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Abstract. We construct the many-body effective Hamiltonian for pf-shell by carrying out2h̄Ω
NCSM calculations at the 2-body cluster level. We demonstrate how the effective Hamiltonian
derived from realistic nucleon-nucleon (NN) potentials for the2h̄Ω NCSM space should be modified
to properly account for the many-body correlations produced by truncating to the major pf-shell.
We obtain two-body effective interactions for the pf-shell by using direct projection and use them
to reproduce the results of large scale NCSM for other light Ca isotopes.
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In recent years remarkable progress inab-initio microscopic nuclear structure stud-
ies has been made in calculating nuclear properties, e.g., low-lying spectra, transition
strengths etc., of the nuclei withA < 14 [1]. Large basis no-core shell model (NCSM)
calculations has been successful to reproduce the low-lying spectra in light nuclei [2].
When we apply the NCSM calculations to nuclei in theA > 12 mass region, the model
spaces required to obtain converged results are too huge to be handled by existing com-
puters. The problem remains of how to reproduce the many-body correlations present in
the large space in a tractable, smaller model space.

In this study we demonstrate how the effective Hamiltonian derived from realistic
NN potentials for the2h̄Ω NCSM space should be modified to properly account for the
many-body correlations produced by truncating to the pf-shell, in the spirit of Ref. [3].
We obtain two-body effective interactions for the pf-shell by using direct projection and
use them to reproduce the results of large scale NCSM for other light Ca isotopes.

The NCSM calculations start with the intrinsic Hamiltonian of the A-nucleon system,

H =
A

∑
i=1
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VNN
i j , (1)

wherem is the nucleon mass andVNN
i j , the bare NN interaction. We can modifyH by

adding the center-of-mass harmonic-oscillator (HO) potential to allow us to work with
convenient basis states. The newA- andΩ-dependent Hamiltonian can be written as
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The exact solution of the Eq.(1) requires anA-body effective interaction for theA-
nucleon system, and such a solution is not currently possible. However, if we make



a two-body cluster approximation (n = 2) for the effective interaction, this allows us to
solve the eigenvalue problem, even in the almost “infinite” space, e.g.Nmax= 450, where
Nmax is the maximal number of excited HO quanta. Note that theA-body correlations
for the consideredA-nucleon system enter into the bare HamiltonianHΩ

A,n=2 through the
last term in Eq.(2), as well as the indirect dependence onΩ due the truncation of the
model space. The solution of the two-body cluster HamiltonianHΩ

A,n=2 in the almost
“full” space gives us the eigenvaluesEA,2;k and corresponding eigenvectors|k〉.

We utilize a unitary transformation to construct effective HamiltonianHΩ,eff
A,2 in the

truncated model space. The diagonalization of the bare HamiltonianHΩ
A,n=2 means that

we know the unitary transformationU , such thatHΩ
A,2;diag= UHΩ

A,2U
† whereHΩ

A,2;diag is
the diagonal matrix containing the eigenvaluesEA,2;k. By introducing the modelP-space,

one builds the matrixHΩ;p
A,2;diag = PHΩ

A,2;diagP. The effective HamiltonianHΩ,eff
A,2 can be

calculated using the following formula:

HΩ,eff
A,2 =

U†
pp√

U†
ppUpp

HΩ;p
A,2;diag

Upp√
U†

ppUpp

, (3)

where the matrixUpp is thedP×dP square matrix corresponding to the P-space.
After a unitary transformation of the bare HamiltonianHΩ

A,2 to the2h̄Ω model space
in the case of42Sc, we obtain the42-body Hamiltonian by using the coefficients of frac-
tional parentage from2-body to42-body system. The corresponding42-body effective
Hamiltonian of42Sc in the2h̄Ω space can be expressed in terms of the2-body effective
Hamiltonian of42Sc in the same space. If we replace the eigenvalues and eigenvectors of
HNmax,Ω,eff

42,42 in a subspace of the2h̄Ω space, calledP2, with those ofHΩ,p
42,2 in Eq. (3), we

can perform a secondary unitary transformation ofHNmax,Ω,eff
42,42 from the2h̄Ω model space

to the smaller subspaceP2, e.g., thep f-space. The new effective Hamiltonian would be
in the0h̄Ω or p f- model space and reproduces exactly the lowestdP2 eigenvalues of the
HamiltonianHNmax,Ω,eff

42,42 .

H0,Ω,eff
42,42 =

U42,†
pp√

U42,†
pp U42

pp

H2,Ω
42,42;pp

U42
pp√

U42,†
pp U42

pp

(4)

The 42-body effective HamiltonianH0,Ω,eff
42,42 can be represented in terms of1-body, 2-

body,3-body, and so on effective Hamiltonians:

Heff = Heff(1)+Heff(2)+Heff(3)+Heff(4)+ . . . (5)

The obtained42-body effective HamiltonianH0,Ω,eff
42,42 is for 42Sc. This means that it has

only 1-body and2-body terms. If we repeat the entire procedure for41Sc, we obtain only
1-body terms of the effective Hamiltonian inp f-space. Then we substract the1-body
terms from the effective Hamiltonian of42Sc, and we obtain the pure effective2-body
matrix elements in thep f-space. By using the single particle energies from41Sc and the
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FIGURE 1. The excitation energies of theJπ
T=0 andJπ

T=1 states for42Sc calculated in the2h̄Ω space
with the AV18 potential. The KB3G and GXPF1 spectra are shown for comparison. The value ofh̄Ω = 10
MeV has been used for the AV18 calculations.

pure effective2-body interactions in thep f-space, we can perform standard shell-model
calculations for42Sc. By construction, the standard shell model calculations for42Sc
are supposed to give exactly the same results as the NCSM calculations for42Sc in the
2h̄Ω space. Following the prescription outlined above, we have calculated the effective
p f-space Hamiltonian for42Sc by using the many-body2h̄Ω Hamiltonian constructed
from the AV18 [4] NN interactions. We have performed the standard shell model (SM)
calculation with this effectivep f-space interaction, from now on we call it 2AV18PF for
42Sc. For the NCSM with the2h̄Ω space effective interactions for42Sc, from now on we
call it 2AV18. Results for both effective interactions for spectra of42Sc are exactly the
same. We have also performed the standard SM calculations by using the well known
p f-shell effective interactions KB3G [5] and GXPF1 [6] for comparision. The resulting
effective HamiltonianH0,Ω,eff

42,42 reproduces the excitation energies of the lowestp f-space

dominated states of2h̄Ω NCSM calculations for42Sc, as shown in Figs. 1. In Fig. 1 we
see that allT = 0 states are more or less lower, while7+

0 and5+
0 states are too high with

respect to the results of KB3G and GXPF1 interactions. ForT = 1 in Fig. 1 only the
4+

1 and6+
1 states are higher, all the others are lower. The effective interaction 2AV18PF

gives reasonable spectra for42Sc compared to the spectra resulting from the KB3G and
GXPF1 effective interactions. We plot the standard SM and NCSM results for the two
lowest excited states of each spin for44Ca and46Ca in Fig. 2. We notice that the standard
SM matches almost exactly the2h̄Ω NCSM excitation energies, although the dimension
of the2h̄Ω space for44Ca is 11 million (m-scheme), while the dimension of thep f-space
is only 565. The very small differences for excitation energies may be attributed to not
enough Lanczos convergence and three- and four-bodyp f-space correlations, as well
the density dependence, which is not considered by the two-body 2AV18PF interaction.
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FIGURE 2. The standard SM and NCSM spectrum for44Ca and46Ca with 2AV18PF and 2AV18
interactions, respectively.

In conclusion, we have derivedp f-shell effective 1-body and 2-body Hamiltonians
from 41-body and 42-body2h̄Ω Hamiltonians constructed by using AV18 NN poten-
tials. We introduce a two step procedure: first, a unitary transformation of bare Hamilto-
nian into the2h̄Ω model space and the second, a secondary unitary transformation of the
diagonalized2h̄Ω Hamiltonian into thep f-space. We have performed the NCSM cal-
culations for42Sc by using the effective interaction 2AV18 obtained at the first step, the
standard SM calculations for42Sc by using the effective interaction 2AV18PF obtained
at the second step. Both spectra from the NCSM and the standard SM are exactly the
same for42Sc.
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