multifrequency radiation
diffusion,it is instructive to recallhow it differsfrom equationstypically usedin high
energy densitycomputercodes.

We assumethe matterto be composedof a singlematerial,of constantdensity,
characterizedby an ideal gasequation-of-state.For “real” materials,the internalen-
ergy is a nonlinearfunction of temperature[12], p.177. This implies a temperature
dependencefor thespecificheat,

� 7 	�� 7 � 9 ! . Recalling(7), weobtainthedependence� 	 � � 9 ! for ourmodel.
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If matterdensitywereto vary with position,sowould the opacities.This implies
spatialvariationsfor thediffusioncoefficient / 5 in (8), the couplingcoefficient

[E< / 5
in (8)–(9),andthecoefficient

�
in (9). For realmaterials,especiallyfor thoseof high

atomicnumberand/orat low temperatures,the opacity is a complicated,nonmono-
tonic function of frequency [12], p.246. Most notably, it featuresoccasionalspikes
correspondingto the“bound–bound”transitionsof theelectrons.

Our model ignoresthe
[~< f 9 dependenceof the opacity. As we show below, in-

cluding
[~< f 9 leadsto spatialvariationsof the diffusion and coupling coefficients.

This complicatesthe analysissignificantly. We arethenunableto invoke Duhamel’s
principlesincea generalGreen’s function

Ê�� � � #LË�# � ! doesnot exist.

We chosea Wien / 5 % 4 � KN� ratherthan a Planck / 5 <¬��% � KN� �A[T! distribution for
radiationemission. The differencebetweenthe two is mostpronouncedfor small /
yielding a smallerradiationsource. However, sinceour absorptionopacity ignores
inducedemission[12], multiplying our

� �
by a Wien distribution gives the correct

total radiationsource,if we ignorethe
[~< f 9 dependenceof theopacity. To seethis,

recall that to include inducedemission,one multiplies
�X�

by the factor
��[
�:% 4�Ï ! ,

where
ËÚ	�W / < I 9 . Then,if insteadof (6), weusethePlanckfunction,theexponential

is replacedby thefactor
[~<¬��% Ï �+[~! . Hence,if

���
denotesthePlanckfunctionand

� � �
theabsorptioncoefficientcorrectedfor stimulatedemission,the

��% Ï �Á[~! factorscancel
andwe obtainthesametotal radiationsource,�k)Ç*, -`/ � � � ����	HGJõ ×JILK�9 0
Choosinga Wien ratherthana Planckfunctionbringsan additionalbenefitwhenthe
systemis discretizedin the frequency direction in order to derive the “multigroup”
equations.For this endeavor, onedefinesaspectralmeshd�	 / , ¾ / 6 ¾§0J0J0�¾ /"M 0
If
� �

is theWien function,integralsof theform) �ON� N ! ÷ -`/w/QP ���
canbedoneanalytically. If

���
is thePlanckfunction,theintegralscanonly beapprox-

imated.

Lastly, we did not includea flux limiter in thediffusioncoefficient. This leadsto
unphysicallylarge photonspeedsfor our model, especiallyfor thosewith high fre-
quencies.To incorporatea flux limiter into our model,we notethat (physically) the
distance� thatradiationcantravel in a time interval � , is limited by � Å � � . Recalling
thenondimensionalvariables� � and � � , theinequalityreducesto � � Å f > � � . Hence,if
we introduceaLund-Wilsontypeflux limiter, ournondimensionalflux becomes� / 5 ��� g �@[[E<R� / 5 f 9 !k� � ��� � <R� f >µ��! ��� 0	A�w�Ú�����Á0 (46)
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Notethatwe havekeptthedependenceof
� �

on
[E< f 9 .

We concludethe discussionof how to modify our model to accountfor someof
the above effects. If we includethe

f 9 dependenceof the opacity, allow for a non-
constant

�87
, write theemissionfunction in thegeneralform

���Ú	A� , / 5 í � / < 9 ! , but
do not includeeffectsof stimulatedemission,thenondimensionalequationsbecome� � � 	 ��cJ� � �����þ� / 5 í � / < 9 !F�Î��!�<±f 9 / 5 #� � 9 !¬� � 9 	 � [f 9 � )Ç*, -`/ [/ 5 � / 5 í � / < 9 !��å��! 	 0
where

� �
may be definedasin (46), with or without the flux limiter and/orthe

f 9
factor, and

í �PË¬!
is chosenappropriateto eithertheWienor Planckdistribution.

The analysisdescribedin this paperwasmotivatedby an unexpectedresult from
simulations,[10] and[11], which solve the multigroupsystemderived from (8)–(9).
Thepaperssimulatethe relaxationto steadystateof an initial conditionin which the
two fields,

�
and 9 , arewildly out of equilibrium.

In the problemof interest,the spatialdomainis, � �R� ¾�[ . Initially, 9 is sharply
peaked, 9S� �P» , 	UT �¬0 O`u?u���# if � �R� ¾Òd�0 d�Od¬0 d�d�B?u�#

otherwise
0

Usinga “specificheat”
� 	tBR0 d

yieldsan initial matterenergy VQW � � ! � �P» , 	;[�0 d�O?�?ª .
Thespectralradiationenergy density

�
is initialized with a Wien profile characterized

with aspatiallyconstant“radiationtemperature”9 °w	�d�0 d�[~u�B . Hence,theinitial radia-
tion energy V ° ��d?!�	][�0 d�O���ª�cn[Td 4 S . Theconditionsimply thatinitially 99%of thetotal
energy V W � V ° is containedin thecentralregion � �(� ¾ d¬0 d�O . Theproblemis designed
sothatthestationarysolutionconsistsof spatiallyuniformfieldswith thematterenergy
equalto 1, i.e.,with 9 	�d�0 B?� .

In the simulation, the hot central region pumpsa prodigiousamountof energy
into the high frequencies.(A resultconsistentwith the Wien profile which peaksat/ < 9 	§> .) Thehigh frequenciesarecharacterizedby fasttransport.Thus,this energy
quickly diffusesaway from thehot spot. However, thehigh frequency energy is slow
to absorbsincethecouplingcoefficient is

[~< / 5 . In effect, thehigh frequency energy is
trappedfor a time proportionalto / 5 . Becauseof the trapping,the ratio V °�� � !L< VQW � � !
exhibitsasurprisingbehavior. It quickly risesto approximately0.6(morethan

[Td � the
equilibriumvalue),thengraduallydecays,albeitveryslowly. Thatveryslow relaxation
to equilibriumis thesubjectof section5. Durungtheslow-relaxationphase,thefields
have little spatialvariation.
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