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Abstract

The electrolytes Ca(NO3)2(aq) and NaNOs(aq) are both extremely soluble but differ in
several important respects. Ca(NOs)2(aq) has complex behavior at low ionic strengths
and forms several thermodynamically stable and metastable solid phases, whereas
NaNOs(aq) forms only an anhydrous solid phase. The thermodynamic properties of both
have previously been modeled using extended Pitzer ion-interaction models that include
higher-order virial terms, in addition to those of the standard Pitzer model. The
parameters of the original Pitzer model, however, are often needed for thermodynamic
modeling calculations. In this paper we convert the parameters of the extended ion-
interaction models for Ca(NO;)»(aq) and NaNOs(aq) to the standard Pitzer model using
an extension of the methodology previously described by Rard and Wijesinghe [J. Chem.
Thermodynamics 35 (2003) 439-473]. In this variant, the exponential coefficient a,” of
Pitzer’s model is also optimized to yield the most accurate overall representation of the

osmotic coefficients f over the ionic strength and temperature ranges of interest. The
optimal values of a, = 0.87 kgl/z-mol_l/2 for Ca(NO;)x(aq) and a, = 1.43 kgl/z-mol_l/2

for NaNOjs(aq) are smaller than the value a,” = 2.00 kg'"2:mol™2 normally used for
electrolytes of these valence types. In both cases, the accuracy of the osmotic coefficients
predicted by the standard Pitzer model was nearly equal to that of the extended Pitzer
model up to the solubility limit for 7= (298.15 to 423.15) K. This result is consistent
with the findings of Rard, Wijesinghe, and Wolery [J. Chem. Eng. Data 49 (2004) 1127—
1140] who obtained a substantial improvement in model accuracy for Mg(NOs)x(aq) at T’
=298.15 K by optimizing this parameter. The use of a temperature dependent a,’ that is

optimal at each temperature did not yield a significant improvement in accuracy over



using a constant optimal value. We also investigated the impact of choosing different
temperature functions to develop temperature correlations for the Pitzer parameters.
Higher-order temperature functions were needed for evaluations with solubility limited
maximum ionic strength compared to evaluations performed at constant maximum ionic
strength over the temperature range, especially for Ca(NOs),(aq) because of its more
complex thermodynamic behavior. Accurate temperature correlations are presented for

both Ca(NOs)»(aq) and NaNOs(aq).

KEYWORDS: Pitzer’s model, Archer’s model, ion-interaction model, aqueous
electrolyte, calcium nitrate, sodium nitrate, parameter optimization, parameter

correlations



1. Introduction

The standard form of Pitzer's ion-interaction model for electrolyte solutions [1,2], which

and C'

vx » nas been used

contains three empirically determined parameters blf,?)x , bﬁ)x ,

extensively for representing the thermodynamic properties of aqueous electrolytes, with
an additional term containing the blf,i)x parameter for aqueous divalent metal sulfates and

other higher-valence electrolytes that have significant ionic association at low molalities
followed by redissociation at higher molalities [2—4].

Weare and co-workers [5,6] showed that Pitzer's model could be used to reliably
model the solubilities of solutes present in complex, highly concentrated, natural brines
and their precipitation sequences as solvent is evaporated. Pitzer's ion-interaction model
is included in several geochemical modeling codes [7-9]. Extended forms of Pitzer's
model with ionic-strength dependent third virial terms [10—13] have been used to
represent thermodynamic data for highly soluble electrolytes, when the standard (three
parameter) Pitzer model is not able to represent these data with sufficient accuracy. Rard
and Wijesinghe [14] listed studies published up to 2002 that reported parameters for these
extended models. Many of these studies used the extended ion-interaction model
described by Archer [10,11]. Parameters for the Archer model were subsequently
evaluated for Na,SOs(aq) [15], NdCls(aq) [16], and Mg(NOs)2(aq) [17].

Databases are available [2,5,6,18-21] for the parameters of the original or standard
Pitzer model [1-4]. However, the equations of the extended models [10—13] have not
been incorporated in most geochemical modeling codes, and thus there is a continuing

need for expanding the parameter databases for the standard Pitzer model.



The electrolyte Ca(NOs), is soluble in H,O to about m = 8.4 mol-kg_1 at T=298.15 K,

but the solubility increases rapidly with temperature reaching values of m = (22 to 23)

mol-kg ™! for the temperature range 7= (348.15 to 423.15) K where anhydrous
Ca(NOs)a(cr) is the thermodynamically stable solid phase [22]. However, as observed by
Stokes and Robinson at 7'=298.15 K [23], Ca(NOs)»(aq) solutions readily supersaturate
when evaporated isothermally. When the solution is concentrated sufficiently, the
supersaturated solution transforms into a semi-solid gel. Stokes and Robinson further
noted that the curve of vapor pressures against molality is continuous for both the fluid

and gel phases. They also reported isopiestic molalities at 7= 298.15 K for

supersaturated solutions ranging up to m =21.58 mol-kg‘l. Oakes et al. [13] summarized
published thermodynamic studies for Ca(NOs),(aq) in their table 2, which includes
isopiestic results at 7= (373 to 423) K extending nearly to the saturated solution
molalities [24].

A molality of m = 21.58 mol-kg ' corresponds to an ionic molality of 3m = 3(21.58

mol-kg ™) = 64.74 molkg ™!, or 0.857 water molecules per ion. Clearly, at this very high
molality there is insufficient water present to fulfill the hydration requirements of the
individual ions, extensive ion pairing or complex formation must be present, and the
basic assumptions of Debye-Hiickel type electrostatic models are no longer valid. The
Brunauer-Emmett-Teller (BET) absorption model [25] has been used to represent the
water activities of such highly concentrated solutions. Although the BET model generally
represents the water activities fairly well at very high molalities, the quality of
representation at low molalities is significantly poorer than at higher molalities. This
failure to accurately represent the low molality behavior can result in large systematic

errors in the derived mean activity coefficients for electrolytes with large but finite



solubilities, because the mean activity coefficients are based on the infinite dilution
reference state by way of a standard state defined in terms of Henry’s law.

Clegg et al. [26] represented the osmotic coefficients of Ca(NO;)»(aq) at 7=298.15 K
with a mole-fraction based thermodynamic model. The mole-fraction composition scale
is a more appropriate composition scale than molality for thermodynamic models at very
high concentrations, where the molality varies rapidly with the amount of solvent and can

become infinite for completely miscible systems. They were able to represent the

available osmotic coefficients of Ca(NOs),(aq) fairly accurately to m = 15 rnol-kg_1 with

four model parameters. However, their model is restricted to 7= 298.15 K.
In Archer’s model [10,11] the constant CfM,X term of Pitzer’s standard model is

replaced by a two-parameter ionic strength-dependent function, and this extended model
is able to accurately represent the thermodynamic properties of most soluble electrolytes
over wide ranges of molality and temperature. However, the thermodynamic data for
Ca(NOs)2(aq) extend to such high molalities that Oakes et al. [13] found it was necessary
to extend the Archer model by adding a second ionic-strength dependent third virial term.

Oakes et al. were able to represent the available thermodynamic data for Ca(NOs),(aq) to

m =20 rnol-kg_1 for 7= (298 to 373) K without explicitly considering ionic association.
However, it is likely that the additional third virial terms, in part, are indirectly
representing the effects both this ionic association and the breakdown of the assumptions
of the Debye-Hiickel model. Their parameterized model represents the available osmotic
coefficients f fairly accurately up to m = 10 mol-kg‘l, and to Df = 0.03 at the highest
molalities.

The most rigorous way to obtain the parameters of Pitzer’s standard model is to

evaluate the parameters using the same critically-assessed database that was used for



evaluating the parameters of the extended ion-interaction model. However, the original,
critically-assessed database is not always available. Rard and Wijesinghe [14] proposed
an alternative approach in which the available model parameters for the extended ion-
interaction model are directly converted to those of the standard Pitzer model. They
reported the Pitzer model parameters for four aqueous electrolytes, including
Ca(NOs)2(aq) and NaNOs(aq), that were derived by this method. Unfortunately, there
was a significant degradation of the quality of representation of the thermodynamic
behavior for Ca(NOs)2(aq), and to a lesser extent for NaNOs;(aq), when the 5-parameter
and 4-parameter extended models were transformed into 3-parameter standard Pitzer
models.

Rard et al. [17] subsequently modeled the thermodynamic properties for the

Mg(NOs),(aq) system with Pitzer’s standard model [1,2] and with Archer’s model
[10,11]. Isopiestic data for this system extend to m = 5.123 mol-kg‘1 but are restricted to

T'=298.15 K. Rard et al. found that optimizing the a; exponential coefficient to a, =

1.55 kg'?mol /2 for the bﬁ,)x term of Pitzer’s standard model improved the standard
deviation of the model fit by more than a factor of two relative to the fit with the usual
value of a; =2.0 kgl/ 2.mol™"2, and gave an excellent representation of the available
thermodynamic data that was essentially equal in quality to the fit with Archer’s model.
They suggested that a significant improvement might also be achieved for the standard
Pitzer model for Ca(NOs),(aq) if the a; exponential coefficient was similarly optimized.
The method of Rard and Wijesinghe [14] is based on determining the integral over the
ionic strength range of the square of the differences between osmotic coefficients
evaluated from two different ion-interaction models. Simultaneously setting equal to

zero the partial derivatives of this cumulative square difference function with respect to



each of the parameters of standard Pitzer model {blf,?,)x , bﬁ,)x , blf,i)x , and CfM,X } yields the
conditions necessary to obtain the optimum values of these parameters. However, they

assumed that the exponential coefficients a; and a, of the bﬁ,)x and blf,i)x terms,

respectively, were the same for both standard and extended ion-interaction models. In the
present report we extend this method to the more general case where a{ # a;” and a5 #
a ", where the superscripts P denote Pitzer and EA denote extended Archer models, and

apply it to improving the representation of the Ca(NOs),(aq) and NaNOj;(aq) systems

with the standard Pitzer model.

2. The standard and extended ion-interaction models for strong electrolytes

Pitzer's original ion-interaction equation [1-4] for the molality-based osmotic coefficient
f of a binary solution of a dissociated electrolyte of stoichiometry MpuXpx in a single

solvent may be written as:

f7=1—|zvzx|As 121 + bI"2) + Cnun/mm { b % + by Y exp(-all'?) +

by -exp(-as 1)} + {2(nuny)**inym2- CGR (1

where M denotes the cation and X the anion; m is the stoichiometric molality; b = 1.2
kgl/ 2.mol™"%; At is the Debye-Hiickel limiting law slope for f ; / is the stoichiometric,
molality-based, ionic strength; zy and zx are the valences (with sign) of ions M and X;

Ny and Nx are the number of M and X ions formed by complete dissociation of one

molecule of MXnx; and N = Ny + Ny is the stoichiometric ionization number of the total



electrolyte. The exponential coefficient a; is usually fixed at a; = 2.0 kgl/ 2.mol ™12,
except for the divalent metal sulfates and for other higher-charge-type electrolytes with
both ions having valences |zj| > 2, where a| = 1.4 kgl/ 2.mol "2 is the usual choice [2,3].
The bﬁ,’? term is normally included only for higher charge type electrolytes, and thus
would not be used for electrolytes such as Ca(NOs),(aq) and NaNOs(aq).

For Pitzer’s model, mean activity coefficients g. of a single electrolyte are given by

In g." = —|zmzx| At {(I74(1 + bI'2) + (2/b)In(1 + bIM2)} + 2nunx/mym[2b 07 +
2{by X /(@) {1 {1 +(an)I"*-(al)/2} exp(-ai ")} +
2{byY/(@s)} {1 - {1+ (a’)I"* - (a})2} exp(-atl"?)}] +
{3(nMnx)3/2/n}m2' Cg&) .

)

We now recast these two equations solely in terms of the stoichiometric ionic strength
I, rather than using both ionic strength and molality. For a single electrolyte, that is either
completely or partially associated, the stoichiometric ionic strength is related to the

molality by equation (11) of Rard and Wijesinghe [14]:

m =2I/{n|zmzx|}. 3)

Using this relationship to eliminate the molality m in favor of the ionic strength / in

equations (1) and (2) we obtain the expressions:
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f7=1—|zuzxlAs-1"2/(1 + bI"?) +151{b {3 + b{iY exp(-a I"?) +
byiX exp(-as1"?) + 11 ICUY ) 4)

and
In g." = —|zvzx|As {I"%(1 + bIV2) + (2/b)In(1 + bIY2)} + 21 s I[b 0D +

by /(@21 - {1+ @NI"? - (af )12} exp(-ai?)} +

b /(@dP {1 — {1+ (an)!"? - (a5)? 12} exp(-a %)} +

G/l ICNR ], (5)

where the charge-type dependent constants | ; and | 5 are defined by

| 1 o 2(nMnx)l/2/(n|ZMZX|) (6)
and
| 30 (4nMnx)/(n2|ZMZX|). (7)

The Oakes et al. [13] equation for f will first be converted to a form analogous to
equation (1) by recognizing that their anion molality m, and cation molality m, are related
to the stoichiometric molality by m, = nx-m and m. = nym, and by making the following

composition scale transformations:

Q218 m) = |zvzx| ()

and
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mam/ a m;) = (2nynx/N)m. )]

The equations of Oakes et al. [13] for the osmotic and mean activity coefficients then

become:

f 54 =1~ Jzmzx A 1721+ bIY2) + 2nun/mym {b 35" +
by exp(—ai*1"?) + byiY exp(-ai*?)} +
(nvnxz/Mm2 { CURY + CURY exp(-wi* 1'2) + CGRY exp(-ws* 1)) (10)
and
In g% = ~|zmzx|As {I"2/(1 + bI'2) + 2/b)In(1 + bI)} + 2nunx/mm[2b 53 +
2{by (@21 — {1+ (ai'? = (a2 exp(-a )} +
2{by (@21 — {1+ (@' — (ay") 22} exp(-a s T )] +
M Nxzn/Mm2[3CUEY + 4L CUSY (WA Y423 {6 — {6 + 6(wi™ )12 +
3w+ (Wit P3P — (w422} exp(-wi* T2} +
A{CGRVNWEN V{6 — {6+ 6(ws )" + 3(wy™ 2T + (ws* )PP —

(W5™)412/2  exp(-w5* 1)} 1. (11)

When these equations for the extended Archer model are recast solely in terms of the

ionic strength /, as was done for the standard Pitzer model, we obtain

FEY = 1~ zvzxdAr 121+ b1"2) +1 5 1[5 +
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DY expt-a 1) + bR exp(-astr %) +

L1l 2 WS + OO exp(-wit 1'2) + R -exp(-wh™ 1)} (12)

and

In 9" = —|zvzx|Af {I"*/(1 + bI"?) + 2/b)In(1 + b1} + 21 5 I [0 JEY +
by (a2 {1 — {1+ (@' - (a2} exp(-a 1)} +
{ouy (@M1 — {1+ (@51 — (abMH/2}exp(-a s 1)} +
2011505 PIGA)CHRY + {CHR AW {6 - {6 + 6(wi ™)' +
3(WEM )+ (Wit )82 — (wit ) /2 exp(-wit T2} +
{CSROIWEN A2 {6 — {6 + 6(w5™ )% + 3(WEM)2T + (Wit 312 —

(W5 )412/2} exp(-w5* 1)}, (13)

where

| 20 2(‘ZMZX|)1/2. (14)

The blf,?,)x and bﬁ,)x parameters are intended to represent exactly the same two-ion
interactions in the Pitzer [1-4], Archer [10,11], and Oakes et al. [13] models, and thus, in
principle, the numerical values of each of these equivalent parameters should be the same
in the two formulations. Similarly, the parameter C{;¥ of Pitzer's equation is equivalent
to Archer's C%" parameter, because Cyyy = 2zm(Mw/Nx)' > Ciy’ when CU5Y = CGY =

0. However, the numerical values of the equivalent parameters will not be identical
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unless the C{i%" and C;X" parameters are set equal to zero and af = a;" and a5 =
as". In the present paper we consider the more general case where a; and a5,
respectively, may differ from a* and a5*. Thus, the model parameters, osmotic
coefficients, and mean activity coefficients are identified by either a superscript "P" for
Pitzer or superscript "EA" for extended Archer, in order to distinguish between the two

source model equations.

3. Methods of Analysis: Conversion of the model parameters of the extended ion-

interaction model of Oakes et al. to those of the standard Pitzer model with the

. o e . 0 1 2
simultaneous optimization of by, b\Y, b&?Y, C\X,al,and a}

The general method we use for converting parameters from the extended ion-interaction
model of Oakes et al. [13] to those of the standard Pitzer model [1-4], is based on
minimizing, in a least-squares sense, the difference (or “error”) between the osmotic
coefficients predicted by these two models. The equations of Oakes et al. [13] reduce to
the equations of Archer [10,11] when C{{%" = 0, and consequently the methodology
described below is applicable to Archer’s model by setting C{;5" and its derivatives
equal to zero.

For simplicity, we shall assume that identical values of the Debye-Hiickel model
limiting law slopes Af, and their temperature and pressure derivatives, are to be used in
both the Pitzer and the extended Archer forms of the ion-interaction model. Archer [27]
described how to adjust the Pitzer model parameters if the value of As is changed. We
use the same value of the constant b = 1.2 kg!’?mol™"2 in both forms of the ion-

interaction model, following Pitzer's recommendation [1].

We minimize the mean square difference function E*{X"(7, p)} defined by:
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Imax (T) Imax (T)
Ef { o (f7-1¥dry ¢ di}, (15a)
1 in =0 1 in =0
Imax (T)
= {1/ Lnax(M}{ ) (F7- £ dI}, (15b)
1. =0

over the ionic-strength range of interest {/min = 010 Imax(T)}.
Examination of equations (4) and (12 ), and (5) and (13), indicates that the Debye-

Hiickel terms are identical for f ** and f ¥, and also for In g.** and In g.", and thus they

_fEA

will cancel exactly when the differences (f© yand (In g." — In g."*), are taken. The

choice of one difference function over the other will not influence the results that follow.
The parameters and exponential coefficients of the extended Archer ion-interaction
model {i.e, bi”, by, b, CO5Y, U, cG5Y, af*, and a*} are assumed to be

known, and those of Pitzer's standard model {blf,?,’f() , bﬁ,’? ,beY, ciR, al,and a}} are

unknown quantities whose values are to be determined from the parameters of the
extended ion-interaction model.

The method that we will use, as described by Rard and Wijesinghe [14], is to evaluate
the optimum values of the parameters of the original Pitzer model [1-4] from those of
extended Archer model [13], by determining the unknown standard Pitzer parameter set

_fEA

X"(T, p) that minimizes the values of the difference function (f* ) over the full

ionic-strength range Iyin = 0 to some maximum value Imax(7). The selected Pitzer model

parameter set is denoted by XP(T ,p)° {blf,?,’;) , bﬁ,’? , bﬁ,’? , c&’}? ,ar,and a5}, and an

element of this parameter set is denoted by X[ (i =1, 2,..., 6). Similarly, we define the

(OEA) (LEA) (2EA) 0,EA
, be b , C( EA)

extended Archer model parameter set as X"A(T, p) © {bx MX MX s

CUyY, XY, art, ayt, wit, and wi* }, where X (=1, 2,..., 10) is an element of the
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extended Archer model parameter set. Therefore, the mean square error E;* defined by
equation (15) can be viewed as a function Ei*{ X} (7, p)} of the unknown temperature
and pressure dependent standard Pitzer parameters X; (7, p).

The advantages of using E;*{X"(T, p)} as the measure of “goodness of fit” is that its

_fEA

values will be identically zero only if (f " ) is identically zero at all values of /, and it

has positive values for all finite positive or negative differences (f© — f **). More
specifically, E{X"(T, p)} is a positive definite function with a quadratic form in the

0. 1 2 . .
unknown {b{7, b\Y, bSY, and C{¥} parameters because (f " —f**) is a continuous

linear function of these four parameters, although it is nonlinear in the two exponential
coefficients {a;, a5 }. Our approach, applied here to continuous functions, is analogous
to the traditional least-squares method applied to sets of discrete experimental
information.

The upper integration limit /.<(7) may be the same as the maximum ionic strength
used for evaluation of the parameters for the extended Archer model at the temperature
under consideration. Alternatively, if the extended Archer model parameters are based in
part on thermodynamic measurements for highly supersaturated solutions, it may be
desirable to restrict /max to the ionic strength of the saturated solutions /s, in order to
optimize the representation for solubility calculations. The minimum ionic strength /iy
has been set equal to zero, to simplify the analysis and because this is the reference state
for mean activity coefficients.

The values of the X! parameters that minimize the values of E;*{X"(T, p)} can be
found by simultaneously setting equal to zero the derivatives of this function with respect
to all of the Pitzer model parameters X;. Integration of the complicated expression

_fEA

resulting from direct evaluation of the (f " )* term in equation (15) can be avoided
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and simplified by first differentiating the integrand under the integral sign, and then

analytically integrating the resulting simpler integrands:

Imax (T)
TECAX, =@/ Ina) { O (F7- £EHIEPXDYAI} = 0, (16)
Lpyin =0
The subsequent mathematical development can be considerably simplified and

streamlined by recasting equations (4) and (12) for the osmotic coefficient of the standard

Pitzer and extended Archer models in forms that exploit the linearity of these expressions

in the coefficients X;" (i=1, .., 4) = { by s bﬁ,’;) ) bﬁ,’;) ,and C\;¥ } of the standard Pitzer

. . . 0 1
model, and in the coefficients X;** (i =1, ..., 6) = {b\%", bUEY, bCEY U5y, CUEY,

and C\;X"} of the extended Archer model:

gl 4 /51 (TF X)X, (17)
R 561 (TF EAAXEH X (18)
J=

where:

fr.=1—|zumzx|As-172/(1 + bI"?) (19)
TMPbOY =151 (20)
Tt /by =1 sFexp(-all'?) 1)
Tt /Mooy =1 sFexp(-a’l'?) (22)
TMEACHR =115 (23)
f oA =1 — |zmzxAf 1721 + bIY?) (24)

Tt b =1l (25)



17

Tt b5 =157 -exp(-a 1'% (26)
TMEATO Y =1 slexp(—a tr1Y?) (27)
T EAMCERY =111 ol 5P (28)
TMEAYTCUEY =111 ol 3P exp(-wE 112 (29)

TEATCREY =111 5 3P exp(—wi* 112)).

(30)

All of the extended Archer model parameters, the ionic strength, the temperature, and the
pressure are held constant when these partial derivatives are evaluated.
Inserting expressions (17) and (18) into equation (16), and rearranging the terms and

defining new matrix arrays, we obtain

4
& Ay X' =B i =1,.,4 (31)
J=1
where
Q )
Bi= a Cik'XEA — Dy 1=1,...,4 (32)
k=1

The coefficient matrices Ajj, Cix, and the Debye-Hiickel vector D; are given by

Imax (T)

A ® O (XD AIX]) d Lj=1,...4 (33)

1 i =0

min

Imax (T)

Ci® O (TFP X)X dI i=1,..4;k=1,..6 (34)

Imin =0
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Imax (T)
Di° ¢ (X oy —f o) dl
=0

1

min

—
Il
p—
-

4 (35)

It can be seen from equation (33) that the coefficient matrix Ajj is a symmetric (i.e, Aj

= Aj) square (i, j = 1,...,4) matrix whose size is determined by the number of unknown
Pitzer parameters (excluding the a{ and a5 exponential coefficients), and it depends
solely on the properties of the standard Pitzer model and the maximum ionic strength
Inax(7). In contrast, the coefficient matrix Cy is, in general, neither square nor symmetric.
The number of rows of this matrix is equal to the number of unknown parameters of the
standard Pitzer model (excluding its a; and a} exponential coefficients) and the number
of columns is equal to the number of extended Archer model parameters (excluding the
a;™ and a " exponential coefficients), and it is a function of the properties of both the
standard Pitzer and the extended Archer models. The Debye-Hiickel vector D; will be set

equal to zero because the Debye-Hiickel limiting-law slope As and b were assumed to be

the same for the standard Pitzer and extended Archer models, so that f PDH =f Eﬁ. The
integrations required to evaluate the coefficient matrix A;; and the right hand side vector
Bi can be performed analytically, and the results are given in Appendix A. The values of

the resulting expressions for A;j and B; can be evaluated numerically if the values of the

exponents {a;, a5} are specified, and all of the extended Archer model parameters
XTI, p)© by, bux s b, CWRY, CUsY, COXY, ar*, as®, wi™, and wi*} are
known. The matrix equation (31), which is linear in the parameters X (i=1,..,4) =

(b, by, byy,and C{R}, can then be easily solved for these parameters by

standard matrix solution methods.
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The condition expressed by equation (16) is a necessary condition for the solution
X"(T, p) of the matrix equation (31) to be a local extremum of the function E*{X"(T, p)}.
However, equation (16) alone is not sufficient to ensure that the resulting solution X' (7,
p) represents a minimum, rather than a maximum or a point of inflection. Therefore, the
goodness of fit of the model representation obtained by this approach should be evaluated
by directly calculating, and then comparing the f values obtained by using the original
extended Archer model parameters to those calculated using the derived Pitzer

parameters.

Determination of the optimum exponents a |, a >
The two equations that determine the optimum values of the exponential coefficients a,
a’ that minimize the mean square error E;* can be formulated in a similar fashion by

setting the derivatives of E;* with respect to each exponential coefficient equal to zero:

Imax (T)

TECMal = @) ! O (- (T Mal) di}= 0, (36)

Imin =0

where g° = {af, a3} forn=1,2 and

T al =15 byy Fexp-all? (37)
Tt /Mal =1 5 by I exp(-asr?). (38)

Inserting the expressions (17) and (18) for the osmotic coefficients f * and f ** into

equation (36) and rearranging the terms and defining new variables, we obtain

AS'Xi=B%, n=12 (39)

1

T Qon



20

where,

C?lk.XEA - Dia n= 154 (40)

1

~
i Qoo

BS =

The exponential coefficient matrices A%, (%, and the Debye-Hiickel vector D2 are
p j y

given by
Imax (T)

A% ° —(1/b%) O (T Mab)f 1xh) dr, n=12;j=1,..4 (41)
L 1nin =0
Imax (T)

Ca° ~(1/b%Y) O (M Mad) @™ axitdl, n=12;k=1,..6 (42)
L 1nin =0
Imax (T)

D2 ° (/b)Y O (M Mal)fr,—fa)dl, n=12 (43)
L 1nin =0

The integrations required to evaluate the exponential coefficient matrices A% and C%;
can be performed analytically, and the results are given in Appendix A. As before, the
associated Debye-Hiickel vector D? vanishes because the Debye-Hiickel limiting-law

slope As and b were assumed to be the same for the standard Pitzer and extended Archer

models. The factor of bﬁl;) that is common to all terms of equation (39) has been
eliminated from the definitions given by equations (41)—(43).

Upon examining equation (39) for the unknown exponents {a|, at} and the

previously obtained equation (31) for the parameters {blf,?,’f() , bﬁ,’? , bﬁ,’? ,and C{;¥} of
the standard Pitzer model, we see that coefficient matrices of these two equations are
themselves functions of the unknown exponential coefficients, yielding a system of

matrix equations that is non-linear with respect to a| and a:. This non-linear system of

six simultaneous equations can be solved by non-linear iterative matrix solution methods
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such as the Newton-Raphson iterative technique, but this is usually much more difficult

than solving the system of linear simultaneous equations, given by equation (31), for the

OP) (D) (2P)
b b b

wix s Dy by s and R} for given values of af and a?.

parameter sub-set {
4. Methods of Analysis: Alternative approach for conversion of the model

parameters for model equations with only one non-linear exponent coefficient

In the previous section, a general non-linear procedure for determining all parameters of
the standard Pitzer model, including the exponential coefficients, was presented. There
is, however, a more direct alternative approach that is more convenient when there is only

one exponential coefficient with respect to which the problem is non-linear. For

Ca(NO3),(aq) and NaNO;(aq) the terms involving b5, and a5, and thus bﬁ,’? and a?’,

are absent, so that there is only one non-linear unknown a[ . Therefore, instead of
simultaneously solving the full non-linear set of equations (31) and (39) for the optimal
values of all five unknowns, it is more convenient to only solve the linear matrix equation
(31) for the four unknowns, (byjy, by, by, and CYY) while keeping the value of a}

fixed, and then to numerically evaluate the mean square difference function E;* given by

equation (15) at each temperature 7 for a series of assumed values of a . The optimum
value of a! that minimizes E;* may then be determined at a particular temperature by
examining the tabulated values of E;>. This procedure yields a different value of a that

is optimum at each different temperature. Thus, in effect, we have replaced the non-linear
least-squares parameter evaluation with a series of linear least-squares parameter

evaluations.
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The determination of an “average” optimal value of a; that is constant for all ionic
strength and temperature ranges is also of great interest because it can be used directly in

the standard Pitzer model, which has traditionally employed a temperature independent
value of a{. For determining this temperature-average optimum value of a{, we define

the temperature averaged mean square error E;1” resulting from converting the extended

Archer model to the standard Pitzer model by

Tmax  fmax (M Tmax  fmax (M
Eire{ o O (" -"™ddry{ o ¢ &d7} (46a)
Tain Lnin =0 Tin Linin =0
Tmax ) Tmax
=[ O Imax(D{E(D} AT V[ Q fmax(T) dT] (46b)
T T .

The optimal average value of a| over the entire ionic strength range {Imin, Imax(7)} and
temperature range (7min, Tmax) 18 determined by examining calculated values of the root
mean square error (RMSE) measure E; r for a series of fixed (temperature-independent)
values of a, and then selecting the value of a; for which E;r is a minimum.

Rard et al. [17] found that optimizing the Archer model parameters for
Mg(NOs),(aq), by a least-squares fitting method applied to experimentally determined
values of f, resulted in three minima (two local, one absolute) in the RMSE E; 1
evaluated as a function of a; and w;. Similarly, Albright et al. [28] found three minima
(two local, one absolute) in the RMSE for an extended Archer model for ZnSO4(aq). It is
possible that even more local minima may be encountered if we attempted to
simultaneously optimize the values of {blf,?,’f() , bﬁ,’? , bﬁ,’? , C\i%,ar,and a}}.

Our parameter conversion procedure is based on minimizing the difference (or

“error”’) between the osmotic coefficients predicted by the two models. This choice was
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motivated by the simpler form of the difference function for the osmotic coefficient
compared to those of the activity coefficients or the excess Gibbs free energies, and
because all of the input activity data for the Ca(NOs),(aq) source model [13] are osmotic
coefficients. There are other electrolyte systems where the majority of the
thermodynamic data are values of mean activity coefficients from e.m.f. measurements
using reversible electrochemical cells. For these systems the use of conversion equations
based on minimizing the difference between activity coefficients calculated from the
different models may be more appropriate.

The values of the RMSE measure E; over the ionic strength range {/min, Imax(7)}, and
the overall RMSE measure Ej,1 over the combined ionic strength and temperature range
{Imin 10 Imax(T) and Tryin to Thax} are necessary both for determining the optimum
exponential coefficients by inspection and for subsequent evaluation of the accuracy of
the optimized results. The values of the Pitzer parameters X! (7) were computed at
regularly spaced temperature values from equations (31) and (39) for iteratively
determined values of the exponential coefficients. In the case of one exponential term, the
value of a{ that minimizes the error Ej,r was determined by inspection of the results
from these fits as described previously. The integrals over ionic strength of the osmotic
coefficient in the definitions of the square error measure Ei*(7), given by equation (15),
was numerically evaluated by dividing the ionic-strength range of integration at each
temperature into equal intervals and approximating the integrals using the trapezoidal
integration rule [i.e., Xé) y(x) dx = (1/2){y(x1) + y(x2) } (x2 — x;)] within each ionic-

strength interval. The RMSE measure E;,r was next computed in a similar manner from



24

equation (46b) by using these values of E*(7T) and the trapezoidal integration rule within

each temperature interval.

5. Methods of Analysis: Fitting of temperature functions to the standard Pitzer
model parameters b}y, b{[Y, by, C\i?, al, and a} obtained by converting the

parameters of the extended ion-interaction model

The method of determining the parameters X' (7) = {blf,?,’f() (M), bﬁ,’? (M), bﬁ,’? (M), CGR(D),
ar(T), and a5 (7)} of the standard Pitzer model at a given value of the temperature 7, and

of determining optimal constant average values for a; anda’ over the entire temperature
range, was described previously in Sections 3 and 4. In this section we present the method
that we used to fit standard temperature functions to the values of these parameters
computed over the desired range of temperatures, so that they can be described over this
temperature range with a small number of constant temperature coefficients. To this end,
we represent each Pitzer parameter X (7) by the linear sum of a finite series of terms of

the form

8
X{(D=48 ayg(D), i=1l..4j=1...8 (47)

1

—
1l

where the gj(7) (j = 1....,8) are a standard set of pre-defined temperature basis functions,
and the ajj are the constant temperature coefficients corresponding to each Pitzer
parameter X! (7T) and temperature basis function gj(7).

We selected the temperature basis functions to represent all integer powers 7" of the
absolute temperature 7, where n ranged from —3 to +3. The natural logarithm In(7) was

also included as a term in this series because it is intermediate in power law behavior
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between T'and 7', This choice of basis functions allows the temperature dependencies
typical of thermodynamic properties of electrolytes to be accommodated. Thus, we

adopted the set of temperature basis functions given by

g(D)=1 (48)
&(T) =T Tyt (49)
&(N)=T" - Twf (50)
g(D)=T" =T (51)
g5(T) = In(T/ Trer) (52)
go(1) =T = Teet’ (53)
gi(T) =T = Trr - (54)
gs(1) =T = T (55)

where each basis function g 1(Trer ) = 0 to yield aj; = X{ (Ter). Therefore, the first
temperature coefficient a;; is equal to the value of the Pitzer parameter at the reference
temperature Ty, Which we fix at Tier = 298.15 K.

The temperature coefficients a;; of each Pitzer parameter X (7) are determined by
minimizing the mean square error between the values of X! (7) determined from the
model conversion step described in Sections 3 and 4, and its value calculated using

equation (47). That is, we minimize the mean square error

B0 [ 3 (X'(D- & ayg(N}dTVI () d7l, (56a)

Toi 1 T .

min min

T QJOOO

aigi(T)}* dT1, (56b)

Qoo

=[1/(Tmax_ min)][ C\X){XF(T)'

=1

—
1l

over the temperature range of interest (7min, Imax) by setting its derivatives with respect to

the unknown temperature coefficients a;; equal to zero. Thus, we have
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Imax (T)

TErMa; = AT~ Tl [ ) (XV(D- & aes(Dig(dT1=0,  (57)

1

min

Rearranging equation (57) and defining new matrix arrays, we obtain the matrix equation

8

& Alai = Bjj i=1,..4j=1...8 (58)

k=1

where
Imax (T)

Ax® O g(Dg(DdT L k=1,...8 (59)
Lin =0
Imax (T)

B.tij o (‘) X}’(T)-gj(T) dT i=1,.4,j=1,...8 (60)
1. =0

Note that the index i of the generic Pitzer parameters X! (7), of the temperature
coefficients aj;, and of the vector Bj is effectively a dummy index that can be ignored
when solving the linear matrix equation (58) for the temperature coefficient vector,
because each Pitzer parameter is fitted to the temperature functions independently of the
other Pitzer parameters.

The values of the Pitzer parameters X! (7T) were obtained from the model conversion
step in Section 3 at regularly spaced temperature values. Therefore, the integrals in the
definitions (59) and (60) of the matrix coefficients Al, and the right-hand side vector Bj;
were numerically evaluated by dividing the range of integration into equal intervals and
approximating the integral within each temperature interval using the trapezoidal
integration rule for a linear variation of the integrand within that interval. The linear
matrix equation (58) is then solved for the temperature coefficients aj by Gaussian

elimination.
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The impact of the overall error incurred, including both the error due model
conversion and the error due to fitting the temperature functions, is evaluated through the
difference between the osmotic coefficients calculated using the fitted temperature
coefficients for the standard Pitzer model and the osmotic coefficient calculated using the
input temperature dependent parameters of the extended Archer model. This is compared
against the error in the osmotic coefficient due to model conversion only through the
difference between the osmotic coefficient from the standard Pitzer model computed
using the parameters calculated from the model conversion step only, and the osmotic
coefficient calculated using the input temperature dependent parameters of the extended

Archer model.

Temperature function representations
In this paper we present the results for two different choices of the temperature basis

functions for representing the temperature dependence of the standard Pitzer model.

Four-term temperature function representation: This 4-term choice of temperature
basis functions was selected by evaluating the accuracy of test calculations made using
several different thermodynamic properties. The set consists of constant, linear, inverse
temperature and logarithmic basis functions {i.e., 1, 7, T - In(7)}. Thus, the standard

Pitzer model parameters X! (i = 1,..4) = {b$Y, byY, by, and C{;¥ } are represented

by 4-term temperature functions of the form

Xi(T) = aj + aip (T — Trer) + aig (T ' = Trer 1) + a5 In(T/ Tiep) (61a)

= a1 t ap (7)) + ais.g4(71) + ais gs(7) (61b)
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Seven-term temperature function representation: This set of temperature basis
functions supplements the basis functions of the 4-term set with four more basis functions
to overcome observed deficiencies in the performance of the 4-term basis function set.
This selection was made on the basis of exploratory evaluations of the temperature
function fitting error in the osmotic coefficient for Ca(NOs),(aq) with solubility
constrained maximum ionic strength, and represents an optimal choice for this electrolyte
under these conditions. It consists of the basis functions given by equations (48)—(54),
excluding the the gg(7) term that was not required. Thus, the standard Pitzer parameters

X{Gi=1,.4)= {blff,’f() (M), bﬁ,’? (M), bﬁ,’f()(T), and C\¥ (7)} are represented by 7-term

temperature functions of the form,

X (1) = aj + ap (T — Tre) + ai3 (T 7 = Tret’) + aig (T = Ther ) + ajs In(T/ Trep) +
ai6 (T — Toer') + ai7 (T = Tref - (62a)

= aj T ap'gA7) + aizgs(7) + aisga(7) + ais gs(7) + aie'ge(1) + airg(T)  (62b)

6. Activity of water and solubility product
The activity of water in aqueous electrolyte solutions and the solubility products for solid
phases in equilibrium with the saturated solutions are often needed to calculate the

saturated solution molalities. The activity of water a,, may be computed from the osmotic

coefficient f using the equation

aw ° exp (-N-My'm-f )

(63)
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where M,, is the molar mass of water (0.0180153 kg-mol ).

The dissolution reaction describing the equilibrium between a solid phase

MnvXnx'nH>O(s) that has n waters of hydration and its saturated solution is

MnviXnx ‘nH20(s) = nyM™(aq) + nxX“ (aq) + n H,O(1) (64)

Therefore, the standard (thermodynamic) solubility product K, can be computed from
the activity of water ay, and the mean activity coefficient g. of the saturated solutionusing

the equation

K © {m(M™, sat)™-m(X™, sat)™/(m°)"}-gM™", sat)™-g(X™*, sat)™-a,(sat)"
(65a)

= nu k™ {m(sat)/m®} "gu(sat) ™ ay(sat)" (65b)

where the stoichiometric coefficients Ny, Nx, and N have been introduced previously, and

m® =1 mol-kg‘l. The molality m(sat) and the corresponding ionic strength /g, used in
computing the solubility product from equation (65) correspond to those of the saturated

solution.

7. Computer code for model conversion and fitting temperature functions

A Microsoft Excel™ spreadsheet was programmed, using both cell formulae and macros

written in the Visual Basic language, to compute the parameter conversion and
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exponential coefficient optimization procedures described in Sections 3 and 4, the
temperature function fitting procedure described in Section 5, and the water activity,
mean activity coefficient, and solubility product calculations described in Section 6.
The parameter conversion part of the program was developed to permit different
combinations of unknown model parameters to be activated and determined by deleting
the unneeded equations from the full set of matrix equations and function evaluations,

and renumbering the remaining equations and variables. For example, the bﬁ’? ,as,

b, and at* parameters are not used in the standard Pitzer and extended Archer
models of the aqueous Ca(NOs),(aq) and NaNOs(aq) electrolyte systems presented in this
paper, and removing these terms reduces the number of equations in matrix equation (31)
from 4 to 3, and in the exponential matrix equation (39) from 2 to 1.

Similarly, the temperature function fitting part of the program was developed to permit
any sub-set of the full suite of temperature basis functions to be activated, and the
temperature coefficients for only that particular sub-set to be calculated from equation
(58). As a result, it was possible to easily examine the impact of different choices of the
temperature basis functions on the accuracy of evaluation of any thermodynamic property
(e.g, osmotic coefficient, activity coefficients, water activity, or solubility product) based

on the standard Pitzer model.

8. Results: Pitzer parameters for the standard Pitzer model for Ca(NO3)2(aq) and

NaNOs(aq)

In this section we present values of the blf,?,’f() , bﬁ,’? ,and C{;¥ parameters of the standard

Pitzer model derived from the extended Archer-type model parameters given by Oakes et

al. [13] for Ca(NOs)2(aq) and by Archer [29] for NaNOs(aq), and examine the impact of
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optimizing the selection of the exponential coefficient a| on the accuracy of the derived

standard Pitzer model.

Ca(NO3)2(aq) Pitzer parameters

Oakes et al. [13] have critically evaluated the thermodynamic properties of the
Ca(NOs3), + H,0 system and provide evaluated parameters of a 5-parameter model
(b, bl cy, i, and CE5Y}) valid for 7= (298 to 373) K. The molalities of
saturated Ca(NOs)»(aq) solutions [22] are very high, e.g., [ = 3-m = 18.7 mol-kg‘l at 7=
273.15 K; I =~ 51.5 mol'kg " at T'=323.15 K; [ ~ 66.5 mol'kg ' at T=373.15 K; and
It = 68.5 mol-kg‘1 at 7=423.15 K. Oakes et al. [13] included some thermodynamic
measurements for supersaturated solutions when evaluating the values of their model
parameters.

The variation of the average root mean square error (RMSE) E;t with the

al parameter for the solubility limited maximum ionic strength, I, = (7)), and a
constant maximum ionic strength, /. = 68.5 molkg ', are given in figures 1 and 2,
respectively. The plot in figure 1 for the solubility limited maximum ionic strength case
shows a minimum RMSE of 6.0964-107 at a! = 0.87 kg'"*mol "* with the RMSE

increasing to 7.2456:10 % at al = 2.0 kg"*mol . Using the optimal value of a = 0.87

kgl/2_m01—1/2

yields a factor of 11.9 improvement in the accuracy of the osmotic
coefficient calculated by the standard Pitzer model, over that obtained when using the
standard value of a! = 2.0 kg"*mol "%, The optimal value of a? for the evaluation with

constant Jna, = 68.5 molkg ' is also af = 0.87 kgm-mol—l/2 and this model yields a factor

of 11.5 improvement in accuracy over that obtained for a’ = 2.0 kg"*mol 2.



32

Tables 1 and 2 list the values of b"?, b*  and Ci¥ for Ca(NOs),(aq) that were

MX > MMX !
obtained from the extended Archer model parameters by minimizing E;*. Two sets of

Pitzer parameter values, corresponding to the constant optimized value of a; = 0.87

I and the standard value of al = 2.0 kg"*mol"%, are presented in these

kg"mo
tables. The maximum ionic strengths Imax used for these parameter evaluations in table 1
were those of the saturated solutions, whereas a constant value of /. = 68.5 mol-kg!
was used for table 2. It was possible to evaluate these Pitzer model parameters for both
constraints on /yax, because data for supersaturated solutions were included in the Oakes
et al. model [13].

The quality of the osmotic coefficient predicted by the standard Pitzer model using the
above parameter sets can be assessed from the plots of the osmotic coefficient as a
function of ionic strength and temperature given in figures 3 to 5 for the solubility limited

maximum ionic strength, and in figures 6 to 8 for constant maximum ionic strength, at

values of a = (0.20, 0.87, and 2.0) kg"*mol ", respectively. It can be seen from these
figures that the use of the optimal value a; = 0.87 kgm-mol_l/2 gives a nearly perfect
agreement between the standard and extended Pitzer models over most of the ionic
strength range, whereas the standard value a! = 2.0 kg"*mol " yields significantly
poorer agreement, particularly at low ionic strengths and high temperatures. Comparing
the plots of figures 3 to 5 with those of figures 6 to 8 we see that there are no significant
differences in accuracy between the results for solubility limited maximum ionic strength
and those for constant maximum ionic strength. The Pitzer model fits with a{ =2.0
kgl/z-mol_l/2 have deviations from the extended Archer model [13] of ca. 10 per cent at

certain ionic strengths and temperatures (see figure 9 of Rard and Wijesinghe [14]),
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whereas those obtained with the optimized value al = 0.87 kg"*mol™* have maximum

deviations of ca. 1 per cent.

NaNOg;(aq) Pitzer parameters

Archer [29] has critically evaluated the thermodynamic properties of the NaNO; + H,O
system and provided evaluated parameters of a 4-parameter model {b\s", bi™, CU5,
and C{{{"} valid for temperatures from 7'= (273 to 373) K. The molalities of saturated
NaNOs(aq) solutions [22] are high, e.g., Lu = m ~ 8.59 mol'kg ™' at T=273.15 K; [ =
13.16 molkg ' at T=323.15 K; I ~ 21.19 mol'kg ' at T'=373.15 K; and /o ~ 33.07

mol-kg ™' at T=423.15 K, but are not as high on an ionic strength basis as in the case of

Ca(NOs)a(aq).

The variation of the average root mean square error (RMSE) E;t with the
a; parameter for the solubility limited maximum ionic strength {i.e., Imax = Lsat(T)} is
given in figure 9. This plot shows a minimum RMSE of 2.0340-10” at a} = 1.43
kg"?mol™"* with the RMSE increasing to 7.9871-10 at a = 2.0 kg"*mol .
Therefore, using the optimal value of al = 1.43 kg"*mol™""? yields a factor of 3.93
increase in the accuracy of the osmotic coefficient calculated by the standard Pitzer

model, over that obtained when using the standard value of a; = 2.0 kgl/z-mol_l/z.

Table 3 lists the values of blf,?,’f() , bﬁ,’? ,and C{;Y for NaNOs(aq) that were obtained

from the Archer model parameters by minimizing E;*. Two sets of parameter values,

corresponding to the constant optimized value of a; = 1.43 kgm-mol_l/2 and the standard

value of a; = 2.0 kgm-mol_l/2 are presented in this table at various temperatures. The
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maximum ionic strength I, used for these parameter evaluations in table 3 were those of
the saturated solutions.

The quality of the osmotic coefficient predicted by the standard Pitzer model using the
above parameter set can be assessed from the plots of the osmotic coefficient as a
function of ionic strength and temperature given in figures 10-12, for values of a| =
(0.20, 1.43, and 2.0) kg"*mol "%, respectively. It can be seen from these figures that the

use of the optimal value of a;| gives excellent agreement, whereas the standard value of

al = 2.0 kg"*mol"? yields significantly poorer agreement, particularly at low ionic

strengths and high temperatures.

Pitzer parameters when a (7) is optimized separately at each temperature

Tables 4 and 5 give the corresponding values of bﬁ’f{), bﬁ,’f(), and C§;¥ for Ca(NOs)(aq)
and NaNOs(aq), respectively, using values of a (7) that have been optimized at each
reported temperature. It can be seen that the values of a; (7) for Ca(NOs),(aq) are nearly

constant at 7> 353.15 K as are those for NaNOs;(aq) at 7> 333.15 K.

9. Results: temperature functions for parameters of the standard Pitzer model for

Ca(NOs)2(aq) and NaNOs(aq)

Ca(NOs)2(aq) temperature functions

The coefficients of the temperature functions were fitted to the standard Pitzer model
parameters presented for Ca(NOs)»(aq) in tables 1 and 2 as described in Section 5. The
accuracy of the 4-term temperature functions given by equation (61) and the extended 7-

term temperature functions given by equation (62) were evaluated. The average RMSE
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between the osmotic coefficients calculated using the temperature functions for the
temperature dependent Pitzer parameters and the input osmotic coefficients calculated
from the extended Archer model of Oakes et al. [13] for the solubility limited maximum
ionic strength and constant maximum ionic strength cases are given in figures 1 and 2,
respectively. From figure 1, for the solubility limited maximum ionic strength case, it can
be seen that the choice of the temperature functions fitted to the standard Pitzer model
parameters has a very significant impact on the accuracy of the calculated osmotic
coefficients. The accuracy of the fit is seen to be unacceptable in the case of the 4-term
temperature functions, whereas the 7-term temperature functions yields accurate values
of the osmotic coefficient, for a’ > 0.75 kg"*mol "%,

From the corresponding results in figure 2 for the constant maximum ionic strength
case, it can be seen that the choice between the 4- and 7-term temperature functions for
the standard Pitzer model parameters has a much smaller impact on the accuracy of the
calculated osmotic coefficients compared to the case of solubility limited maximum ionic
strength. In this case, while the 7-term temperature functions give a nearly perfect

representation for all values of a |, the 4-term temperature functions gives acceptable
results for most values of a; with the least accuracy occurring around the optimal value

of al =0.87 kg"*mol "2, where the 7-term functions perform much better. Clearly, the
solubility limited maximum ionic strength fit requires more temperature functions to
achieve acceptable accuracy, particularly if the solubility behavior is complicated by the
many different solid phases that are formed in the case of Ca(NOs)2(aq). In both of these
cases, the 7-term temperature functions yielded accurate values of the Pitzer parameters

as a function of temperature for the optimal values of a ;.
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The quality of the temperature function fits to the standard Pitzer model parameters
byys byy . and CiY for Ca(NOs)(aq) can be assessed from the plots of these
parameters against temperature given in figures 13—15 for the case of solubility limited
maximum ionic strength. It can be seen from these figures that while both 4-term and 7-

term temperature functions represent b( 2 « adequately, the 4-term functions have

difficulty in representing both by, and C\¥ with sufficient accuracy. The temperature
coefficients calculated for the 7-term temperature functions for the optimal and standard
values of the exponential coefficient a| are given for Ca(NOs3),(aq) in tables 6 and 7 for

the cases of solubility limited maximum ionic strength and constant /. = 68.5 mol-kg‘l,

respectively.
The by and CYY parameters for Ca(NO;3)x(aq) are more difficult to represent as

functions of temperature for the solubility limited maximum ionic strength model as a
result of abrupt changes in slope around 327 K, and shown in figures 13 and 15. The
thermodynamically stable solid phase is Ca(NOs),-4H,0O(s) from about 244 K to 321 K
where it melts congruently to form a solution of the same composition, with
Ca(NO3)2:3H,0(s) and Ca(NOs3),-2H,0(s) occurring up to = 324 K [22]. The slope
changes observed in figures 13 and 15 directly reflect slope changes in I as a function

of temperature as the stable hydrate changes.

NaNOs;(aq) temperature functions

Temperature functions were fitted to the standard Pitzer model parameters for NaNOs(aq)
presented in table 3, and the accuracy of the 4-term temperature functions given by
equation (61) and the 7-term temperature functions given by equation (62) were

evaluated for NaNOs(aq) as in the case of Ca(NOs),(aq). The average RMSE between the
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osmotic coefficient calculated using the temperature functions for the standard Pitzer
model parameters and the input osmotic coefficient values calculated from the extended
model of Archer [29] for the solubility limited maximum ionic strength case are given for
NaNOs(aq) in figure 9. It can be seen from this figure that the choice of the temperature
functions fitted to the standard Pitzer parameters has a very significant impact on the
accuracy of the calculated osmotic coefficient. In the case of the 4-term temperature
functions, the accuracy of the fit is seen to be acceptable only over a limited range of a |
=(0.8t0o 1.2) kgl/z-mol_l/z, whereas the 7-term temperature functions yield accurate

values of the osmotic coefficient for all values of a |, including its optimal value of a| =

1.43 kg"*mol ™.

Figure 9 clearly indicates that the 4-term temperature functions perform better in the
case of NaNOs(aq) that has lower solubility and only one stable solid phase, compared to
Ca(NOs)2(aq) which is much more soluble and has a complex solubility behavior.

The quality of the temperature function fits to the standard Pitzer model parameters

O.p) (LP)
bM,X > bM,X >

and Cy¥ for NaNO;(aq) can be assessed from the plots of these parameters
against temperature given in figures 16—18 for the case of solubility limited maximum
ionic strength. It can be seen from these figures that while both 4-term and 7-term
temperature functions represent all three parameters adequately, the 7-term function fit is
more accurate at all temperatures. The temperature coefficients calculated for the 7-term
temperature functions for the constant optimal and standard values of the exponential

coefficient a; for NaNO;(aq) are given in table 8 for calculations with the solubility

limited maximum ionic strengths.
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10. Results: temperature dependent optimal a| for the standard Pitzer model for

Ca(NOs)2(aq) and NaNOs(aq)

In this study, we also investigated the potential benefit of using a temperature dependent
a; that is optimal at each temperature, compared to the use of a temperature independent
constant optimal value in minimizing the error in the osmotic coefficient calculated by
the standard Pitzer model. To determine this value of a (7), we computed the RMSE E;
in the osmotic coefficient over the ionic strength range as defined by equation (15b), for a

range of assumed values of a |, and determined the optimal value of a| that minimized

E;. The temperature dependent values of a{, and the corresponding minimum value of E;
computed in this way, are listed in table 9 for each temperature 7. It can be seen from
table 9 that the optimal values of a (T) for both Ca(NO;),(aq) and NaNOs(aq) are quite
close to the corresponding temperature-independent optimal values of a; = (0.87 and
1.43) kg"?mol ™2, respectively, when 7> ~340 K. For comparison, the corresponding
values of a; and the RMSE are also given for Mg(NO;),(aq) at T=298.15 K [17].

The accuracy of the osmotic coefficient computed using these values of a; (7) from
the standard Pitzer model are compared against the input osmotic coefficients calculated
from the extended Archer model of Oakes et al. [13] for Ca(NO;)2(aq) in figure 19 and
for NaNOs(aq) in figure 20. It can be seen from these figures that the accuracy of this
approach is comparable to that achieved previously for Ca(NOs),(aq) in figure 4 using

the constant optimal value of a = 0.87 kg"*mol ", and for NaNOs(aq) in figure 11
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using the constant optimal value of a; = 1.43 kg -mol2. Therefore, we recommend the

use of the constant optimal values of this exponential coefficient instead of more
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complicated temperature dependent values, which would also require re-derivation of the
expressions for the temperature derivatives of the excess Gibbs energy such as the

relative enthalpy and heat capacity.

11. Results: Thermodynamic properties of saturated solutions of Ca(NOs3)2(aq) and
NaNOs(aq)

In this section we use the previously determined standard Pitzer model parameters to
calculate the osmotic coefficient, water activity, mean activity coefficient, and solubility
product of saturated solutions of Ca(NOs)2(aq) and NaNOs(aq) as a function of
temperature.

The solubilities of Ca(NOs),(aq) and NaNOs(aq), reported by Linke [22], are
reproduced in tables 10 and 11, respectively, together the chemical composition of each
solid phase that is in equilibrium with the saturated solution at each temperature. The
osmotic coefficient and mean activity coefficient of each of these solutions were then
computed from equations (4) and (5) using the standard Pitzer model parameters

evaluated with the optimal constant exponential coefficients a; and the solubility limited

maximum ionic strengths /nax(7). The standard Pitzer model parameters were calculated
as functions of temperature using the accurate 7-term temperature functions given in table
6 for Ca(NOs)»(aq), and in table 8 for NaNOs(aq). The water activity and the solubility
product were then evaluated at each temperature using equations (63) and (65),
respectively.

The osmotic coefficient, water activity, mean activity coefficient, and the solubility
product calculated as described above for saturated solutions as a function of

temperature, are summarized in table 10 and figures 21 and 22 for Ca(NOs)2(aq), and in
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table 11 and figures 23 and 24 for NaNOs(aq). The results for Ca(NOs)2(aq) are plotted
in three discontinuous segments for the thermodynamically stable single-hydrate solid
phases of Ca(NOs3),-4H,0(s), Ca(NOs3),-3H,0(s), and Ca(NOs)(s) with increasing
temperature, excluding the metastable solid phases included by Linke [22]. The results
for NaNOs(aq) are much simpler and consist of a single continuous segment, because it

forms only the anhydrous solid phase over this temperature range.

12. Conclusions
A general error minimization method was presented for converting the temperature
dependent parameters of extended forms of Pitzer’s ion-interaction model to those of the
standard Pitzer model. It was further shown that the error minimization criterion could be
fruitfully exploited to optimize the value of the exponential coefficient a{ of the standard
Pitzer model, with the result that the accuracy of the standard Pitzer model was improved
to the point where it may no be longer necessary to use extended Pitzer models for both
Ca(NOs)2(aq) and NaNOs(aq) over the full ionic strength range up to the solubility limit
for T=(298.15 to 423.15) K. Instead of the standard value of a; = 2.0 kgl/z-mol_l/z, the
optimum constant values for the exponential coefficient were found to be a; = 0.87
kg"*mol™"? for Ca(NOs)(aq) and a’ = 1.43 kg"*mol "> NaNOs(aq), respectively. The
accuracies of the standard Pitzer model representations using these optimized values of
a; are also comparable to or better than commonly achieved with the more complex
mole-fraction based thermodynamic models [26,30].

An exploratory study performed to determine whether the use of an optimal
temperature dependent a; exponential coefficient would improve the accuracy of the

standard Pitzer model showed that no significant increase in accuracy could be realized
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over that obtained using a constant optimal value of the exponential coefficient.
Therefore, it is recommended that the constant optimal exponential coefficient values
given above be used for these two aqueous electrolytes.

A general error minimization method of fitting temperature functions to the parameters
of the standard Pitzer model, previously determined through the model conversion
process, was developed. The impact of different selections of temperature functions on
the accuracy of the osmotic coefficient calculated using these temperature functions to
represent the variation with temperature of the Pitzer parameters, was investigated. It was
found that while 4-term temperature functions were adequate for NaNOs(aq), 7-term
temperature functions were required to accurately represent the Pitzer parameters for
Ca(NOs)z2(aq). We recommend the use of the 7-term temperature functions given in the
paper together with the constant optimized values of the exponential coefficient a .

Finally, these Pitzer parameter temperature coefficients and optimized a| exponential
coefficient values were used to compute the osmotic coefficient, water activity, mean
activity coefficient, and solubility product of saturated solutions of Ca(NOs),(aq) and
NaNOs(aq) over the temperature range of 7= (273.15 K to 423.15) K as presented in
tables 10 and 11.

Our success in representing the osmotic coefficients of Ca(NO;),(aq) and NaNOs(aq)
with the standard Pitzer model when the a | values are optimized leads us to believe that
thermodynamic data for other highly-soluble metal nitrate salts such as LiNOj3(aq),
KNOs(aq), Cu(NOs)a(aq), etc., may also be accurately represented with the standard

Pitzer model using this approach.
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TABLE 1. Parameters for the standard Pitzer ion-interaction model for Ca(NOs).(aq)
converted from the extended Archer ion-interaction model of Oakes et al. [13], with

temperature independent optimal and standard values of the exponential

coefficients a; and maximum ionic strengths .. (7) equal to those of the saturated
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solutions®
T/K by -m° b m° iR -(m°) Tnax /m° st /m®
al =0.87 kg">mol"? (optimum value); average RMSE (Ei1) = 6.0964-107

273.15 8.928810° 0.41957 1.5814-10°° 18.651 18.651
283.15 0.10216 0.45835 ~1.3534-10" 21.078 21.078
293.15 0.10978 0.49995 ~1.1700-107 23.640 23.640
298.15 0.11256 0.51995 ~1.5540-107 25.227 25.227
303.15 0.11534 0.53501 -1.9213-107 27.897 27.897
313.15 0.11828 0.57057 —2.3499:107 35.841 35.841
323.15 0.11813 0.61606 —2.4774:107 51.480 51.480
333.15 0.11612 0.67152 —2.4685-107 56.180 56.180
343.15 0.11419 0.72067 —2.4599:107 60.880 60.880
353.15 0.11243 0.76350 —2.4555-107 65.580 65.580
363.15 0.11092 0.79955 —2.4583-107° 66.030 66.030
373.15 0.10963 0.82985 —2.4659-107 66.480 66.480
383.15 0.10853 0.85433 —2.4746:107 66.696 66.696
393.15 0.10762 0.87454 —2.4845:107 66.912 66.912
403.15 0.10686 0.89030 —2.4913-107 67.227 67.227
413.15 0.10623 0.90214 —2.4932:107 67.640 67.640
423.15 0.10571 0.91022 —2.4873-107 68.486 68.486
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ar =2.0 kgm-mol_l/2 (optimum value); average RMSE (Er1) = 7.2456-10°

273.15 0.13520 1.5222 —2.8248:107° 18.651 18.651
283.15 0.14720 1.7892 —4.1041-107 21.078 21.078
293.15 0.15390 2.0779 —4.7514:107 23.640 23.640
298.15 0.15557 2.2387 —4.8824107 25.227 25.227
303.15 0.15509 2.4417 —4.7737-107 27.897 27.897
313.15 0.14983 2.9650 —4.2132:10° 35.841 35.841
323.15 0.13866 3.7113 —3.3784:10° 51.480 51.480
333.15 0.13567 4.1053 —3.2655:107 56.180 56.180
343.15 0.13262 4.4680 —3.1608:107° 60.880 60.880
353.15 0.12965 4.7979 —3.0696:107 65.580 65.580
363.15 0.12875 5.0051 —3.0906:10° 66.030 66.030
373.15 0.12793 5.1878 —3.1109-107° 66.480 66.480
383.15 0.12727 5.3414 —3.1331-10° 66.696 66.696
393.15 0.12669 5.4785 —3.1527-107° 66.912 66.912
403.15 0.12610 5.6016 —3.1629-107° 67.227 67.227
413.15 0.12550 5.7140 —3.1624:107 67.640 67.640
423.15 0.12471 5.8250 —3.1400-107° 68.486 68.486

* These parameter values were obtained by using matrix equation (31) to determine the
standard Pitzer model parameters at D7 = 10 K temperature intervals from 7'= (273.15 to
423.15) K. Values of I,(7), used to evaluate the coefficients of matrix equation (31),
were calculated from the information tabulated by Linke [22], or estimated by

interpolation when the temperatures reported by Linke did not correspond to those in this
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table. The highest ionic strengths are those of the saturated solution, with lax(7) = Lsat( 7).

m° =1 mol-kg‘l.



48

TABLE 2. Parameters for the standard Pitzer ion-interaction model for Ca(NOs).(aq)

converted from the extended Archer ion-interaction model of Oakes et al. [13], with

temperature independent optimal and standard values of exponential coefficients a| and

-1 a

constant maximum ionic strengths Im.x(7) = 68.5 mol-kg

0 1
T/K bIE,D’l:) ‘m° bIE,D’l:) ‘m° C&’}? -(m°)2 Lnax /m° Lot /m°

al =0.87 kg"*mol"? (optimum value); average RMSE (E11) = 6.6666:10

273.15 0.13608 9.5318:10°° —2.9299:107° 68.5 18.651
283.15 0.13180 0.23936 —2.7991-107 68.5 21.078
293.15 0.12790 0.35729 —2.6920-107 68.5 23.640
298.15 0.12611 0.40910 —2.6480-107 68.5 25.227
303.15 0.12441 0.45588 —2.6084:107° 68.5 27.897
313.15 0.12132 0.53913 —2.5463-107 68.5 35.841
323.15 0.11861 0.60975 —2.5027-107 68.5 51.480
333.15 0.11625 0.66976 —2.4748:107 68.5 56.180
343.15 0.11419 0.72069 —2.4598:107 68.5 60.880
353.15 0.11242 0.76376 —2.4547-107 68.5 65.580
363.15 0.11090 0.79997 —2.4570-107 68.5 66.030
373.15 0.10960 0.83029 —2.4645:107 68.5 66.480
383.15 0.10850 0.85477 —2.4732:107 68.5 66.696
393.15 0.10760 0.87494 —2.4832:107° 68.5 66.912
403.15 0.10684 0.89059 —2.4904-10° 68.5 67.227
413.15 0.10622 0.90230 —2.4927-107 68.5 67.640

423.15 0.10571 0.91022 —2.4873-107 68.5 68.486
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ar =2.0 kgm-mol_l/2 (optimum value); average RMSE (Er1) = 7.5730-10 2

273.15 0.13771 1.4144 —2.9843-107° 68.5 18.651
283.15 0.13652 2.1478 —2.9600-107 68.5 21.078
293.15 0.13515 2.7497 —2.9400-107 68.5 23.640
298.15 0.13447 3.0143 —2.9344-107 68.5 25.227
303.15 0.13377 3.2540 —2.9293-107 68.5 27.897
313.15 0.13247 3.6813 —2.9286:107 68.5 35.841
323.15 0.13128 4.0458 —2.9372:107° 68.5 51.480
333.15 0.13019 4.3582 —2.9536:107 68.5 56.180
343.15 0.12923 4.6269 —2.9760-107 68.5 60.880
353.15 0.12837 4.8586 -3.0025107 68.5 65.580
363.15 0.12762 5.0590 -3.0313-10° 68.5 66.030
373.15 0.12697 5.2335 —3.0609-107 68.5 66.480
383.15 0.12639 5.3834 —3.0873-107° 68.5 66.696
393.15 0.12590 5.5162 —3.1117-107 68.5 66.912
403.15 0.12546 5.6321 —3.1298:10°° 68.5 67.227
413.15 0.12507 5.7346 —3.1400-107° 68.5 67.640
423.15 0.12470 5.8253 —3.1396:10° 68.5 68.486

* These parameter values were obtained by using matrix equation (31) to determine the
standard Pitzer model parameters at DT = 10 K temperature intervals from 7'= (273.15 to

423.15) K. Values of I,(7), used to evaluate the coefficients of matrix equation (31),

were calculated from the information tabulated by Linke [22], or estimated by
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interpolation when the temperatures reported by Linke did not correspond to those in this

table. The maximum ionic strength I (7) = 68.5 molkg '. m° =1 mol-kg‘l.



TABLE 3. Parameters for the standard Pitzer ion-interaction model for NaNOs(aq)

converted from the extended ion-interaction model of Archer [29], with temperature
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independent optimal and standard values of exponential coefficient a; and maximum

ionic strengths In.x(7) equal to those of the saturated solutions *

T/K by -m° b m° iR -(m°) Imax /m° Lo /m°
af =1.43 kgl/z-mol_l/2 (optimum value); average RMSE (E; 1) = 2.0340-107
273.15 ~1.8283-107 3.6990-10°° 1.6561-10°° 8.584 8.584
283.15 ~1.0998:107 7.1311-1072 1.0319-10°° 9.454 9.454
293.15 ~4.6944-107 0.12367 5.3708-107* 10.365 10.365
298.15 ~1.8888-107 0.14594 3.3095-107* 10.839  10.839
303.15 6.9924-107* 0.16622 1.4906-107* 11.327  11.327
313.15 5.2627-107° 0.20219 ~1.5053-107* 12.352  12.352
323.15 9.0742:10°° 0.23361 ~3.7671-107* 13.453 13.453
333.15 1.2209-1072 0.26184 ~5.4193-107* 14.644  14.644
343.15 1.4738-107 0.28778 ~6.5670-107* 15.944  15.944
353.15 1.6732-1072 0.31204 ~7.2995-107* 17.372  17.372
363.15 1.8255-107 0.33506 ~7.6939-107* 18.950  18.950
373.15 1.9373-1072 0.35715 ~7.8169-107* 20.701  20.701
383.15 2.0136:1072 0.37865 ~7.7206-107* 22,547  22.547
393.15 2.0629-1072 0.39936 ~7.4740-107* 24.805  24.805
403.15 2.0879-1072 0.41986 ~7.1031-107* 27.169  27.169
413.15 2.0952:1072 0.44008 ~6.6576-107* 29.810  29.810
423.15 2.0924-1072 0.45974 ~6.1857-107* 33.069  33.069
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ar =2.0 kgm-mol_l/2 (optimum value); average RMSE (Er1) = 7.9871-10°

273.15 ~1.8440-1072 1.2425-1072 1.6810-10°° 8.584 8.584
283.15 ~8.1391-107 0.11486 7.8419-107* 9.454 9.454
293.15 9.1337-10°° 0.19958 1.4950-107* 10.365 10.365
298.15 3.4443-10°° 0.23750 -9.5861-107 10.839  10.839
303.15 6.5168-107° 0.27324 ~3.0280-107* 11.327  11.327
313.15 1.1715-107 0.33987 ~6.2203-107* 12352 12.352
323.15 1.5832-1072 0.40213 ~8.4089-107* 13.453 13.453
333.15 1.9039-1072 0.46182 -9.8248-107* 14.644  14.644
343.15 2.1469-1072 0.52025 ~1.0638-107 15.944  15.944
353.15 2.3235-1072 0.57834 ~1.0982-107 17.372  17.372
363.15 2.4435-1072 0.63673 ~1.0962-107 18.950  18.950
373.15 2.5157-1072 0.69587 ~1.0668-107 20.701  20.701
383.15 2.5515-1072 0.75524 ~1.0196:10°° 22547  22.547
393.15 2.5497-1072 0.81719 -9.5460-107* 24.805  24.805
403.15 2.5274-1072 0.87929 ~8.8377-107* 27.169  27.169
413.15 2.4872:1072 0.94260 ~8.0883-107* 29.810  29.810
423.15 243141072 1.0084 ~7.3183-107* 33.069  33.069

* These parameter values were obtained by using matrix equation (31) to determine the
standard Pitzer model parameters at D7 = 10 K temperature intervals from 7'= (273.15 to
423.15) K. Values of I,(7), used to evaluate the coefficients of matrix equation (31),
were calculated from the information tabulated by Linke [22] from the studies of

Berkeley and Chretien, after smoothing the combined results as a function of
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temperature. The highest ionic strengths are those of the saturated solution, with /. (7) =

La(T). m° =1 mol-kg_l.
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TABLE 4. Parameters for the standard Pitzer ion-interaction model for Ca(NOs).(aq)

converted from the extended Archer ion-interaction model of Oakes et al. [13], with
temperature dependent optimal exponential coefficient a (opt) and maximum ionic

strengths Inax(7) equal to the ionic strength I(7) of the saturated solutions *

T/K ai(opt)y RMSE (E)) blf,?)’l:)-m" bﬁ)’f)-m" C&’}?-(m")2 Lo /m° It /m®

273.15 174 14797-10°  0.12990 1.1300 T2196810°  18.651  18.651
283.15 156 1414310° (3746 1.0553 30828107  21.078  21.078
293.15 140 13206107 3950 0.98237 234060107  23.640  23.640
298.15 130 20533107 (43705 0.91424 _33472-10° 25227 25.227
303.15 125 27466107 (13699 0.90822 233335107 27.897  27.897
313.15 110 41928107 (3008 0.82543 29845107 35841  35.841
323.15 0.95 481711107 (15139 072113 26048107 51480  51.480
333.15 0.90 48545107 (1737 071422 25136107 56.180  56.180
343.15 0.88 47533107 (1539 076836 _2.5004-10°  60.880  60.880
353.15 0.86 46822107 (1104 074673 _2.4430-10°  65.580  65.580
363.15 0.86 47743107 (11051 0.78197 24454107 66.030  66.030
373.15 0.85 49281107 (0878 0.79364 24392107 66480  66.480
383.15 085 51225107 (0766 0.81700 24473107 66.696  66.696
393.15 0.85 53845107 (10673 0.83626 24568107 66912 66.912
403.15 0.85 56852107 (0596 0.85120 24634107 67227 67.227
413.15 086 60665107 (0578 0.88204 24794107 67.640  67.640
423.15 0.87 64759107 10571 0.91022 24873107 68486  68.486
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* These parameter values are for the optimal value of the exponential coefficient a; that
minimizes the RMS error E; defined by equation (15) and were obtained by using matrix
equation (31) to determine the standard Pitzer model parameters at D7'= 10 K
temperature intervals from 7'= (273.15 to 423.15) K. Values of I.«(7), used to evaluate
the coefficients of matrix equation (31), were calculated from the information tabulated
by Linke [22], or estimated by interpolation when the temperatures reported by Linke did

not correspond to those in this table. © The highest ionic strengths are those of the

saturated solution, with Ii.x(7) = Isa(7T). m° =1 mol-kg_l.
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TABLE 5. Parameters for the standard Pitzer ion-interaction model for NaNOs(aq)

converted from the extended ion-interaction model of Archer [29], with temperature

dependent optimal exponential coefficient a (opt) and maximum ionic strengths Iax(T)

equal to the solubility limit Z(T) *

T/K ar(opt) RMSE (E) by m® bl -me  CHR-(m®  Inax/m® I /m°
273.15 n.a. n.a. n.a. n.a. n.a. 8.584 8.584
283.15 2.60  2.0005-10° —6.4628:10°  0.19302 6.1175:10°* 9.454 9.454
293.15 1.96  8.8132:10° —2.3091-10*  0.19277 1.712410*  10.365  10.365
298.15 1.81 22945107 2.0449-10°  0.20107 2.4427-10°  10.839  10.839
303.15 1.70  4.5837-10° 3.9495:10°  0.20933 —9.2604-10° 11327  11.327
313.15 1.57 1517410 7.2901-10°  0.22896 —2.8942:10* 12352 12.352
323.15 1.50  3.1935-10°* 1.0187-107  0.24938 —4.4757-10*% 13453 13.453
333.15 1.45 5271810 1.2541-10°  0.26705 —5.6168:10*  14.644 14.644
343.15 143 7.6164-10" 1.4738-10°  0.28778 —6.5670-10* 15944 15944
353.15 1.41 1.0221-10° 1.6406:107  0.30525 ~7.1300-10* 17372 17.372
363.15 142 13559107 1.8102:107  0.33119 ~7.6187-10* 18950  18.950
373.15 1.41 1.6397-10° 1.9083-107  0.34849 ~7.6845:10*  20.701  20.701
383.15 142 1.9957-10° 2.0002:10%  0.37380 ~7.6632:10" 22547  22.547
393.15 142 23166107 2.0508:10°  0.39397 —7.4257-10*% 24805  24.805
403.15 143 2.6761-10° 2.0879:-10°  0.41986 ~7.1031-10*  27.169  27.169
413.15 1.44  3.0433-10° 2.1049-107  0.44667 —6.6910-10*  29.810  29.810
423.15 145  3.4111-10° 2.1091-10%  0.47426 ~6.2387-10*  33.069  33.069

* These parameter values are for the optimal value of the exponential coefficient a; that

minimizes the RMS error E; defined by equation (15) and were obtained by using matrix

equation (31) to determine the standard Pitzer model parameters at D7'= 10 K

temperature intervals from 7'= (273.15 to 423.15) K. Values of I,«(7), used to evaluate

the coefficients of matrix equation (31), were calculated from the information tabulated
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by Linke [22] from the studies of Berkeley and Chretien, after smoothing the combined

results as a function of temperature. The highest ionic strengths are those of the saturated
solution, with I (7) = Isa(T). m° =1 mol-kg_l. Values of the Pitzer parameters are not
reported at 7= 273.15 K because the source model yield an unrealistic value of a; (opt)

at this temperature; n.a. denotes not available.
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TABLE 6. Temperature coefficients ajj of parameters for the standard Pitzer ion-
interaction model for Ca(NOs),(aq), derived from the extended Archer ion-interaction
model of Oakes et al. [13], with maximum ionic strengths Inax(7) equal to the ionic

strengths Is,(7) of the saturated solutions *

Temperature Coefficient:  {ay(b{er)}(m%) {ay(br)}(m?) {as(CLI}-(m°)?

a’ =0.87 kg"*mol " (optimum value); average RMSE = 8.7357-10"

Index j Basis Function i=1 1=2 1i=3
1 1 0.1131573 0.5151491 ~1.601513-10°°
2 {g2(T)}+(T°) 1.492571 —2.209288:10  —9.000908-10°
3 {g:(D)}(1°)*  —-1.013127:10°° 1.439130-10°  1.244447-10°
4 {24(D)I(T) -9.178758-10" 1.555944-10°  —1.469640-10°
5 gs(7) ~5.335195-10° 8.357861-10°  —1.556757
6 {g6(D)}(T°) 3.579341-107  —4.939277-10°  —5.932399:10"°
7 {g7(D)}(T°)* 3.002336:10°  —5.703014-10’ 1.088473-10°
8 {gs(D)I(T°)’ not used not used not used

al = 2.0 kg"*mol ™" (standard value); average RMSE = 7.5993-10

1 1 0.1541224 2.281398 —4.710317-10°°
2 {g2(T)}+(T°) ~5.753712 1.393891-10 0.7664789

3 {g3(D)}(T°)° 3.485761-10°  —8.218850-10° —4.737426:10°"
4 {g(TY(T) 4.774220-10°  —1.214241-10"  —6.114101-10*
5 gs(T) 2.354621-10°  -5.851593-10°  —3.075189-107
6 {gs(D}(T°° —1.117736:10°  2.562256:10°  1.550355-10°"
7 {g7 (DT —1.916559-107 4.968478-10° 2.407663-10°

8 {gs(D)I(T°) not used not used not used
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* These parameter values were obtained using matrix equation (31) to determine the
standard Pitzer model parameters at D7 = 10 K temperature intervals from 7'= (298.15 to
423.15) K. Matrix equation (58) was used subsequently to fit temperature coefficients to
these Pitzer parameter values, and the average RMSE values refer to this fit. Values of
L(T), used to evaluate the coefficients of matrix equation (31), were calculated from the
information tabulated by Linke [22], or estimated by interpolation when the temperatures
reported by Linke did not correspond to those needed. The gj(7) functions are defined by

equations (48)—(55). m® =1 molkg ' and 7° =1 K.
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TABLE 7. Temperature coefficients ajj of parameters for the standard Pitzer ion-
interaction model for Ca(NOs),(aq), derived from the extended Archer ion-interaction

model of Oakes et al. [13], with constant maximum ionic strengths I1,(7) = 68.5 mol-kg_l

a

Temperature Coefficient:  {ay(b{er)}-(m°) {ay(bU )} (m°) {ay(CLR} -(m°)?

al =0.87 kg"*mol"* (optimum value); average RMSE = 6.6735-10"

Index j Basis Function i=1 1=2 1i=3
1 1 0.1261160 0.4090042 —2.647838:10°°
2 {221} (1) ~8.098479-10%  —2.897730 1.375931-10
3 {g3(D)}(T°)° 5.384184-10°  1.855898-10°  —9.781430-10°°
4 {24(D)I(T) 6.001026:10°  2.231575-10°  —8.815055-107
5 gs(7) 3.102035-10 1.133882:10°  —4.913129
6 {gs(D}(T°)°  —1.941233-10° —6.384572-107  3.788698-10"°
7 {g7(DI(T°)Y  —2.275682:10°  —8.99167510° 3.135831-10*
8 {gs(D)I(T°) not used not used not used

al =2.0 kg"*mol ™ (standard value); average RMSE = 7.5724-10 >

1 1 0.1344734 3.014095 —2.934099-10°°
2 {gD)}(T°)  —0.1456606 —9.290062 1.599564-10
3 {g3(D)}(T°)*  9.544499-10°  5.551481-10°  —1.122061-10"
4 {e(DI(T°)  1.094660-10" 7.931238:10°  —1.052388:10°
5 gs(7) 5.623581-10 3.838806-10°  —5.784694

6 {gs(D)}(T°)°  —3.380523-10° —1.731504-10°  4.286865-10"°
7 {g7(DI(T°)  —4.260763-10°  —3.364272-10’ 3.821457-10*

8 {gs(D)I(T°)’ not used not used not used
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* These parameter values were obtained using matrix equation (31) to determine the standard
Pitzer model parameters at D7"= 10 K temperature intervals from 7= (298.15 to 423.15) K.
Matrix equation (58) was used subsequently to fit temperature coefficients to these Pitzer
parameter values, and the average RMSE values refer to this fit. Values of /,(7), used to
evaluate the coefficients of matrix equation (31), were calculated from the information tabulated
by Linke [22], or estimated by interpolation when the temperatures reported by Linke did not
correspond to those needed. The gj(7) functions are defined by equations (48)—(55). m°® =1
molkg ' and 7° = 1 K. For the 4-term temperature function fit yields {all(b( N} -(m°) =
0.1259034, {ai2(b D)} -(m°) = —4.774229-107*, {ai4(bS)}-(m®) = 1.442089-10%

{ars(b G} -(m°) = 0.5209749, {az(bED)}-(m°) = 0.4022983, {azn(b{:P)}-(m°) = 3.731374-10°
>, {a2a(b} - (m°) = =3.219040:10°, {ars(b{2)} -(m°) = —8.988610, {a3;(Ci¥)}-(m°) =
—2.608019-107, {ass(Ci)}(m°)* =2.203723-107*, {asa(CHR )} (m°)* = —2.968550-10, and
{a34(CYO} -(m°)* = —1.623817-10°".
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TABLE 8. Temperature coefficients ajj of parameters for the standard Pitzer ion-

interaction model for NaNOs(aq), derived from Archer’s ion-interaction model [29], with

maximum ionic strengths /nax(7) equal to the ionic strengths I.«(7) of the saturated

solutions ?

Temperature Coefficient:

{a(byx D (m%)  {ax(by - (m%) {as(CLX)}-(m°)®

a; =143 kgm-mol_l/2 (optimum value); average RMSE = 2.0493-10"°

Index j Basis Function

1 1

2 {8(D)}(T)
3 {&(D}(T°Y’
4 {g4(D)NT)
5 gs(T)

6 {gs(D}(T°)’
7 {gr(DNTY’
8 {gs(DINT)’

i=1
~1.888186:10°°
4.501887-10°
—3.612038:10°°
—3.006404-10°
—1.578798-10
1.665781-10°°
1.093358-10°

not used

i=2
0.1460677
—0.8585493
3.558161-107"
1.115479-10°
4.534652:10°
-5.360715:10°°
—5.285602:10°

not used

i=3
3.308894-10
—6.711814-107"
8.676446-10
—2.265104-10
8.622251-107
—5.372888:10°"°
3.785484-10°

not used

al = 2.0 kg"*mol ™" (standard value); average RMSE = 8.0052:10~

1 1

2 {8(D)}(T)
3 {&(D}(T°Y’
4 {g(DNT)
5 gs(T)

6 {gs(D}(T°)’
7 {gr(DNTY’

8 {gs(DINT)’

3.453151-10°
—0.1902405
1.078947-10°*
1.630865-10°
7.964834-10
—2.990106:10°
—6.738489-10°

not used

0.2376814
—0.9844373
5.182529-10°"
1.135333:10°
4.739877-10
—1.422885-1077
—5.408732:10°

not used

—9.713788:10°°
2.736158:10°
~1.632435-10°
—2.348706:10°
~1.132943-10
5.069506:10”°
9.868867-10*

not used
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* These parameter values were obtained using matrix equation (31) to determine the
standard Pitzer model parameters at D7 = 10 K temperature intervals from 7'= (273.15 to
423.15) K. Matrix equation (58) was used subsequently to fit temperature coefficients to
these Pitzer parameter values, and the average RMSE values refer to this fit. Values of
L(T), used to evaluate the coefficients of matrix equation (31), were calculated from the
information tabulated by Linke [22] from the studies of Berkeley and Chretien, after
smoothing the combined results as a function of temperature. The gj(7) functions are

defined by equations (48)—(55). m® =1 mol'kg ' and 7° =1 K.
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TABLE 9. Temperature dependent and average constant optimal values of exponential

coefficient a (opt) of the standard Pitzer model for Ca(NOs),(aq) and NaNOjs(aq), with

maximum ionic strengths Inax(7) equal to the ionic strength I 7) of the saturated

solution.
Ca(NO3)x(aq)® Mg(NO3),(aq)° NaNOs(aq)®
T/K ar (opt) RMSE ar (opt) RMSE ar (opt) RMSE
Average®®  0.87°  6.0964-10 n.a. n.a. 1.43°  2.0340-10°°
3¢
273.15 1.74  1.4797-10° n.a. n.a n.a. n.a.
283.15 1.56  1.4143-10° n.a. n.a 2.60  2.0005-107
293.15 140  1.3206:10° n.a. n.a. 196 8.8132:10°
298.15 130  2.0533-10° 1.55  3.5733100 1.81  2.2945-10°
3

303.15 125  2.7466:10° n.a. n.a 170 4.5837-10°7°
313.15 1.10  4.1928:10° n.a. n.a 157  1.5174-10°
323.15 095  4.8171-10° n.a. n.a 1.50  3.1935-10°
333.15 0.90  4.8545-10° n.a. n.a 145 5271810
343.15 0.88  4.7533:10° n.a. n.a 143 7.6164-10°
353.15 0.86  4.6822:10° n.a. n.a 141 1.0221-10°
363.15 0.86  4.7743:10° n.a. n.a 142 1.3559-10°
373.15 0.85  4.9281:10° n.a. n.a 141 1.6397-10°
383.15 0.85  5.1225:10° n.a. n.a 142 1.9957-10°
393.15 0.85  5.3845:10° n.a. n.a 142 23166107
403.15 0.85  5.6852:10° n.a. n.a 143 2.6761-10°
413.15 0.86  6.0665-107 n.a. n.a 1.44  3.0433:10°
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423.15 0.87 6.4759:10° n.a. n.a. 145  3.4111-10°

* These temperature dependent optimal values of the exponential coefficient a| for the
standard Pitzer model were evaluated directly using as input the extended ion-interaction
model parameters reported by Oakes et al [13] for Ca(NOs)»(aq) and Archer [29] for
NaNOs(aq). These parameter values were obtained using matrix equation (31) to

determine the standard Pitzer model parameters at D7'= 10 K temperature intervals from
T=(273.15 to 423.15) K for values of a! increasing in steps of Dal = 0.05 kg"*mol ™"

from a; = (0.1 to 3.0) kgl/z-mol_m, and the optimal value of a| was determined as the
value corresponding to minimum root mean square error Ej. ® These values for
Mg(NOs),(aq) were reported by Rard et al. [17] for 7= 298.15 K only. The equation
parameters and RMSE were obtained by direct fitting of osmotic coefficients rather than
from transforming the parameters of an extended ion-interaction model. n.a. denotes not
available. ° The constant optimal values of a| and the corresponding constant RMSE
(Err) are evaluated over the ionic-strength range from zero to saturation, and 7= (298.15
to 423.15) K for Ca(NOs)a(aq) and 7= (273.15 to 423.15) K for NaNOs(aq),
respectively. Values of I.(7), used to evaluate the coefficients of matrix equation (31),

were calculated from the information tabulated by Linke [22].
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TABLE 10. Osmotic coefficient f, activity of water ay, mean activity coefficient g, and

solubility product Ky, for solid phases of Ca(NO3), + H,O computed using the standard

Pitzer ion-interaction model for Ca(NOs),(aq) derived from the extended ion-interaction

model of Oakes et al [13], and the solubility information reported by Linke [22], with

temperature independent optimal exponential coefficient a’ = 0.87 kg"*mol " and

maximum ionic strengths Inax(7) equal to those of the saturated solutions *

T/K fe ay g Ky Lo’ /m®  Solid Phase”
293.15 1.5399 0.51900 0.72571 5.4279-10 23.640 Ca(NOs),"4H,0(s)
298.15 1.5687 0.49021 0.77894 6.4916-10 25.227 Ca(NOs),'4H,0(s)
303.15 1.6183 0.44338 0.87036 8.1962-10 27.897 Ca(NOs),'4H,0(s)
308.15 1.6634 0.39530 0.97074 9.8300-10 30.971 Ca(NOs),'4H,0(s)
313.15 1.7219 0.32898 1.1296 1.1515-10° 35.841 Ca(NOs),'4H,0(s)
318.15 1.7843 0.22974 1.4251 4.9803-107 45.755 Ca(NOs),:3H,0(s)
323.15 1.7499 0.19733 1.4729 4.9627-10* 51.480 Ca(NOs),:3H,0(s)
324.15 1.7323 0.18501 1.4928 4.9331-10° 54.067 Ca(NOs),:3H,0(s)
328.15 1.5705 0.15704 1.4051 1.1512-10° 65.430 Ca(NOs)y(s)
353.15 1.4010 0.19104 0.98891 4.0416:10* 65.580 Ca(NOs)y(s)
373.15 1.2852 0.21457 0.74225 1.7799-10* 66.480 Ca(NOs)y(s)
398.15 1.1425 0.25166 0.49223 5.3216:10° 67.032 Ca(NOs)y(s)
420.65 1.0154 0.28847 0.32786 1.6386:10° 67.957 Ca(NOs)y(s)
424.15 0.9818 0.29626 0.30278 1.3379:10° 68.778 Ca(NOs)y(s)

* These properties are based on the derived standard Pitzer model parameters given in

table 6 for constant optimal a| = 0.87 kgl/ 2.mol™"2. ® Values of I(7) used to evaluate

these properties, and the solid phases, are calculated from the saturated solution

compositions tabulated by Linke [22]. m® = 1 mol'kg "
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TABLE 11. Osmotic coefficient f, activity of water ay, mean activity coefficient g, and

solubility product K, for NaNO;3 + H,O computed using the standard Pitzer ion-
interaction model parameters converted from the extended ion-interaction model of

Archer [29], and solubility information reported by Linke [22], with temperature
independent optimal exponential coefficient a’ = 1.43 kg"*mol""* and maximum ionic

strengths Imax(T) equal to those of the saturated solutions *

T/K fo ay® g Ky I®/m°  Solid Phase”
273.15  0.72121 0.80007 0.26776 5.2827 8.584  NaNOs(s)
283.15  0.74603 0.77560 0.29196 7.6186 9.454  NaNOs(s)
293.15  0.76491 0.75152 0.31221 1.0472:10  10.365  NaNOs(s)
298.15  0.77236 0.73961 0.32085 1.2094:10  10.839  NaNOs(s)
303.15  0.77857 0.72778 0.32849 1.3844-10  11.327  NaNOs(s)
313.15  0.78746 0.70436 0.34077 1771810  12.352  NaNOs(s)
323.15  0.79186 0.68125 0.34905 2.2051-10  13.453  NaNOs(s)
333.15  0.79197 0.65845 0.35334 2.6773-10  14.644  NaNOs(s)
353.15  0.77992 0.61375 0.35019 3.7010-10  17.372  NaNOs(s)
373.15  0.75272 0.57039 0.33278 4.7456:10  20.701  NaNOs(s)
393.15  0.71312 0.52870 0.30444 5.7027-10  24.805  NaNOs(s)
423.15  0.63419 0.46971 0.24966 6.8163-10  33.069  NaNOs(s)

* These properties are based on the derived standard Pitzer model parameters given in
table 8 for constant optimal a| = 1.43 kgl/ 2.mol 2. ® Values of I(7), used to evaluate

the coefficients of matrix equation (31), were calculated from the information tabulated

by Linke [22] from the studies of Berkeley and Chretien, after smoothing the combined



results as a function of temperature.
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Figure Captions
FIGURE 1. Variation, with respect to a [, of the root mean square error (RMSE) E; 1 for
osmotic coefficient differences between the extended Archer and standard Pitzer models

for Ca(NOs)s(aq) and solubility limited maximum ionic strength. O, RMSE for model
conversion only; 8, RMSE for model conversion plus 4-term temperature fitting function;

®_ RMSE for model conversion plus 7-term temperature fitting function.

FIGURE 2. Variation, with respect to a [, of the root mean square error (RMSE) E; 1 for
osmotic coefficient differences between the extended Archer and standard Pitzer models
for Ca(NOs)2(aq) and maximum ionic strength of /. = 68.5 mol-kg‘l. O, RMSE for
model conversion only; & RMSE for model conversion plus 4-term temperature fitting

function; ®, RMSE for model conversion plus 7-term temperature fitting function.

FIGURE 3. Comparison of osmotic coefficients calculated using the extended Archer and

standard Pitzer models for Ca(NOs),(aq) and solubility limited maximum ionic strength

with al =0.20 kgl/z-mol_l/z. O, standard Pitzer model at 7= 298.15 K; ®, extended

Archer model at 7= 298.15 K; &, standard Pitzer model at 7= 353.15 K; S, extended
Archer model at 7= 353.15 K; [, standard Pitzer model at 7= 423.15 K; B, extended

Archer model at 7=423.15 K.

FIGURE 4. Comparison of osmotic coefficients calculated using the extended Archer and
standard Pitzer models for Ca(NOs),(aq) and solubility limited maximum ionic strength

with optimum value of a’ = 0.87 kg"*mol™""%. O, standard Pitzer model at 7= 298.15

K; ®, extended Archer model at 7= 298.15 K; &, standard Pitzer model at 7= 353.15
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K; s, extended Archer model at 7= 353.15 K; [, standard Pitzer model at 7= 423.15 K

B, extended Archer model at 7= 423.15 K.

FIGURE 5. Comparison of osmotic coefficients calculated using the extended Archer and

standard Pitzer models for Ca(NOs),(aq) and solubility limited maximum ionic strength

with a} =2.0 kgl/z-mol_l/z. O, standard Pitzer model at 7= 298.15 K; ®, extended

Archer model at 7= 298.15 K; &, standard Pitzer model at 7= 353.15 K; S, extended

Archer model at 7= 353.15 K; [, standard Pitzer model at 7= 423.15 K; B, extended

Archer model at 7=423.15 K.

FIGURE 6. Comparison of Osmotic coefficients calculated using the extended Archer

and standard Pitzer models for Ca(NOs),(aq) and maximum ionic strength of /i, = 68.5

mol-kg‘l with a;=0.20 kgm-mol_m. O, standard Pitzer model at 7=298.15K; @,

extended Archer model at 7= 298.15 K; N, standard Pitzer model at 7= 353.15K; s,
extended Archer model at 7= 353.15 K; [, standard Pitzer model at 7= 423.15 K; W,

extended Archer model at 7=423.15 K.

FIGURE 7. Comparison of osmotic coefficients calculated using the extended Archer and

standard Pitzer models for Ca(NOs)2(aq) and maximum ionic strength of /. = 68.5
molkg " with optimum value of a’ = 0.87 kgl/z-mol_l/2 . O, standard Pitzer model at 7=
298.15 K; @, extended Archer model at 7= 298.15 K; O, standard Pitzer model at 7=
353.15 K; s, extended Archer model at 7= 353.15 K; [, standard Pitzer model at 7=

423.15 K; B, extended Archer model at 7= 423.15 K.
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FIGURE 8. Comparison of osmotic coefficients calculated using the extended Archer and
standard Pitzer models for Ca(NOs)2(aq) and maximum ionic strength of . = 68.5
mol-kg ™" with al = 2.0 kg"*mol™"?. O, standard Pitzer model at 7'=298.15 K; ®,
extended Archer model at 7= 298.15 K; O, standard Pitzer model at 7= 353.15K; s,
extended Archer model at 7= 353.15 K; [, standard Pitzer model at 7= 423.15 K; W,

extended Archer model at 7=423.15 K.

FIGURE 9. Variation, with respect to a [, of the root mean square error (RMSE) E; 1 for
osmotic coefficient between the Archer and standard Pitzer models for NaNOs(aq) and
solubility limited maximum ionic strength. O, RMSE for model conversion only; &,
RMSE for model conversion plus 4-term temperature fitting function; ®, RMSE for

model conversion plus 7-term temperature fitting function.

FIGURE 10. Comparison of osmotic coefficients calculated using the Archer and

standard Pitzer models for NaNOs(aq) and solubility limited maximum ionic strength
with al =0.20 kgl/z-mol_l/z. O, standard Pitzer model at 7= 298.15 K; ®, Archer model

at 7=298.15 K; O, standard Pitzer model at 7= 353.15 K; S, Archer model at 7=

353.15 K; O, standard Pitzer model at 7= 423.15 K; B, Archer model at 7= 423.15 K.

FIGURE 11. Comparison of osmotic coefficients calculated using the Archer and

standard Pitzer models for NaNOs(aq) and solubility limited maximum ionic strength

with optimum value of a’ = 1.43 kg"*mol™""%. O, standard Pitzer model at 7= 298.15

K; ®, Archer model at 7= 298.15 K; O, standard Pitzer model at 7= 353.15 K; s,
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Archer model at 7= 353.15 K; [, standard Pitzer model at 7=423.15 K; B, Archer

model at 7= 423.15 K.

FIGURE 12. Comparison of osmotic coefficients calculated using the Archer and

standard Pitzer models for NaNOs(aq) and solubility limited maximum ionic strength

with a} =2.0 kgl/z-mol_l/z. O, standard Pitzer model at 7= 298.15 K; ®, Archer model

at 7=298.15 K; O, standard Pitzer model at 7= 353.15 K; S, Archer model at 7=

353.15 K; O, standard Pitzer model at 7= 423.15 K; B, Archer model at 7= 423.15 K.

FIGURE 13. Temperature function fits to blf,?,’f() values of the standard Pitzer model for
Ca(NOs)x(aq) for solubility limited maximum ionic strength and optimum value of a| =
0.87 kg'*mol . @, values of bﬁ’f{) from model conversion; O, values of bﬁ’f{) from 4-

term temperature function; O, values of blf,?,’f() from 7-term temperature function.

FIGURE 14. Temperature function fits to bﬁ,’? values of the standard Pitzer model for
Ca(NOs)x(aq) for solubility limited maximum ionic strength and optimum value of a| =
0.87 kg'*mol . @, values of bﬁ,’f() from model conversion; O, values of bﬁ,’?

calculated with the 4-term temperature function; O, values of bﬁ,’? calculated with the 7-

term temperature function.

FIGURE 15. Temperature function fits to Cg&) values of the standard Pitzer model for
Ca(NOs)x(aq) for solubility limited maximum ionic strength and optimum value of a| =

0.87 kgl/ 2. mol 2. @ values of Cg&) calculated with the model conversion; [, values of
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Cg&) calculated with the 4-term temperature function; O, values of Cg&) from 7-term

temperature function.

FIGURE 16. Temperature function fits to blf,?,’f() values of the standard Pitzer model for
NaNOjs(aq) for solubility limited maximum ionic strength and optimum value of a; =
1.43 kg'>mol "*. ®, values of blf,?,’f() from model conversion; O, values of blf,?,’f() from 4-

term temperature function; O, values of blf,?,’f() from 7-term temperature function.

FIGURE 17. Temperature function fits to bﬁ,’? values of the standard Pitzer model for
NaNOs(aq) for solubility limited maximum ionic strength and optimum value of a| =
1.43 kg'>mol "%, ®, values of bﬁ,’? from model conversion; O, values of bﬁ,’f() from 4-

term temperature function; O, values of bﬁ,’? from 7-term temperature function.

FIGURE 18. Temperature function fits to Cg&) values of the standard Pitzer model for
NaNOs(aq) for solubility limited maximum ionic strength and af = 1.43 kg"*mol ">, @,
values of C&’}? from model conversion; [, values of Cg&) from 4-term temperature

function; O, values of Cg&) from 7-term temperature function.

FIGURE 19. Comparison of osmotic coefficients calculated using the extended Archer

and standard Pitzer models for Ca(NOs)(aq), solubility limited maximum ionic strength,
and temperature-dependent optimal exponential coefficient a (T). O, standard Pitzer

model at 7= 298.15 K; ®, extended Archer model at 7= 298.15 K; &, standard Pitzer
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model at 7= 353.15 K; s, extended Archer model at 7= 353.15 K; O, standard Pitzer

model at 7= 423.15 K; B, extended Archer model at 7= 423.15 K.

FIGURE 20. Comparison of osmotic coefficients calculated using the extended Archer

and standard Pitzer models for NaNOs(aq), solubility limited maximum ionic strength,
and temperature-dependent optimal exponential coefficient a(T). O, standard Pitzer

model at 7= 298.15 K; ®, extended Archer model at 7= 298.15 K; &, standard Pitzer
model at 7= 353.15 K; s, extended Archer model at 7= 353.15 K; O, standard Pitzer

model at 7=423.15 K; B, extended Archer model at 7= 423.15 K.

FIGURE 21. Osmotic coefficient f, water activity ay, and mean activity coefficient g. of
saturated solutions of Ca(NOs),(aq) calculated using the standard Pitzer model with
solubility limited maximum ionic strength, a’ = 0.87 kg"*mol™"?, and 7-term
temperature functions. Triangles, solid phase Ca(NOs),4H,0(s); squares, solid phase
Ca(NOs),-3H,0(s); circles, solid phase Ca(NO;)a(s). Top curves f, middle curves @, and

bottom curves ay,.

FIGURE 22. Solubility m, and solubility product K, of individual solid phases of

Ca(NO3),'nH,O(s) calculated using the standard Pitzer model with solubility limited
maximum ionic strength, a’ = 0.87 kg"*mol "%, and 7-term temperature functions.
Circles, solid phase Ca(NO3),-4H,0(s); squares, solid phase Ca(NOs3),-:3H,0(s);

diamonds, solid phase Ca(NOs3)(s); filled symbols, K,; open symbols, mq;.
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FIGURE 23. Osmotic coefficient f , water activity a,, and mean activity coefficient g. of
saturated solutions of NaNOs(aq) calculated using the standard Pitzer model with

solubility limited maximum ionic strength, a = 1.43 kg"*mol™", and 7-term

temperature function. O, f; O, ay; &, Q..

FIGURE 24. Solubility m, and solubility product K, of NaNO;(s) calculated using the

standard Pitzer model with solubility limited maximum ionic strength, a; = 1.43

1—1/2

kgm-mo , and the 7-term temperature function. O, Kg; O, migy.
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APPENDIX A
Analytical expressions for the elements of the coefficient matrices Ajj and Cix, defined by
equations (33) and (34), and coefficient matrices Aj and C% defined by equations (41)

and (42), respectively, can be obtained by substituting the results of expressions (20) —
(30), (37), and (38) in these expressions and performing the indicated integrations over
the range of ionic strength from Inin = 0 to Imax(7). The resulting expressions are given

below.

Coefficient Matrix Aj;

Imax (T)

An=135  Pdl=13 I3 (Al)
L1y =0
Imax (T)
A=Ay =15 ) Pexp(-afl’®dl (A2)
L1y =0
Imax (T)
A13 = A31 =| 32 (\) 12 -exp(—a 12)11/2) d/ (A3)
Ly =0
Imax (T)
Au=An=135 0 Pdl=1 1 5° s /4 (A4)
Ly =0
Imax (T)
Ap=15 ) Pexp(-2afl’?dl (A5)
L1y =0
Imax (T)
An=An=15" () Fexp{~(al +ah)l'?} dI (A6)

Imin =0
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Imax (T)
A24 = A42 =| 1| 32 c\) 13'6Xp(—af 11/2) d/ (A7)
L in =0
Imax (T)
An=15 ) Pexp(-2a3l"?)dl (A8)
Lin =0
Imax (T)
A34= A43 =| 1| 32 c\) 13'6Xp(—a12311/2) d/ (A9)
L in =0
Imax (T)
A44 =| 12| 32 c\) 14 d1=| 12| 321max5/5 (AIO)
Lin =0

Coefficient Matrix C;i

Imax (T)
Cu=15"  PdI=13In/3 (A11)
Lyin =0
Imax (T)
Cn=15" ) Fexp(-ai*'?)dI (A12)
I in =0
Imax (T)
Cis=13  Fexp(-as*1"?)dl (A13)
Lyin =0
Imax (T)
C14 =| 1| 2| 32 c\) 13 d1=| 1| 2| 321max4/4 (A14)
Lyin =0
Imax (T)
Cis=11lal5* ¢ Pexp(-wi*1"?) dl (A15)
Lyin =0
Imax (T)
Cis=11l2l5" O Pexp(-ws*1"?) dI (A16)

1 i =0

min
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Imax (T)
C21 =| 32 c\) Iz-exp(—af 11/2) d[
Imin:()
Imax (T)
Co=13 O Pexpi-(al +af)'"?y i
Imin:()
Imax (T)
Cu=15" ) Fexpi~(al +at)'?} d
Imin:()
Imax (T)
C24=| 1| 2| 32 c\) 13'6Xp(—af 11/2) d[
Imin:()
(A20)
Imax (T)
Css =| 1| 2| 32 c\) 13'6Xp{—(af + WFA)II/Z} d/
Imin:()
Imax (T)
Cos =| 1| 2| 32 c\) 13'6Xp{—(af + W};A)Il/z} d/
Imin:()
Imax (T)
C31 = | 32 c\) Iz-exp(—al; 11/2) d[
Imin:()
Imax (T)
Co=15" @ Fexpi(al+af)'"?} I
Imin:()
Imax (T)
Cu=15" @ Pexpi~(as+as) ' dl
Imin:()
Imax (T)
C34 =| 1| 2| 32 c\) 13'6Xp(—a12) 11/2) d[
1., =0

min

(A26)

(A17)

(A18)

(A19)

(A21)

(A22)

(A23)

(A24)

(A25)
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Imax (T)
2 hY 3
C35 =| 1| 2| 3 O I -exp{—(ag + WFA)II/Z} d[
Imin:()
Imax (T)
2 hY 3
C36 =| 1| 2| 3 O I -exp{—(ag + W};A)Il/z} d[
Imin:()
Imax (T)
C41 =| 1| 32 c\) 13 d[ = | 1 | 32 Imax4/4
Imin:()
Imax (T)
C42 =| 1| 32 c\) 13'6Xp(—a1EA11/2) d[
Imin:()
Imax (T)
C43=| 1| 32 c\) 13'6Xp(—a}23A11/2) d[
Imin:()
Imax (T)
C44=| 12| 2| 32 c\) 14d1=| 12|2|32]max5/5
Imin:()
Imax (T)
2 2 hY
C45 =| 1 | 2| 3 O f-exp(—wall/z) d[
Imin:()
Imax (T)
2 2 hY
C46 =| 1 | 2| 3 O f-exp(—ngll/z) d[
Imin:()

Coefficient Matrix A%

Imax (T)
2 hY 5/2
Al =13 O/ 'exp(—afll/z) d/

1 i =0

min

Imax (T)
AL =15 ¢ Mexp(-2af1?) dI

1 i =0

min

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)
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Imax (T)
Ab =150 Fhexpi-(al +al)'?) dI (A37)
Ly =0
Imax (T)
AL =11l5" O Mexp(-afl’®dl (A38)
Lyin =0
Imax (T)
Ad =150 Pexp(-atr’) d (A39)
Lyin =0
Imax (T)
AL =157 Pexpial +a)'} af (A40)
Ly =0
Imax (T)
AR =13 Q Pexp(-2a31") dI
Lyin =0
(A41)
Imax (T)
AL =115 Mexp-abl"?) d (A42)
Lyin =0

Coefficient Matrix C3,

Imax (T)

ci=15" O Mexp(-all’?)dr (A43)
Imm:O
Imax (T)

ch=15 O Pexpi~(al +ai"} dr (Ad4)
Lyin =0
Imax (T)

Ch=15" O MPexpi~al +a)" di (A45)

Imin =0
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Imax (T)
ch=lila3 § IMexp-afl’® dI

1 i =0

min

Imax (T)

=115 Mexpi~(al +w)I"} dI
1. =0

min

Imax (T)

C?6 =| ]I 2| 32 6 17/2,exp{_(af + WEA)II/Z} dl

I i =0

min

Imax (T)
N
3 =14 0O Pexp(-alt1V?) dI

Imin =0

Imax (T)
Ch=15" O Mexp{~(as+aI" dl

Imin =0

Imax (T)
Ch =15  IPexpi~(al +as )"} dI

Imin =0

Imax (T)
2 Y 7/2 1/2
Ch=lilad 3 ) Mexp(-asl"®) dI

Imin =0

Imax (T)
2 \ 2
Cix=lilas" ) Mexpi~(al+w™)I"} dl

Imin =0

Imax (T)
2 \ 2
Ch=lilal " O Mexpi~(al +ws")I"?} dl

Imin =0

Evaluation of Integrals in Coefficient Matrices

(A46)

(A47)

(A48)

(A49)

(AS50)

(AS1)

(AS52)

(A53)

(A54)

The integrals involving exponential factors in the integrands in the matrices A;;, Cy,

A%, and C%, are all special cases of a generalized integral whose solution was derived
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and reported by Rard and Wijesinghe [14] in their Appendix A. Their general result can

be expressed in a more compact form as

Imax (T)
0 I™exp(-al'?) dI

Imin =0

2n+1
=2{2n+ DA 1 —exp-Y)A  (Y®'/2n+1-1)!] (A55)
r=0

where we define Y © a Imaxl/ 2,



