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ABSTRACT

A Monte Carlo method for calculating the probability of initiating a self-sustaining neutron chain 
reaction has been developed.  In contrast to deterministic codes which solve a non-linear, adjoint 
form of the Boltzmann equation to calculate initiation probability, this new method solves the for-
ward (standard) form of the equation using a modified source calculation technique.  Results from 
this new method are compared with results obtained from several deterministic codes for a suite of 
historical test problems. The level of agreement between these code predictions is quite good, con-
sidering the use of different numerical techniques and nuclear data.  A set of modifications to the 
historical test problems has also been developed which reduces the impact of neutron source ambi-
guities on the calculated probabilities.
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 1. INTRODUCTION

The criticality of fissile (neutron multiplying) systems can described by either of two eigenvalues. 
These are (a) the effective neutron multiplication factor k eff ≡ N g1/N g , which is defined as the 
average number of neutrons N   created by fission in the succeeding neutron generation per neu-
tron in the current generation, and (b) the logarithmic rate of change of the neutron population 
 ≡ 1 /N dN /dt  .  For many fissile systems, the use of either k eff  or   provides an adequate 
representation of the change in neutron population with time.  However, there are systems for 
which these static eigenvalues do not adequately describe the probability that the neutron popula-
tion will grow ( k eff  1  or   0 ), shrink ( k eff  1  or   0 ) or remaining constant ( k eff = 1  
or  = 0 ) over time.

For example, a pulsed reactor may be driven super-prompt critical  ( k eff  1  and   0 ) for a 
short period of time by the rapid mechanical insertion of a slug of fissile material into the core.  If 
the neutron generation time is comparable to the period over which the fissile mass is varying, 
then the assumption of a static system, which is inherent in the definition of k eff , is no longer 
valid.  In this case, one can determine the probability that this dynamic system will become criti-
cal.  The key to such a initiation probability method is the ability to calculate the probability that 
a single neutron will lead to a divergent, or self-sustaining, chain reaction in the multiplying 
medium.
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The classic method for obtaining the initiation probability of a fissile system is the solution the 
Bell equation [1], which is an adjoint form of the Boltzmann transport equation with a modified 
fission term.  However, other methods can also be employed for this purpose.  We have devel-
oped a non-adjoint, Monte Carlo technique for calculating the initiation probability.  This method 
is based upon a solution of the forward form Boltzmann transport equation.  This method has re-
cently been implemented in the Mercury Monte Carlo particle transport code [2], [3].  The 
method can be used in conjunction with the wide variety of tracking options supported in the 
code, for both mesh-based and combinatorial problem geometries.  In addition, the method has 
been adopted to support both spatial (domain decomposition) and particle (domain replication) 
parallelism.

The Monte Carlo algorithm for calculating initiation probability will be described in the next sec-
tion.  This will be followed in Section 3 by a comparison of the results obtained from Mercury 
with results obtained from deterministic codes for a series of historical test problems.  This com-
parison has prompted the development of another suite of test problems with a less-ambiguous 
definition of the neutron source, which is described in the same section.  The paper concludes 
with a summary and plan for future work on this algorithm.

 2. INITIATION PROBABILITY VIA THE MONTE CARLO METHOD

Our goal is to calculate the probability that a fissile, or neutron multiplying, system will initiate a 
self-sustaining neutron chain reaction.  Consider a critical or super-critical system in the absence 
of any neutrons.  This system will remain in a stationary state until a stray neutron happens by 
and induces a fission event, which commences a neutron chain reaction.  The probability that a 
given source of neutrons will initiate a self-sustaining neutron chain is given by

where S r , E , t   is the space-, energy-and time-dependent source function, and p r , E , t   is 
the  space-, energy-and time-dependent probability that a single neutron will produce a divergent 
(persistent) fission chain.

A standard approach for calculating p r , E , t   is to deterministically solve the equation derived 
by Bell [1].  This integro-differential equation is similar to the   adjoint form of the Boltzmann 
transport equation, but which includes a non-linear fission multiplicity term.  This method has 
been implemented in several discrete ordinates SN   codes, including the Partisn code from the 
Los Alamos National Laboratory [4], and the Ardra [5] and Amtran [6]  codes from the Law-
rence Livermore National Laboratory.  These codes use an non-linear iteration scheme (outside 
of the loops which solve the linear adjoint transport equation) to model the possibility that a vari-
ety of numbers of neutrons are emitted by a single fission event.

An alternative method has been implemented in the Mercury Monte Carlo code.  This technique 
is based upon an analog solution of the forward (standard) form of the Boltzmann transport equa-
tion.  In contrast to criticality methods for calculating the k eff  or   eigenvalues of the system, 
this new method is a modification of a time-dependent source calculation.  To start the initiation 
probability calculation, a collection of source neutrons S r , E , t   is injected into the system. 
These represent the progenitors of a series of neutron families or chains, which along with their 
progeny, are tracked forward in time.
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(1)P = 1−e−∫∫∫ S r , E , t  p r , E , tdr dE dt
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In addition to defining the characteristics of the neutron source distribution, the user must pro-
vide a few additional parameters to the model.  These include (a) the number of progeny neutrons 
per progenitor which are required to define a divergent family/chain (successful_chain_ 
threshold), (b) the maximum age for which any chain is integrated (tracked) forward in time 
(max_age), and (c) the number of sub-intervals within the maximum chain age (num_sub-
steps).  At each sub-interval, the method checks the number of progeny that have been accumu-
lated in each family, comparing this to the input threshold value to determine whether the chain 
has become self sustaining.  The number of chains that have exceeded the divergence threshold is 
also carried forward in time.  The single-neutron probability of initiation is defined as the ratio of 
the number of divergent chains to the initial number of chains

where C i  is the number of chains (progenitor neutrons) created by the user defined source and 
Cd

k  is the number of divergent chains accumulated through sub-interval k .

The maximum age parameter is used to limit the time over which neutron chains are integrated 
(tallied), based upon the characteristics of the dynamic system.  For example, consider a pulsed 
reactor where the fissile slug is resident in the core for a short time interval.  In this case, it would 
not be accurate to compute initiation probability for time periods which are greater than the slug 
residence time.  The ability to limit the time integration interval in this new method is one of its 
strengths relative to the available deterministic methods.  Each of the aforementioned SN  codes 
compute the initiation probability via solution of a static adjoint form of the Boltzmann equation, 
which implies an infinite period of time over which the neutron chains are integrated.  As a re-
sult, these codes will tend to overestimate the pulsed reactor probability of initiation.

Although this new method has the advantage of evolving the neutron chains for less than an infi-
nite time period, one may be concerned that the maximum age parameter may not have been set 
large enough to guarantee that the initiation probability has reached an asymptotic state.  Howev-
er, the use of sub-intervals in this method permits the user to monitor the asymptotic approach of 
the probability towards convergence.  If convergence has not been achieved for a given maxi-
mum age, the user may rerun the simulation with a longer integration time.  The other user de-
fined parameter that could lead to a false sense of convergence is the threshold count for a chain 
to be considered divergent.  In general, the user should run several simulations for a given type of 
problem over which this threshold is varied to ensure that the reported probabilities are indeed 
convergent.  Experience with this method has shown that the divergence threshold can be set to 
O(10000) for most near-critical systems k eff ≈ 1 , while most super-critical systems   0
can safely achieve convergence in as little as O(1000) progeny per chain.  Finally, it should be 
noted that the other free parameter in this model, the initial number of chains C i  created in the 
user defined source, only affects the level accuracy at which the initiation probability can be 
quoted.  For instance, C i = 100  initial chains will produce accurate probability estimates at the 
1% error level.

This method requires a mechanism by which any neutron being tracked can be efficiently associ-
ated with its family and the source progenitor neutron of that family.  The particle identifier at-
tribute in Mercury has been used for this purpose.  The code's default mode of operation has 
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each particle being assigned its own unique identifier.  When run in “criticality probability” 
mode, each particle produced within a family is assigned the identifier of its progenitor, and only 
the original sourced (progenitor) neutrons are assigned unique identifiers.   At the end of each 
sub-interval, a census of family members is taken by counting the number of particles associated 
with each unique identifier.  A data structure holds the census count of each of the families/ 
chains.  Once the number of neutrons in a given family has exceeded the user defined threshold, 
the chain member count is set to '-1', signifying that the chain has become divergent.  As each of 
the neutron families achieves a self-sustaining level, their progeny are deleted from the calcula-
tion, in the interest of computational efficiency.

While the process of determining the number of neutrons in each chain is straightforward for se-
rial calculations, it is somewhat more complicated for parallel computations.  The complexity 
arises from the use of spatial domain decomposition (spatial parallelism) techniques, and is not 
encountered for domain replication forms of (particle) parallelism.  In the latter, the particle work 
load is distributed across multiple processors, each of which is responsible for the entire problem 
geometry and where each chain can be assigned to a single processor.  In the former, any particle 
in a chain can track to an inter-processor domain boundary, and be communicated to a different 
processor before continuing its track.  As a result, a given particle chain could evolve to inhabit 
several domains/processors.  In order to determine whether any chain has become divergent, a re-
dundant version of the census data structure exists on each processor.  A local census of family 
members is performed on every processor, and the results of that partial census undergo a 
summed reduction across processors to arrive at the global count, which is then stored on each 
processor.

 3. TEST PROBLEM RESULTS

A suite of test problems were developed by researchers at LANL and LLNL in the late 1970s [7] 
which may be used to validate probability of initiation methods.  These are a series of bare homo-
geneous spheres that are comprised of either highly enriched uranium (oralloy) or  -phase plu-
tonium.  The density and radius of the spheres were varied to give a series of problems at differ-
ent values of  r , or “optical depth”.  The description of these “legacy” test problems is provided 
in Tables 1 and 2.  These various configurations have been used to compare code predictions of 
both the   eigenvalue and single-particle initiation probability p r , E , t   for a specified neu-
tron source distribution S r , E , t   of unity amplitude.  The rationale for choosing test spheres of 
varying  r  is that different values of the density and radius may be chosen to conserve  r , and 
the probability p r , E , t   should be invariant to such a change, while the   eigenvalue is sub-
ject to change.

Predictions for both the   eigenvalue and the probability p r , E , t   for these test problems 
have been obtained from the Mercury Monte Carlo code and the Amtran, Ardra and Partisn 
deterministic SN   codes.  The calculations with the LLNL codes (Mercury, Amtran and Ar-
dra) used the ENDL-99 [8] evaluated nuclear data base, while the Partisn calculation used the 
LANL MENDF-6 [9] multi-group version of the ENDF/B-VI nuclear data base.  The Mercury 
run used a continuous energy representation of the cross sections, while the SN  codes used with 
175-group (Amtran and Ardra) or 30-group (Partisn) multi-group cross sections.  The other 
S N  run parameters used in Amtran / Ardra / Partisn include angular quadrature of S24 / S40 / 
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S16, Legendre expansion of  P2 / P2 / P4, and 8 / 8 / 5 fission multiplicity terms.  The parameters 
used in Mercury include C i = 10000  fission chains/families,  successful_chain_ threshold 
= 1000 progeny, and a maximum integration time of  max_age = 1  sec comprised of num_ 
substeps = 1000 sub-intervals.  Each of these runs employed an isotropic, spherical source of 
radius rsource = rsphere , with a fission-spectrum energy dependence that was obtained from the 
tabulated ENDL-99 data base (LLNL codes) or an analytic Watt spectrum (Partisn).  Finally, the 
fission neutron multiplicity data used in each of the codes is based upon the analytic model de-
veloped by Terrell [10], which assumes that the number of neutrons emitted by a fission event 
can be described by a truncated Gaussian distribution.

The   eigenvalues and the probabilities p r , E , t   obtained from these codes is plotted in Fig-
ures 1 and 2 for the uranium and plutonium bare-sphere test problems, respectively.  The Mer-
cury results are also tabulated in Tables 3 and 4.  The general trend for both the   eigenvalue 
and the probability of initiation is to increase with increasing  r .  However, Figures 1 and 2 
clearly show that   eigenvalue increases with a greater-than-linear slope, while p r , E , t   in-
creases with a less-than-linear slope.  The level of agreement between the various codes is quite 
good.  The   eigenvalues predicted by Mercury and Partisn agree to within 5.2% at low   
values, and to within 1.8% at high   values.  When one considers that these results were ob-
tained from codes using different transport algorithms and nuclear data, these differences are 

Joint International Topical Meeting on Mathematics & Computation and 
Supercomputing in Nuclear Applications (M&C + SNA 2007), Monterey, CA, 2007

5/11

Table 1.  Highly-Enriched-Uranium Bare Sphere Test Problem Description

 r   [g/cm3] r  [cm]
165 19.0 8.6842
195 24.4 7.9918
225 30.3 7.4257
255 36.6 6.9672
285 43.2 6.5972
315 50.2 6.2749

Isotopic Atom Fractions:  235U   9.38x10-1, 238U   6.20x10-2

Table 2.   -Phase Plutonium Bare Sphere Test Problem Description

 r   [g/cm3] r  [cm]
100 15.7 6.3694
120 20.6 5.8252
140 26.0 5.3846
160 31.8 5.0314
180 37.9 4.7493

Isotopic Atom Fractions:  Ga   2.6030x10-2, 239Pu   9.3105x10-1,
 240Pu   5.6440x10-2,  241Pu   4.48x10-3
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  (a) (b)

Figure 1.  The (a) predicted   eigenvalues and (b) single-particle initiation probabilities for the 
bare uranium sphere test problems as obtained from several codes.  The results from the Mer-
cury Monte Carlo code are shown in blue.

  (a) (b)

Figure 2.  The (a) predicted   eigenvalues and (b) single-particle initiation probabilities for the 
bare plutonium sphere test problems as obtained from several codes.  The results from the Mer-
cury Monte Carlo code are shown in blue.
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quite acceptable.  The predicted initiation probabilities p r , E , t   agree to within 2.7% for the 
uranium spheres (maximum error at  r = 315  g/cm2), and to within 1.5% for the plutonium 
spheres  (maximum error also at  r = 315  g/cm2).  It should be pointed out that the level of 
agreement illustrated in Figures 1b and 2b is much better than was observed  for the predictions 
of “legacy” codes (~13 – 17%) that were developed at LANL and LLNL in the 1970s and 1980s 
[7].

The single-particle initiation probability can be rather sensitive to the spatial and energy distribu-
tion of the neutrons emitted by the source S r , E , t  .  For example, by changing the radius of 
the source in the  r = 255  g/cm2 uranium sphere calculation from rsource = rsphere = 6.9672  cm 
to rsource = 1  cm, the initiation probability changes from p = 23.28 % to  p = 43.92 %.  In ad-
dition, there is the possibility that small differences in the energy dependence of the fission spec-
trum between the evaluated nuclear data bases and the Watt analytic spectrum could have an im-
pact on the predictions of p r , E , t  .  Therefore, we propose a simplified set of test problems 
which are extensions of those defined above.  The intent of these new test problems is to elimi-
nate ambiguity in the definition of the neutron particle source.  These new test problems utilize a 
source with (a) a spatial singularity rsource = 0  cm (or as spatially-compact a source as the trans-
port code can accommodate), with (b) a series of monoenergetic emissions energies E source = 10,
1, 10−1 ,10−2 ,10−3 ,10−4 ,10−5 ,10−6  or 10−7  MeV, and (c) isotropic angular emission.

The initiation probabilities p r , E , t   predicted by Mercury are shown in Figures 3 and 4 for 
the modified suite of uranium and plutonium bare-sphere test problems, respectively.  Figures 3a 
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Table 3.  Highly-Enriched-Uranium Bare Sphere Test Problem Results (Mercury)

 r   [gen/  sec] p  [%]
165   -0.9  0.00
195  29.1  9.14
225  64.0 17.10
255 101.3 23.28
285 142.2 28.77
315 184.6 33.19

Table 4.   -Phase Plutonium Bare Sphere Test Problem Results (Mercury)

 r   [gen/  sec] p  [%]
100   -2.5   0.01
120  63.4   9.12
140 140.0 17.40
160 226.9 24.49
180 319.6 30.53
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  (a) (b)

Figure 3.  Mercury predictions of the single-particle initiation probabilities for the modified bare 
uranium sphere test problems as a function of (a) source energy and (b) optical depth  r .

  (a) (b)

Figure 4.  Mercury predictions of the single-particle initiation probabilities for the modified bare 
plutonium sphere test problems as a function of (a) source energy and (b) optical depth  r .
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and 4a present the results for the various values of  r  as a function of source energy, while Fig-
ures 3b and 4b present the results for the various values of source energy as a function of  r .  In 
the interest of brevity, the results from these O(100) calculations are not tabulated here, but this 
data may be obtained from the authors by contacting at the e-mail addresses listed above.  These 
results were obtained with the same model parameters and cross sections as described  above. 
The monoenergetic sources produce the same increase in p r , E , t   with increasing  r  that 
was observed for the fission-spectrum energy dependence of the source.  The variation of 
p r , E , t   with source energy is non-monotonic and quite complex.  The peaks and troughs in 

Figures 3a and 4a are generally not correlated with the energy variation of the total, fission or 
capture cross sections.  These cross sections tend to decrease by several orders of magnitude with 
increasing neutron energies in the range 10−7  E  10−1  MeV, and are reasonably constant for 
E  10−1  MeV.  Of course, leakage also plays an important role in terminating fission chains 

through the loss of individual neutron progeny.  Since high energy neutrons are more likely to es-
cape from the system than low energy neutrons (due to larger velocities), one might conclude that 
the probability of initiation might fall off with increasing neutron energy.  However, this is not 
borne out by the results shown in Figure 3a and 4a.

 4. SUMMARY, CONCLUSIONS AND FUTURE WORK

A probability of initiation method has been developed in the Mercury Monte Carlo code.  This 
new method represents an analog solution of the standard form of the Boltzmann transport equa-
tion, in contrast to many deterministic codes which iteratively solve the non-linear, adjoint form 
of the equation.  This new method uses a modified version of time-dependent source calculation 
technique.  The user specifies the spatial- and energy-dependence of a source, from which neu-
trons are injected into the system.  These C i  neutrons form the progenitors of a series of neu-
tron families or chains.  The neutron chains are then tracked for a user-specified maximum peri-
od of time (max_age).  The number of progeny in each chain is periodically tallied, and the 
chain is successfully terminated when the size of the family exceeds a user-specified threshold 
for a self-sustaining, or divergent, chain (successful_chain_ threshold).  The initiation proba-
bility is defined as the ratio of the number of divergent chains Cd   to the number of initial 
chains p ≡ Cd /Ci .

The user of the new method needs to choose the model parameters judiciously, in an attempt to 
balance the accuracy and efficiency of the calculation.  The threshold for a divergent chain 
should be set in the range 1000 <  successful_chain_threshold < 10000.  In addition, max_ 
age should be set large enough to ensure converged, asymptotic results, while at the same time 
being set short enough to avoid violating the assumption of a static system, which is an inherent 
feature of the initiation probability equation.

This new method has been applied to an existing suite of probability of initiation test problems, 
and the results have been compared with those from three deterministic transport codes.  The 
agreement between the deterministic and Monte Carlo results is rather good, especially since 
these codes used different numerical techniques and nuclear data.  In an effort to eliminate the 
ambiguity of the source definition on the calculated initiation probability, we have developed a 
modified suite of test problems for use by the community, and have provided results from Mer-
cury for comparison.
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In the future, we intend to validate this new method against experiment data from pulsed reac-
tors. This method will be used to calculate the initiation probability and burst wait time in the 
Caliban and Godiva-II systems.  In an effort to determine the impact of nuclear data on the calcu-
lated probabilities, the suites of test problems described above will be recalculated using different 
evaluated nuclear data bases.  Recent work by the nuclear data team at LLNL has provided our 
transport codes with the ability to use ENDF-B/VI, ENDF-B/VII and JEF-3 data.  These data 
bases will be used to determine whether the observed discrepancies between the Mercury and 
Partisn results arise from the use of different algorithms or nuclear data.
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