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177, 373 [2008])

Bryan M. Johnson! Xiaoyue Guan and Charles F. Gammie

Center for Theoretical Astrophysics, University of Illinois at Urbana-Champaign, 1110
West Green St., Urbana, IL 61801

The descriptions of some of the numerical tests in our original paper are incomplete,
making reproduction of the results difficult. We provide the missing details here. The
relevant tests are described in §4 of the original paper (Figures 8-11).

We use the analytical solutions outlined by Johnson (ApJ, 660, 1375 [2007]) as the
initial conditions for these tests. The incompressive solution is given by the real parts of
expressions (80)-(82) of that paper. For imaginary w and @ and a Keplerian rotation profile,

these are -
v = v cos(k-wjtZ) (1)
and -
vy = 0va cos(k-w—z), (2)
with 2 12
=4 2 12 K y
v =A; (/{:x k=, kyky 2a,krkz + 2041{:2) (3)
and
~ Va- k 2 2 2
vy = — o] A, (km — k%, kyky + 2akZ, Kok, — 2akykz) , (4)
where
_ || |w]€2
A= o S + oo (5)
and
Qlw|

== (6)
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Here H = ¢, /€ is the disk scale height, k is the initial wave number of the perturbation and
€ is an arbitrary perturbation amplitude; other symbols have their usual meanings. These
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solutions have been normalized to the correct dimensional units.? The density perturbation
is given by

£0 Cs  Cg csk

- 00 -
5_p:<_v_A.5vA+ [@@+&ﬁz]-5—v>cos(k~m—z). (7)
k
The unstable branch of the incompressive dispersion relation is
k. dkvy - k)°
~2] z i
o= (B0 (o [P s ®

wl = V]&?] = (va - k). (9)
For our choice of initial parameters, v4 = 1/15/16(Q/k.)z and Hk = 27(—2/10,1/10,1),
these become

and

5
~21 022 _9) ~ 2
0% = @2 (V67 —2) = 1470 (10)
and ”
5 95
=/ — - — ~ (.7320. 11
wl =/ o (st_ 16) 0.73 (11)
The perturbations in this limit are given by
~ A; 101 1 21 1 21
bv=—temn (0 = - 12
v= <100’50+40a’5 400a> (12)
and
~ 15 Q A, 101 1 1 «
dvg =1 ———21)? | —, — —2a, = + — 13
va =\ 15y 2 2T (100’50 O"5+5)’ (13)
with 12
A zecsM 2 (14)
H? 270 \ a/67
and 12
21 (/67 —95/16
o= Y2LWVOT—95/16) o or (15)
V5 (V6T - 2)

Dividing through by an overall factor of H*(k? — k%) = —(27)?(101/100) gives the initial
conditions quoted in our original paper (with e = 1079).

2We set 4mpg = 1 in our original paper, so that the magnetic field is equivalent to the Alfven velocity.
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We make comparisons based upon the amplitude of the solution, i.e. v and dv 4 rather
than dv and dv,4. In Figures 8-10 of our original paper, then, the quantity that is being
plotted is o0 +6v Az. To extract these quantities from the code we calculate departures from
the mean, multiply by the appropriate cosine factor in expressions (1) and (2) (where k in
this case is the time-dependent wave number) and integrate over the computational domain.
This is done at each time step to give a time history of the perturbation amplitudes, which
are then compared to the analytical solution. As a concrete example,

Nac Ny Nz

~ 2 n n T
<6vx[t])numerical B L:(:LyLZ ZZ:; jZ: ;Uxijk cos <k[t ] ) mijk + Z) ’ (16)

=1

where vz}, is the radial velocity component at grid location (1,7, k) and time step n. Since
the solution as expressed above breaks down as w transitions from imaginary to real, we
calculate the analytical amplitudes for the incompressive tests based upon an integration of

the full set of linear equations.

The compressive solution is given by the real part of expressions (83)-(85) of Johnson
(ApJ, 660, 1375 [2007)):

(0v,dv4,0p) = <5~’U,(5’1~1A,(5~p) cos (k- x), (17)
with )
- w w
5’025-40 <ﬁk—vA-k:'vA), (18)
- w? va-k
5’UA = SAC (’UA — f;{:z k) s (19)
and -
0 _ oA, (20)
Po
where

Ac:er\/ T i (21)

va- k) 2k

Our choice of initial parameters for this test, v4 = ¢5(0.1,0.2,0.0) and Hk = 47(—2,1,1),
gives v4 - k = 0, so that the nonzero solution to the compressive dispersion relation is

w® = (& +v3) k. (22)

The perturbations in this limit are given by

1/2
(50,504 50/p0) = (0a/TF Bewa1) <Hk, / % ) | (23)
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where 3 = ¢;/v4. For our initial conditions (3 = 20), this is

1/2
-~ - cs |7 Hk 10
<5U,5UA,5p/p0) = (5 0 2 ’UA,l) (87T 7) ’ (24)

which matches the numbers given in our original paper with e = 1075.

Figure 11 of our original paper shows the evolution of the azimuthal component of SV 4.
The numerical results are

<5U~Ay [t])nummml i L - i zy: gz: < bi;izo — Vay [t"]) cos (k[t"] - @) - (25)

and the analytical results are calculated within the code using the time dependent version

of expression (24), i.e

. . 0" T e
(my[t])amw:vAy[t ] <8ﬁ 7) cos (Zw[t | dt ) (26)

n’=0
with dt’ = 0.

As a final practical consideration, implementing the solutions as described above can
introduce divergence into the initial conditions. To avoid this, we calculate the vector po-
tential in the Coulomb guage (k-JdA = 0) for the above solutions and numerically calculate
its curl to obtain the initial magnetic field perturbation. The perturbed vector potential is

0A k2 .k, k; k, k ™

\/Tpo_ \w| Ak( {kg_l]’ak a3 k—i)cos(k-w—l—Z) (27)

for the incompressive solution and
JA wva x k

N

for the compressive solution. For our initial conditions, these reduce to
0A  ecH 1
Varp, 14 <30a\/ﬁ

for the incompressive solution (with a given by expression [15]), and

A.sin (k- x) (28)

12 21 ™
) <202a, 4o+ 105, 40a0 — ?) cos (k T+ Z> (29)

1/2
0A H [ 1 )
VAT - EC@O <_ 3) (2,-1,5)sin (k- x) (30)

TV 14
for the compressive solution.
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