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Abstract

A nondimensionamodelof the multifrequeng radiationdiffusionequationis
derived. A singlematerial,ideal gas,equationof stateis assumed Opacitiesare
proportionalto the inverseof the cubeof the frequeng. Inclusionof stimulated
emissionimplies a Wien spectrumfor the radiationsourcefunction. It is shavn
thatthe solutionsare uniformly boundedn time andthat stationarysolutionsare
stable. The spatiallyindependensolutionsare asymptoticallystable,while the
spatiallydependensolutionsof the linearizedequationsapproactzero.

1 Introduction

This paperderivesasymptoticstability propertiesfor a systemof equationsmodeling
thefrequeny dependentadiationdiffusionequationcoupledto the matterenegy bal-
anceequation.In orderto obtainatractablesystemwe simplify theequationandfirst
derive a systemin nondimensionaform. Our derivedsystempreseresthe salientfea-
turesof the original, dimensionaketof equationsjn particulat frequeny dependent
opacitiesand a nonlinearrelationshipbetweenthe mattertemperatureandthe radia-
tion emissionterm. We assumemnatterto consistof a singlematerialcharacterizedby
anideal gasequation-of-statei.e., a specificenegy proportionalto temperature.In
the analysis,we imposezeroflux boundaryconditionson the radiationfield. How-
ever, sincewe areinterestedn studyinghow thetwo fields(radiationandtemperature)
equilibrate,andsincethe radiationdiffusion equationis itself derived assumingnear
isotropy, i.e., shortmeanfree paths,our boundaryconditionis not overly restrictive.

We beagin with the multifrequeng radiationdiffusionequationCGSunits),
O, = VD, Vu,+ck, (B, —u,), Q)
pore = —c/ dvk, (B, —u,). @)
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1 INTRODUCTION 2

Equationg1)—(2) simulatediffusive transportandemission-absorptionhe equations
do notcontainscatteringnor effectsdueto fluid motion (advectionandspectrakhifts.)
Thevariableu, (erg seccm—2) representshe spectrakenegy densityof the radiation
field, v (sec?) is thefrequengy coordinatep is the massdensity(assumedixed),and
e is the matterspecificenegy density Thelatter's temporalderivative is expressedn
termsof the specificheate, andthemattertemperaturd”,

Bte = g—; 6tT = q@tT . (3)
On theright side of (1), the diffusion coeficient D,, = ¢/3k,, wherec is the speed
of light and, (cm~!) is the inversemeanfree path! (In mostapplications,D,, is
modifiedby includingthetotal scatteringcross-sectioniMihalasandMihalas[9]) and
a flux limiter (Lund and Wilson [7].) Section6 discussesiow suchgeneralizations
impactour model. The coeficient ,, is a complicatedfunction of frequeng. In this
paperwe considemnevalid for free-freetransitiong12],

Ky = (2m/3m2k)/? (4228 N, N, /3he) T /203, (4)

wherem, is the electronmass k is the Boltzmannconstant,Z, is theionic chage,e
is thefundamentathage, N, and N, arethe numberdensitieS# cm~3) of theions
andfreeelectronsandh is the Planckconstant.We focusattentionon a fully ionized
hydrogenplasmaof densityp. Thus,Z, = 1, and N, = N, = pA whereA is the
Avogadroconstant.This impliesthat

Ky =kKo v ° , ko=134-10%p?/VT . (5)

In orderto obtainatractablesetof equationsye ignorethe weaktemperaturelepen-
denceof k¢ and,sincep is assumedo befixed,absorbpz/\/T into kg.2 Thus,taking
characteristivaluesfor p andT, we let kp® /v/T — kq. Sincexk,, hasunitsof cm™?,

Ko Now hasunitsof cm™! sec 3.

Lastly, we definethe radiationemissionterm B,,. To simplify the algebrajnstead
of theusualPlanckfunctionwe assumea Wien distribution andwrite,

B, = (87h/c®) v® exp(—hv/kT) . (6)

Thedifferencebetween(6) andthe Planckfunctionis thatthelatterreplaceghe expo-
nentialtermwith [exp(hv/kT) — 1]~1. For our purposesthisiis of little consequence.
Both distributions, Planckand Wien, have the sameexponentialdecayat high fre-
guencies.At low frequencies(6) andthe Planckfunction are proportionalto »® and
v?, respectiely. Equation(6) andthe Planckfunction peakat hv/kT = 3 and2.82,
respectiely. Also, thefrequeng integratedemissionterm

o0
/ dvB, =7.00-1071°T%,
0

1Someauthorsexpressthe meanfree pathas(pk,, )~ ! wherex, (cm?/g) is the opacity
2section6 discusseshe effect of keepingthe 1/\/T dependencef k,, .
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which is approximately8% lessthanthe Planckresult,7.56 - 10~1% T%. Lastly, the
relative errorof thetwo distributions, (Planck— Wien)/Planck= exp(—hv/kT'). Thus,
theerroris greatesat v = 0, but at the peakof the Planckfunction, the erroris less
than6%.

We now derive the nondimensionabystemof equationsand begin by choosing
characteristicvaluesfor the densityp, specificheatc,, andtemperaturdy. As men-
tioned above, incorporatingthesevaluesinto (5) yields x, = xov~3. Denotingthe
normalizationvalueswith zerosubscriptsand the normalizedvariableswith primes,
wedefiner' =v/vy, T' =T /Ty, u' = u/ug, t' = t/to, andif z is the spatialcoordi-
nate,x’ = z/xo. Thisimpliesthatx, = ko(vor') ™3, 0; = (1/t0) Oy, V = (1/30) V',
etc. The constantsy, tg, etc.,maybe expressedn termsof the original three,p, ¢,
andT},. Thechoices,

vy = k‘To/h 5
to = vg/(cko),
To = 1/3/(\/5/1:0) )
ug = 8mhud/c®,
R = pc,c/(8mk1d), (7)
yield thedesiredsystem,
du = V-3Vu+ (Pe T —u) /P, (8)
ROT = -T+ / (u/v3)dv, 9)
0

whereu = u(z,t,v) andT = T'(z,t). In (8)—(9) andhenceforthwe dropthe primes
from thenondimensionalariablest, v, u, etc. Notethatthefirst termontheright side
of (9) stemsfrom integratingoverfrequeng, i.e.,

/ dv (VP v/T) /P :/due"’/T:T.
0

It is instructve to choosecharacteristicvaluesfor Ty, p, and ¢,, and evaluate
the normalizationconstantsn (7). For example, the choicesT, = 10° °K, p =
1075 gem™3, ande, = 108 erg/(g °K), imply vo = 2.08 - 1015 Hz (~ 10 eV),
to = 7.12-1077 sec,zo = 1.24-10* cm,uo = 5.59-10~ ! ergsec/cnd, andR = 85.8
Note that the above valuefor vy corresponds$o a wavelength)y = 1.44 - 1075 cm,
which lies just outsidethe so-calledhearUV range:2—4 - 10~° cm.

Thenondimensionatquationg8)—(9) presereimportantpropertieof theoriginal
system(1)—(2). Consenrationof totalenegy follows by ignoringboundaryfluxes(e.g.,
by imposinghomogeneousleumannboundaryconditionson u) andintegrating the
totalenegy densityRT + [ dv u overthespatialdomain.Thehighfrequeng photons,
i.e.,u with largev in (8)—(9) arecharacterizedby fasttransportandslow absorption.
In (8), 1/v3 playsthe role of a coupling coeficient; the low frequenciescoupling
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the fastest. Matter preferentiallyemits radiationinto frequenciesvherer® e=*/7 is
maximal.

Beforelaunchingnto ourtheme we summarizereviouslypublishedrelatedwork.
Andreer etal [1] considerthe systemcouplingthe matterenegy equationto eitherthe
equatiorof radiatvetransfer(i.e., for theradiationintensityI) or to theradiationdiffu-
sionequation.They examinethegrey, i.e., frequeng-integrated aswell asthe spectral
cases.Andreer et al assumeDirichlet boundaryconditions;thatis, the incomingin-
tensityis specified,or in the diffusion limit, the radiationenegy density Isotropic
scatteringis includedin the transferequation. Assumingexistenceof solutions,the
papemprovesa maximumprinciple,viz., thatthe solutionis boundedy theinitial data
andtheboundaryvalues.The paperdoesnot discussvhetherthe equilibriumsolution
is anattractor

Mercier[8] considerghe systemcouplingthe spectraradiative transferandmatter
enepgy equations.The systemincludesThomsonscatteringj.e., no enegy exchange
for the scatteringprocess. By applying the theory of Accretive OperatorsMercier
shavsthat: (1) A solutionexists. (2) Thesolutionis boundeddy theinitial andbound-
ary data.(3) As time progresseshedistanceébetweerthe solutionandthe equilibrium
pointdecreases.e.,thelatteris anattractor Merciermakesthefollowing assumptions
regardingthe behavior of the coeficientsof the equationsThe matterinternalenegy
hasa positive minimum andthe specificheat, a finite upperbound. For the opacity
k, Lipschitz continuity with respectto 7', a finite upperboundfor all frequeng, and
thatx decreasewith T'. Lastly, thatradiationemissionk B increasesvith T'. These
assumptionarelargely satisfiedoy our model,with the exceptionghatour « diverges
with decreasindrequengy (asv—3) andthatx is independenof T'.

The existenceof a maximum principle (MP) hasimplicationsfor the designof
numericalmethodsfor theseequationsldeally, the schemeshouldalsosatisfya MP.
In [6], Larsenand Mercier apply the theoreticalwork of [1] and[8] to analyzethe
Monte Carlo methodof Fleckand Cummings[5]. LarsenandMercier prove thatfor
sufficiently smalltime stepsthealgorithmdoessatisfythe MP, but thatit failsto doso
for largetime steps.The analysisis confirmedby their numericalsimulationsand by
FleckandCummings’own results[5], Fig. 4, p. 332.

Therearetwo competingMonte Carloschemesgor theequation®f radiatvetrans-
fer. Oneis the previously mentionedone of Fleck and Cummings[5]; anotheris the
methodof CarterandForest[2]. Both schemesewrite the matterenegy equationin
termsof theintegratedradiationenegy densityfunctionu,.(T') = aT*, wherea is the
radiationconstantTheschemesequireavalueof u,. throughouthe courseof thetime
step,but they differ in how thattermis approximated.The choiceof approximation
impactsthe stability of the schemei.e., whetheror notthe numericalsolutionsatisfies
the maximumprinciple. In [3], Densmoreand Larsenapply the Larsenand Mercier
analysig[6] to the CarterForestscheme.DensmoreandLarsens analysisshows that
the Fleck-Cummingschemeappeardo allow largertime stepsthanCarterForestbe-
fore thenumericalsolutionviolatesthe maximumprinciple. The analysiss confirmed
by numericalresultson a problemsimulatingradiative flow into initially cold matter
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In this paper we extendthe work just cited by analyzingthe rate at which solu-
tions equilibrate. Sinceour interestslie with the multifrequeng radiationdiffusion
equationsyve restrictattentionto the normalizedsystemderivedabove.

We now summarizethe restof the paper Section2 confirmsthat solutionsare
positive and uniformly boundedby the initial conditions. Section3 shows that the
stationarysolutionis uniqueandif theinitial conditionsof a given problemlie within
anernvelopeaboutthestationarysolution,sodoesthesolutionfor all time. In sectioré,
we considera linearizedform of (8)—(9) andprove thata small perturbatioraboutthe
stationarysolution decaysto zero exponentiallyfast, if the perturbationis spatially
varying. Section5 considerghenonlinearsystem(8)—(9) andshaws thatnonspatially
varying perturbationslsodecayto zero. However, we areunableto give an estimate
for therateof decayandsurmisethatthe decaymaybe slow. A summarymotivation
andfor this work, and descriptionof ongoing, relatedresearchappearin section6.
Section6 also discusseshe impact that more realistic assumptionse.g., non-ideal
gaseshave on our model.

2 A priori bounds

Let U be an open,boundedand connectedsubsetof R® with smoothboundary We
considerthe equations

1
Ou(z,t,v) + ﬁu(x,t, v) = ¥ Au(z, t,v) + e v/T@t) (20)
* u(z,t,v)
v=0
forz € U,t > 0and0 < v < oo with boundaryconditions
g—Z(m,t, v) =0, x € OU (12)

andinitial conditions

u(w707y)=u0($7y)7 T(Z‘,O):To(x), zelU.

HereT'(z,t) is the mattertemperaturet positionz andtime ¢, u(z, t,v) denotes
theradiationenegy densityat frequeng v, andAu = E?:l 02, u. TheconstantR is
positive.

Lemmal Letu(z,t,v), T(z,t) besmoothsolutionsof (10)-(12).If

0 < u(z,0,v) < vie ¥/ and 0<T(x,0) < To,
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then,fort > 0
0 < u(z, t,v) < vie /T and 0<T(x,t) <Ts.

Remark Lemmal shows thatthe solutionsof (10)—(12)are uniformly boundedn
time. This is to be expectedas the temperatureand the radiation enegy are non-
negative quantitiesandthereis no enepgy flowing throughthe boundary Theresultis
alsovalid whenU is aboxwith periodicboundaryconditions.

Proof Theideais to rewrite (10)—(11)asintegral equationsanduseproofby contra-
diction. It follows from (10) thatfor eachv > 0,

8t(et/”3u) = V3A(et/”3u) + et/ evIT
Using Duhamels principle[4], p.49,we obtain

u(wt.) = [ Guayt)uly,0.0)dy

el (13)

+/ e~t=9)/v /G,,(a:,y,t—s)e_"/T(y’s)dyds.
s=0 U

HereG,(z,y,t) is the Greens function for 6;w = v®Aw with Neumannboundary
conditions.From(11) we seethat

t/R oo
t/Rpy — € v
ou(e/"T) = / 22
Integratingwith respecto ¢t andusing(13) yields

T(z,t) = e VBT (z,0)

t e—(t—r)/R 00 e—‘r/u3
+/T:0 7 /uzo 3 /UG,,(:U,y,T)u(y,O,V)dydudT

t —(t—7)/R e’} T *(T*S)/V:;
+/ eT/ / 673/ Gy (z,y,7 — s)e "/TWdydsdvdr.
T=0 v=0 Js=0 v U

- (14)

To boundT we assumehat eitherming T'(z,t) = 0 or maxg T'(z,t) = T» for
somet > 0. Lett, bethesmallestsucht. Then0 < T'(z,t) < Tz for0 < t < t.
SinceTy > 0,G, > 0,up > 0, R > 0, ande /T > 0 for t < t» we concludefrom
(14)thatT(x,t2) > 0. Thus,theupperboundmusthold att = t,. Let 22 definethe
pointwhereT (z2,t2) = T». Recallthat [ G, dy = 1. Sinceu(y,0,v) < vie »/T2
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ande=/T(w:s) < e=¥/T2 for s < t, it follows from (14), afterintegratingover s, that

T2 = T(.’L‘z,tQ) S e_tZ/RT(:cz,O)

t —(ta—7)/R oo
+/2 e (ta—7)/ / eiT/Vseiu/T2dVd7'

=0 R =0
ta ,—(ts—7)/R oo

+ / € - / (1- 6_T/V3)€_”/T2dl/d7'.
7=0 R v=0

Cancellingthe termsinvolving e~™/"" and evaluatingthe remainingintegrals yields
thecontradiction,

Ty < e /BT (29,0) = To] + To < Ty

Thus,theboundsfor T'(z, t) hold for all time.

To boundu(z, t,v), welett > 0 begivenandchoose > 0 suchthat

e< min T(y,s)< max T(y,s)<Tr—e.
yeU, 0<s<t yeU, 0<s<t

Sinceu(z,0,v) >0, G, > 0,and [ G,dy = 1, it follows from (13) thatu(z, t,v) >
(1- e—"'/"s)e—”/e > 0, which establisheshe lower bound. For the upperbound,we
usethe inequalitiesu(z,0,v) < v3e=*/T> ande="/T(:5) < ¢~¥/(T2=€)  Doing the
integralsin (13) gives

u(z,t,v) < et/ yBe=v/Te 4 (1- e_t/"s)uge_”/(Tre)
< V3e—1//T2 _ (1 _ e—t/us)y3e—u/T2(1 _ e—ue/[Tg(Tg—e)])
<l VT,

This completeghe proof.

3 Stationary solutions

In this sectionwe considerstationarysolutionsof (10)—(12). We shall shav thatsuch
solutionscannotdependon z, andthat they are stable. The problemof asymptotic
stability is discussedhn sectionst and>5.

Lemma?2 Let u(z,v), T(z) be a stationary solution of (10)—(12) and satisfy the
boundsin Lemmal. Thenu,T are independentf x andthere is a constantM sud
that

u(v) = vie M, T=M.
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Proof It isclearthatu = v3e=*/M T = M is astationarysolutionof (10)—(12).We
will show thatthereareno others.It follows from (10)—(12)that

8 Au(z, v) + u(z,v) = e /T@)
< u(z,v)
T(x) = /u:o 3 dv, (15)

whereuy satisfiegheboundarycondition(12). Since—v®Aw +w = f with dw/0n =
0 hasauniquesolutionandw = 1if f = 1, we seethat

u(z,v) = j{[gu<w,y)u3e—"/7“y>dy, (16)

1=/Ugu(x,y)dy- 17

Onecanshaw thatthe Greens functionsatisfiesy, (z,y) = g.(y,z) > 0 whenz # y
andis singularwhenz = y. Let M = maxg T'(y). ThenM = T'(z) for somez in U
andby using(17), (15),and(16) we find,

0=M—-T(z)

o ] o0 1

=/ e"’/M/ gu(w,y)dydv—/ —3/ gv (@, )™ T dydy
v=0 U v=0 V U

[ [ aale - e TNy,
v=0JU

Sinceg, > 0 and[e*/M — ¢=*/T(®)] > 0, we concludethatT'(y) = M for all y
in U. Equations(16)—(17)thenimply that u(z,v) = v3e~*/M for all z in U. This
completeghe proof.

How do we determinethe stationarysolution correspondingo particularinitial
data?Let

K(t) = /U [RT(m,t) + /VOO u(m,t,y)du] dz, (18)

=0
definethe total (matterandradiation)enegy for the system. Differentiatingwith re-
spectto ¢ andusing(10)—(12)we seethat K (t) is independenof time. If T'(z,t) — M
andu(z, t,v) — v3e~/M ast — oo we canfind M by solving

RM + 6M* = K(0) / vol(U). (19)
If K(0) > 0 thisequationhasa uniquesolution.We will now shav thatthe stationary
solutionis stable.
Theorem 1 Letu(z,t,v), T(x,t) beasmoothsolutionof (10)—(12).1f
vie VM < u(z,0,v) < vie VT2 and Ty <T(z,0) < Ty,
thenfor ¢ > 0

e T <ulx,t,v) < vie /T2 and Ty <T(z,t) <T>.
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Remark Equationg18)—(19)shaw thatif « andT satisfythe assumptionén Theo-
remlthenRT; + 6T} < RM +6M* < RT, + 6T. Thereforethetemperatureé//
for the stationarysolutionliesin theintenal T; < M < Ts.

Proof We have alreadyestablishedhe upperboundsin Lemmal. Our prooffor the
lower boundsis similar. Assumeming T'(z,t) = T} for somet > 0 andlett; bethe
first sucht. Then, T} = T(z1,t;) for somez; € U andT(y,s) > Ty fory € U and
s < t. Sincef Gydy = 1,u(y,0,v) > vie /T ande v/Tw») > /T fors < ty,
it followsfrom (14), afterintegratingover s, that

T, = T(.’L’l,tl) > eitl/RT(.’IJl,O)

t1 ,—(t1—7)/R oo
+ / 67/ e~/ eI T dydr

—0 R =0
t1 ,(t-7)/R oo

+/ 67/ (1- e*T/"s)e*"/TldudT.
7=0 R v=0

Cancellingthee—f/"3 termsandevaluatingthe remainingintegralswe get
Ty > e W/ RB[T(2,,0) =Ty + Ty > Ty .

The contradictiorshows thatthe lower boundfor T'(x, t) holdsfor all time.

To boundu(z, t,v) from belov we let¢ > 0 begivenandchoose: > 0 suchthat

Ti+e< min T(y,s).
yel, 0<s<t

Sinceu(z,0,v) > v3e~¥/Tt ande*/T(¥:s) > ¢=¥/(Tite) it follows from (13) that

u(z,t,v) > et yBe /T 4 (1- e*t/"s)l/367"/(T1+€)
Z V3e—1//T1 + (1 _ e—t/V3)y3e—V/(T1+E)(1 _ e—l/e/{Tl(Tl—‘re)])

> e v/

This completeghe proof.

4 Linearized equations

In section3 we have showvn that (10)—(12)hasa stablestationarysolution. The im-
portantquestionis whetherthe stationarysolutionis asymptoticallystable,i.e., will

nearbysolutionstendto the stationarysolution astime increases.We approachthis
from two directions. In this sectionwe linearize (10)—(12)aroundthe stationaryso-
lution and prove thatthe linearizedequationis asymptoticallystablewhenthe initial

dataareorthogonako constanfunctions.In thenext sectionwe show that(10)—(12)is
asymptoticallystableif theinitial dataareexpressedn termsof constanfunctions.
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To getthelinearizedequationsve assuméhatu = v3e=*/M 4’ andT = M +T'
whereu’ andT” aresmall. Insertingin (10)—(12),expandinge=*/T in a Taylor series,
anddiscardingthe higherordertermsleadto thelinearizedequations,

! ]‘ ! 3 ! ,/eiV/M !
o' (z,t,v) + L (z,t,v) = v AU/ (z,t,v) + e T (z,t), (20)
oo !
ROT @0+ Tt = [ 8, (1)
v=0

wherew' satisfiesthe original boundarycondition (12). Since M satisfies(19), we
concludefrom (18) thatfor everyt > 0,

/U [RT'(:L",t) + /oo u'(x,t,y)dv] dz =0,

v=0
We solve (20)—(21)by separatiorof variables.Let
UI(.CL',t,I/) = Zak(t7y)ek($)7 TI(.’L',t) = Zak(t)ek('r)a (22)
k=0 k=0
whereAey, + Ayer, = 0in U, (8/9n)er, = 0 0ndU and [, e;e;dx = d;;. It canbe

shavnthatlg = 0 < A; < Ay < --- with eg = 1/4/vol(U). Inserting(22) into
(20)—(21),we get

1 3 _ ve v/M
Eak(tvy) + (ﬁ +)‘k’/ )ak(tvy) - M2 ak(t)a (23)
d [T a(t,v)
R an(t) + au(t) = / R, (24)
Rap(t) +/ ao(t,v)dv =0.
v=0

Note that the last equation,which follows from enegy conseration, (18)-(19),and
the orthogonalityproperty of the e, doesnot constrainthe coeficients oy, a;, for
k > 1. Following the proof of Lemmal, we canshow that solutionsof (23)—(24)
satisfy|ay,(t,v)| < v*M~2e=/M B and|ay(t)| < B fort > 0, if the conditionshold
att =0.

To analyzethe solutionsof (23)—(24)we needthefollowing result.

Lemma3 LetM, R > 0. For every A > 0 thereexista o = o(A) > 0 suc that
oo Ve—u/M

veo M2(1 4+ A8 — ov3) dv=1-Fo.

The functiono(\) is an increasingfunction of A andthereis ann > 0 sud that
1+ M8 —a(A)v® >n2forall A >0,v > 0.
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Proof Sincel+Av® —ov? =1—02/(4)) + A[v® — 0 /(2))]* we seethattheintegral
—callit f(o) —is positive andwell definedfor ¢ < 2v/A. It is a smoothincreasing
functionof o andbecomesinboundechss — 2v/A. Usingthe propertythatl — Ro
decreasewith ¢ andtheinequality0 < f(0) < 1, wecanfindao = o(A) > 0 such
that f(¢) = 1 — Ro. Notethate < min(1/R,2+v/X). Differentiatingthe identity in
Lemma3 with respecto A we obtain

d < Ylemv/M dy © plemv/M qy
—a(A) = - R+ -
d\ veo M2(1+ A8 — gv3)? veo M2(1 4+ A6 — o13)2

and (d?/d\?)o()\) < 0. This impliesthato()) is anincreasingfunction of A and
concaedown. If X is smallandpositive,we have

504006
oW =0 p e T
Let g(A) = 1 — o%()\)/(4)) with g(0) = 1. Then,g()\) > 0 for all A > 0. Since
o?(N)/(4\) = 0asA — 0 andg(\) > 3/4 when) > 1/R?, we seethatg()) is
continuousatA = 0 andconcludethatg(\) > n? forall A > 0. But1+Av®—o(\)v® >
g(A). Thiscompleteghe proof.

Theorem 2 Letay(t, v), ax(t) besolutionsof (23)—(24)satisfying
V4671//M

lax (0,v)] < Tbka | (0)| < by ,

fork =0,1,...andv > 0. Leto > 0 satisfythenon-linearequationin Lemma3 with

A = )\ whee )\ is thesmallesinon-zeo eigervalueof Ae(z) + de(z) = 0,z € U

with (8/0n)e(z) =0forz € OU. If by = 0and) ;- , b < oo, thereisaC' > 0 such

thatfort > 0

V4e—V/M

Tce—o.Qat , ||TI(.'17,t)||L2(U) S Ce—O.Qat .

W' (2, 8, v)l|2() <

Remarks (1) The theoremassertsthat if «', T' initially consistof only spatially
varying componentsi.e., ao(0,7) = «(0) = 0, the ay, o, modesfor k¥ > 1 decay
to zeroexponentially Thus,for suchperturbationsaboutthe stationarysolution,the
latteris anattractor (2) If ao(0,v), a(0) # 0, it is possibleto shaw thatag (¢, v) and
ap(t) tendto zero.However, the decayis very slow andrequiresa differentproof. We
discusghisin sectionb.

Proof To prove Theorem2, we derive boundsfor ag, oy asfunctionsof time. One
might think that the higher Fourier coeficientsgo to zerorapidly, but this is not the
case.Therelaxationto equilibriumdepend®n R andthe sizeof the domain,andcan
beslow for large R andlargedomains.
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Let £k > 1 befixedandreplaceay, ag, Ax in (23)-(24)by a, a, . We will shav
thata particularlinear combinationof a anda goesto zero.Let o > 0 bedetermined
asin Lemma3. If we subtractoa from both sidesof (23), divide throughoutby 1 +
A8 — gv3, integratefor v > 0, andapply Lemma3, we obtain

d [ a(t,v)dv > a(t,v)dv

dt /,,:0 14+ M8 —o13 + /,,:0 V3

:/°° (v/M?) e "M dy a(t)—o/oo a(t,v)dv
o 1+M08—013 veo 1L+ A8 —gv3

*©  a(t,v)dv

—o 1+ M0 —ovd’

= (1- Ro)a(t) — a/

v

Combiningthis resultwith (24) leadsto
d [Ra(t) +/ a(t,v)dv ] — [Roz(t) +/ a(t,v)dv

dt —o 1L+ M8 —oud —o 1L+ M8 —oud

We cansolwe this differentialequationandget
Ra(t) + / _abvdy oot (25)

where(; is theinitial valueof theleft handside.
Our next goalis to derive a differentialinequalityfor

© M2ev/Ma?(t,v) dv

A = veo V(L + S —ovd)

(26)

Thistime we multiply bothsidesof (23) by 2v=' M?e*/Ma /(14 Av® — ov?), integrate
for v > 0, andobtain

< pAr2 v/M .2
iA(t)_{_Q/ M7 a’(t,v) o

dt —0 vt

o0 t,
=2 /y:o IC:-()\VVG—)—mﬁ dva(t) — 20A(t). 27)

Using (25) andcompletingthe squarewe write the penultimategermas

2/00 Mdua(t)

—o 1+ M8 — o3

[} 2 2
_ _g (/ a(t, V) dv — %Cleat> + ﬁefmrt . (28)

R —o 1+ b — o1 2R
Inserting(26) and(28)in (27) yields
d © M2e¥Ma2(t,v)
EA(t) +20A(t) +2 S — dv

2 o a(t,v) 1 e
ol AW Y) gy —2Cet) = ZL 20t
+R(/,,:01+)\V6—m/3 v =30 ¢
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Neglectingtheintegral termsgivesadifferentialinequalityfor A(t) with the solution

A(t) < (A(O) + 26% t) e 27t

In theargumentshelow it is incorvenientto carrythetermproportionalto ¢. However,
aste—7t/% < 5/(oe) for t > 0 we canusethewealer result

C2
Aty < (A —L ) e 18t 29
()< (40 + 5L ) e 29)
Our next taskis to estimatex(t) anda(t,v). Using Cauchy-Schwrzin (25) we
seethat
— 1 —ot * a(t,y)
la()] = 7 |Cre /yzo 1+ Mo —o0? d”‘
1 [eS) Mze"/Ma2(t l/) 1/2
< = —ot ?
~ R (Cale™ + (/,,:0 v(l+ A8 —ov3) dy)

* ve v/M 12
(Lowaiman®) |
In the product,the first integral is A(t), while the secondis 1 — Ro, see(26) and
Lemmas3. SinceRo < 1 andva + b < v/a + v/b wefind from (29) that

2\ 1/2
o < % |Cl|e_"t+<A(0)+g—1> e=097E(1 — R)1 /2
ag
1 2|C"1|:| —0.90t
< = A(Q) + — hed
< R[ o+ 22
= Cye 009t (30)

To estimateu(t, v) we rewrite (23) as
efu/M

M2

Y e*(”_3+)‘”3)(t75)a(s)ds .

t
a(t,v) = e Mg, y) +/
s=0

Using (30) andintegratingwith respecto s, we obtain
e*II/M 670.9015 _ e*(l/_3+AI/3)t

14
= + A3 —0.90

la(t, v)| < e ¢TI0, 1) +

Sincel + A% — gv® > 2, seeLemma3, it followsthat—(v~3 + Av®) < —0.90 and

V4671//M 02 090
|a(t, I/)| T (bk + F) e 0.90¢
V4e—u/M

= T 03 e—O.Qat . (31)
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Next, we derive boundsfor A(0), Cy, Ca, andCjs. After settingt = 0 in (26) and
recallingthe assumption}a(0, v)| < v*M~2e=*/Mp,, it follows from Lemmas3 that

< oo VT e v/Mp?

= Jumo M2(1 + M8 —ou3)

I MO b3
,,72

Similarargumentsappliedto (25) give

Ra@)|+ [~ 1280

v—o 1+ A8 — o3
3
¢ (ne200),,
n
Combiningtheseboundswe concludefrom (30) and(31) that

1 [71M3 2 24 M3
C; < —[7 + (R+ " )] by and

[40)] dv

|C1]

IN

- R n v Ro 2
1 [71M3 2 24 M3
C; < (14— |—+ R+ "—— by, . 32
:o= ( an[ n \/Ra< n? )D k (32)

So far we have assumedhat & is fixed. However, notethat M, R, andn are
independenof k. Sincel; < A; < --- ando()) is anincreasingfunction of A we
seethata(\;) < o(Ag) for k > 1. Thus,if we replaces by o(A1) in the boundsfor
Cs, C3 wefindthatCy, C3 < Cy by, whereCy isindependendf k. Obsene alsothat
the slovestdecayin (30), (31) occursfor o = o (A1) where)\ is theeigervalueof the
lowest,spatiallyvaryingeigenmode.

Finally we mustreassembléhe Fourier seriesfor ', T". Since} - | b3 < oo it
follows from (22), (31), and(32) that

o

o' (@, t, V) lewy = 11D a(t,v) ex(@)ll2w)

V4e—V/M

M?2
whereC = Cy (X bﬁ)l/z. We canusethe sameargumentdor 7. This completeghe
proof.

S Ce—O.Qa’t ,

5 Asymptotic stability

In sectiond, we linearized(10)—(12)arounda stationarysolutionandshovedthatthe
solutionof the linearizedequationgendsto zeroexponentially We thereforeexpect
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thatfor every v thesolutionsof theoriginalequationswvill beapproximatelyconstants
timesincreasesln this sectionwe considera classof functionsthatareindependentf

z andshow thatthey tendto a stationarysolution. The stationarysolutionis therefore
asymptoticallystablefor this classof initial data.

Theorem 3 Letu(t,v), T'(t) beindependentf z, satisfy(10)—(11)andthe boundsin
Lemmal. If

RT(0) +/ uw(0,v)dv = RM + 6M*, (33)
v=0
and iy
© N2 ev/M M
(/ re |u(0,v) — 1/36_"/M|2 dll) < R— (34)
v=0 v 7
then,
u(t,v) — vie VM ast— oo, v >0 fized
Tt —» M ast— oo.

Proof As in the proof of Theorem2 we setu’ = u — v3e "M andT’ = T — M,
but now we do not assumethat«’, 7' aresmall. It follows from (10)—(11)andthe
constraint(33) that

9. L i) = e/ IMAT' @] _ g=v/M
7Y (t,v) + s (t,v) =e e , (35)
R+ 1) = / APy (36)
dt  Joovd
RT'(t) +/ u'(t,v)dv =0. (37)
v=0

Equation(37) follows from the enegy conseration property We proceedasin the
previousproof. This time we derive a differentialinequalityfor

&S M2 v/M )
A = [ )P, (39)
v=0 v
andshaow that A(t) decays.The function A(t) definedin (38) is the analogueof the

onedefinedin (26), exceptnow we areconsideringhe A\ = 0 casewhich accordingo
Lemmas3 correspondso ¢ = 0. Notethat(34) and(38) imply that

0 < A(0) < (RM/7)2. (39)
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Using Cauchy-Schwrzin (37) yields

rrol < [ 7 () dv

=0

© o —v/M 1/2 0 pf2er/M 1/2
ve e 2
S </V:0 M2 dV) (/VZO v |u,<t,y)| dl/)
= 1-\A({). (40)
To analyze(35), we expandtheright handsideusingTaylor’s formula,
, —v/M
e V/(MHT') _ —v/M _ VeM2 T!
1 , v? 2v
Z o v/ (M+0T") _ "2
T3¢ [(M FoThHE T (ML ¥ 0T')3] (T)%, 41)

where0 < 6 < 1.

We now provethat|T”(t)| < M/7 for all t anddo this by contradiction. Equations
(40),(38),and(39) shav thatat leastfor smallt,

IT'(t)| < R™1\A(t) < M/7.

Lett = ¢, bethefirst time for which theinequalityfails; thus,|T"(t2)| = M/7. Since
|T'(t)] < M/7fort < ty, we seethattheabsolutevalueof thetermmultiplying (7")?2
in (41) is boundedy

1 2 2v
N — — ,—Tv/(8M) .
W) =3 M/ T 6M/7)?

Hence thereexistsay(v) with |y| < 1 suchthat

e—l//(M-‘rT’) _ e_”/M _ I/e_V/M T’ i N( TI 2
= Y T A N W) (T

Insertingthis expressionin (35), multiplying both sidesby v~ M2e*/M4/(t,v) and
integratingoverv > 0, wefind

1d [ M?e/™M < M2er/M
5%/,,:071/ |u|d1/+/l’:07y4 ' dv

_ ( / : u’dy) T + ( / : Mu"yN(y) du) (T2, (42)

Notethatthefirst termis (1/2)dA/dt. Let E;, E, denotethetermson theright hand
sideof (42). It is clearfrom (37)that B, = —R[T'(t)]?. To estimateE,, we recall
that|vy| < 1, apply Cauchy-Schwarz,andget

0 pr2 v/M 1/2
|E,| < (/ +|u:(t,y)|2 du)

=0

X (/,,:) [%N(mrdu)l/z (T")?.
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The first integral is A(t), see(38), while an elementarybut tediouscalculation
shaws thatthe secondntegral is lessthan36/M?2. Thus,|E;| < (6/M)+\/A(t). In-
sertingtheexpressiondor E;, E, in (42),we obtainthe desireddifferentialinequality

1d © M2er/M ) 6 1o
- — - ——/ <0.
2th(t)+/u=o i | (¢, v)|* dv + (R i A(t)) |T'(t) |7 <0. (43)

We notethatfor thelinearizedproblemdiscussedh theprevioussectionwe would
have arrivedat the sameinequality but withouttheterm (6 /M )/ A(t) andwith ', T"
replaceddy ag, ag.

Equations(39) and (43) show that A(t) is a decreasindunctionof ¢ for ¢ < t».
Thus, A(t)? < A(0)?2 < RM/7. However, (40) shavsthat|T'(t)| < R=1\/A(t) <
M7 for 0 <t < t, which contradictghedefinitionof ¢,. Thus,thebound,

T'(t)| < M/7, (44)

holdsfor all time.

We now show thatT"(t) decaygo zero.If in (43) we ignorethe middleterm, note
thatR — 6./ A(t)/M > R/7, andintegratewe obtain,

At) +2 /:O ? IT'(7)]2 dr < A(0).

The function |T'(t)|? is thereforeintegrableon (0, co). However, this is insufficient
for our purposessincewe wish to shav that7'(t) — 0 ast — oo (which implies
T— M)

To prove ' — 0, we first shaw that |(d/dt)[T"(t)]?| is bounded.Equation(44)
leadsto

d(T")? dr’ < 2M |dT’

dt dt |~ 7 |dt

Using(36), (44), andthedefinitionof «'(z, ), we obtain

2M |dT

<20

. (45)

|

If Ty istheupperbounddefinedn Lemmal, thelastintegralis boundedy max( M, T»—
M) < Ts. Substitutingheseresultsinto (45) yields,

dT’

dt

< % [g + ‘/V3 (u—vPe /™) dy

|(d/at)[T" ()] < (2M/7) (1/R) (T2 + M/7) = c.

Thus, the function |T"(t)|? is integrableand hasa uniformly boundedderivative.
Clearly, [T'(t)|?, for large t, cannotstraytoo far from zero. In fact, for ary € > 0,
|T'(t)|? canonly have afinite numberof spikesabove e nolessthan2e/c apart,because
every neighborhoodvith radiuse/c of a spike contritutesatleaste? /c towardthearea
underthecurve. Thus|T'(t)|* < e for t sufficiently large.
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To show thatu' — 0 whenv is fixedandt — oo, we solve (35) andget

t
u'(tv) = e_t/"su'(O,l/)+/ e (t=m)/v® (e_"/[M*T'(T)] —e"’/M) dr
7=0
= FE3+ Ey.

Clearly E3 — 0 ast — oo. For E, we usel’Hospital. Sinceet/* = oo and
T'(t) — 0 ast — o it followsthat

ft Oer/u3 (efu/[M+T'(r)] _ efu/M) dr

T=!

lim E4(¢) lim

t—o00 sy et/v3

y o—V/IMAT' ()] _ p—v/M .

T i (1/v3) o
Combiningtheresultsfor E3, E, completeshe argument.Our proofis nonconstruc-
tive andgivesno rateof corvergence.However, numericalexperimentsindicatevery
slow convergence.This completeghe proof.

6 Concluding remarks

We have deriveda nondimensionaform of the systenthatcoupleshe multifrequeny
radiationdiffusion equationgo the matterenegy balanceequation. In deriving the
nonlinearsystem,we strived for equationgthat presere the salientpropertiesof the
underlying physics,yet be amenableo analysis. Our equationsmay be appliedin

multiple spatialdimensionsand arbitrarily sizeddomainson which one may impose
boundaryconditionsappropriatgo parabolicsystems.

Our nondimensionasystemconserestotal enegy and a uniquestationarysolu-
tion is eventually established.For homogeneousleumannboundaryconditions,the
stationarysolutionis spatiallyconstant.We have shavn thatthe decayto equilibrium
is constrainedy anernvelopewhoseextentdepend®ntheinitial conditions.Spatially
varying perturbationsaboutthe stationarysolution decayto zeroexponentially Spa-
tially constanperturbationslsodecay However, we areunableto estimatethe speed
of decay;it maybevery slow.

Althoughournondimensionasystemis avalid modelfor multifrequeng radiation
diffusion, it is instructive to recallhow it differsfrom equationgypically usedin high
enegy densitycomputercodes.

We assumethe matterto be composedf a single material,of constantdensity
characterizedby anideal gasequation-of-stateFor “real” materials,the internalen-
ergy is a nonlinearfunction of temperaturd12], p.177. This implies a temperature
dependencéor thespecificheat,c, = ¢,(T'). Recalling(7), we obtainthedependence
R = R(T) for ourmodel.
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If matterdensitywereto vary with position,sowould the opacities. This implies
spatialvariationsfor the diffusion coeficient 3 in (8), the couplingcoeficient1/+?
in (8)—(9),andthe coeficient R in (9). For realmaterials especiallyfor thoseof high
atomic numberand/orat low temperaturesthe opacity is a complicated,nonmono-
tonic function of frequeny [12], p.246. Most notably, it featuresoccasionakpikes
correspondingo the“bound—bound'transitionsof the electrons.

Our modelignoresthe 1/v/T dependencef the opacity As we shav belaw, in-
cluding 1/+/T leadsto spatialvariationsof the diffusion and coupling coeficients.
This complicateshe analysissignificantly We arethenunableto invoke Duhamels
principlesincea generalGreensfunctionG, (z, y,t) doesnot exist.

We chosea Wien v3e~*/T ratherthana Planckv?/(e*/T — 1) distribution for
radiationemission. The differencebetweenthe two is mostpronouncedor small v
yielding a smallerradiationsource. However, since our absorptionopacity ignores
inducedemission[12], multiplying our «,, by a Wien distribution givesthe correct
total radiationsource if we ignorethe 1/+/T dependencef the opacity To seethis,
recall that to include inducedemission,one multiplies x,, by the factor (1 — ™),
wherey = hv/kT. Then,if insteadof (6), we usethe Planckfunction,theexponential
is replacedy thefactorl/(e¥ — 1). Hence,f B, denoteghe Planckfunctionandk!,
theabsorptiorcoeficientcorrectedor stimulatedemissionthe (e¥ — 1) factorscancel
andwe obtainthe sametotal radiationsource,

oo
c/ dvk! B, = constT .
0

Choosinga Wien ratherthana Planckfunction bringsan additionalbenefitwhenthe
systemis discretizedin the frequeng directionin orderto derive the “multigroup”
equationsFor this endea&or, onedefinesaspectraimesh

O=rvy<n<...<vny.

If B, istheWien function,integralsof theform

vj
/ dvv™ B,
Vi—1

' —

canbedoneanalytically If B, isthePlanckfunction,theintegralscanonly beapprox-
imated.

Lastly, we did notincludea flux limiter in the diffusion coeficient. This leadsto
unphysicallylarge photonspeeddor our model, especiallyfor thosewith high fre-
quencies.To incorporatea flux limiter into our model, we notethat (physically) the
distancer thatradiationcantravel in atime intenval ¢, is limited by z < ¢t. Recalling
thenondimensionavariablesz’ andt’, theinequalityreducego =’ < /3 t'. Hence jf
we introducea Lund-Wilson typeflux limiter, our nondimensionallux becomes

3 -1 -
v° Vu — AT £ [Val/ (3 Vu D,Vu. (46)




6 CONCLUDING REMARKS 20

Notethatwe have keptthe dependencef , on1/v/T.

We concludethe discussionof how to modify our modelto accountfor someof
the above effects. If we includethe /T dependencef the opacity allow for a non-
constant,, write the emissionfunctionin the generaform B, = By v® g(v/T), but
do notincludeeffectsof stimulatedemissionthe nondimensionatquationdecome

du = V-D,Vu+ (Pg/T)—u)/ VT,
1 & 1
R(TYo,T = T (/0 duﬁ(y3g(u/T)—u)).

whereD, may be definedasin (46), with or without the flux limiter and/orthe /T
factor andg(y) is choserappropriateo eitherthe Wien or Planckdistribution.

The analysisdescribedn this paperwas motivatedby an unexpectedresultfrom
simulations,[10] and[11], which solve the multigroup systemderived from (8)—(9).
The paperssimulatethe relaxationto steadystateof aninitial conditionin which the
two fields,u andT', arewildly outof equilibrium.

In the problemof interest,the spatialdomainis, |z| < 1. Initially, T is sharply
pealed,
Tlieo = { 6.4775, if |z| < 0.04
= 0.0027, otherwise

Using a “specificheat” R = 2.0 yields aninitial matterenegy &,,(t)|¢=0 = 1.0469.
The spectraradiationenegy densityw is initialized with a Wien profile characterized
with aspatiallyconstantradiationtemperatureT,. = 0.0172. Hencetheinitial radia-
tion enegy &,(0) = 1.0469 - 10~6. Theconditionsimply thatinitially 99%of thetotal
enegy &, + &, is containedn thecentralregion |z| < 0.04. The problemis designed
sothatthestationarysolutionconsistf spatiallyuniformfieldswith thematterenegy
equalto 1,i.e.,with T = 0.25.

In the simulation, the hot centralregion pumpsa prodigiousamountof enegy
into the high frequencies.(A resultconsistenwith the Wien profile which peaksat
v/T = 3.) Thehigh frequenciesrecharacterizedby fasttransport.Thus,this enegy
quickly diffusesaway from the hot spot. However, the high frequeny enegy is slov
to absorbsincethe couplingcoeficientis 1/v3. In effect, thehighfrequeny enegy is
trappedfor a time proportionalto »3. Becauseof the trapping,the ratio &,(t) /Em (t)
exhibitsasurprisingbehavior. It quickly risesto approximately0.6 (morethan10x the
equilibriumvalue),thengraduallydecaysalbeitveryslowly. Thatveryslow relaxation
to equilibriumis the subjectof section5. Durungthe slow-relaxationphasethefields
have little spatialvariation.
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