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Laser Equations 
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Figure 1:  Geometry of the SSHCL used in the model
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Figure 2:  The 808 nm absorption band of Nd:YAG.  Superimposed in red is the time-integrated laser 

diode pump spectrum. 

 The instantaneous pump spectral intensity, ip (λ, t) , may be further written as 

 

 ip (λ,t) = fp (t)exp[−4 ln2(λ − λc (t))2 / ∆λ2 (t)]  

 

where fp (t)  describes the overall pump profile,  

 

 λc(t) = A[1− eBterfc( Bt )]  

 

is the center wavlength, with A and B fit coefficients, and ∆λ(t) = 2.7 + t / 235  nm is 

the spectral FWHM, with t in µs. 

 Since there will be considerable heat build-up in the lasing medium, we need 

to take into account the thermal population of the lower laser level as well as the 

thermal depopulation of the upper level.  The energy level diagram of interest is 

shown in Figure 3.  Since we are dealing with a four-level laser system, the decay out 

of level 3 into level 2 (and likewise for level 1 into level 0) is extremely rapid on the 

time scales of interest; levels 3 and 2 (and levels 1 and 0) are in thermodynamic 

equilibrium.  Consequently, if ∆E10  and ∆E32  are the energy differences between 

levels 1,0 and 3,2 respectively, we may write the populations of levels 1 and 2 at 

temperature T as 



 

 N1(T ) = N0e
− ∆E10 /kT  

 

where ∆E10  = 0.26 eV, and k is Boltzmann’s constant.  Likewise the population of 

level 2 at temperature T is 

 

 N2

0 (T ) =
Z32 (T )

Z32 (T0 )
N2

0 (T0 )  

 

where T0  is the reference temperature and 

 

 Z32 (T ) =
Z2 (T )

Z2 (T ) + Z3(T )
 

 

is the fraction of atoms in level 2.  The population N2

0 (T )  refers to the population of 

level 2 by the pump process at temperature T.  It is to be distinguished from the 

purely thermal population N2 (T )  which, because of its position relative to the 

ground state, is effectively zero.  The partition functions Z2  and Z3  in Eq. (xx) are 

defined as 

 

 Zi (T ) = e
− Eiα /kT

α

∑  

 

where α labels the sublevels of level i.  We find Z32  is to good approximation 

(erlandson) 

 
 Z32 (T ) = 1 / [1 + 4 exp(−∆E32 / kT )]  

 

where ∆E32  = 0.13 eV. 

 



Figure 3:  Energy-level diagrom of Nd:Y
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 As an example of the results obtained with these calculations, we show in 

Figure 4 the spatially-averaged gain coefficient, the output intensity, and output 

fluence as a function of time for a four-slab Nd:YAG system. 

 

 

Figure 4:  Calculated output variables for a four-slab Nd:YAG oscillator. 

 The presence of relaxation oscillations is readily apparent, as is the clamping 

of the gain at threshold after a steady-state has been reached.  For this case, the 

output fluence is approximately 1 J/cm2.  For an active region 100 cm2 in area, this 

represents an output energy/pulse of about 100 J, or an average power of 20 kW at 

a 200 Hz repetition rate. 

 The spatially-dependent gain coefficient is shown in Figure 5 for the above 

case.  The rapid absorption of the pump light near the surface of each slab is clearly 

visible in this case. 

 



 
Figure 5:  Spatially-dependent gain coefficient for the Nd:YAG 4-slab system.  Results shown are taken at 

the end of the pulse, 0.5 ms. 

 As an example of the type of parameter studies that may be done, in Figure 6 

we show the output power as a function of slab count and output coupler 

reflectivity.  The equivalent unstable resonator magnification ( M = 1 / Roc ) as well 

as the measured output power for the M = 1.5 case is shown as well.  As expected, 

systems with higher slab count tend to optimize at higher values of magnification 

due to the increased amount of gain in the propagation direction. 

 Finally, we show in Figure 7 the dependence on output power on the 

temperature of the slab.  As mentioned above, the output power is reduced as the 

temperature is increased due to thermal population of the lower laser level as well 

as thermal de-population of the upper laser level.  The calculation shown is for a 

seven slab system, producing roughly 75 kW output power at the initial 

temperature of 300 oK.  For relatively limited temperature increases of 100 oK, the 

output power at the end of the burst is about 80% of the initial power.  We have 

found that a typical temperature rise/pulse is approximately 0.05 oK.  Thus a ten-

second burst at 200 Hz raises the temperature on the order of 100 oK. 

 



 
Figure 6: Output power as a function of output coupler reflectivity and slab count for a Nd:YAG heat-

capacity laser. 

 

  
Figure 7: Output power as a function of slab temperature.  Nominal output power at 300 oK is 75 kW. 



The effects of Amplified Spontaneous Emission (ASE) 
 

 In a solid-state laser medium, a large fraction of the spontaneous emission is 

trapped due to total internal reflection.  To absorb this radiation, and thus prevent 

internal parasitics from forming, edge claddings are placed around the perimeter of 

the material, as shown in Figure 8. 

 

  
Figure 8:  Ceramic Nd:YAG slab with Cobalt-doped, epoxy-bonded edge cladding. 

The effect of ASE on stored energy may be modeled through an artifice called 

the “ASE multiplier,” or Mase .  If no ASE were present in the slab, the upper laser 

level would decay at the fluorescence decay rate, kF =1/ tF , where tF is the 

fluorescence lifetime.  In the presence of ASE, the upper state will decay at a rate

kASE = kF (M ASE − 1) , where Mase ≥1 and Mase =1 indicates no ASE.  The ASE 

multiplier may be parameterized by the gain-width product, or the product of the 

gain coefficient (in cm-1) with the width of the clear aperture (in cm) of the slab. 

 We used a Monte-Carlo 3-D ray-trace code1 to calculate the ASE multiplier as 

a function of the gain-width product for a given slab geometry.  The code launches 

rays at random positions and directions within the slab, keeping track of the gain 

(or loss) as the ray propagates through the slab.  A parasitic condition is noted when 

Mase → ∞ .  

               As mentioned above, we can parameterize the ASE multiplier in terms of the 

variable β = gL , where L is the width of the pumped region.  In particular, 

 

                                                        Mase −1 = β exp m1 + m2β + m3β
2 + m4β

3( )  

 



where the mi are fit coefficients.  An example of this type of calculation is shown in

Figure 9 for a YAG slab of dimens

mismatch between the slab and the edge cladding.

 

Figure 9:  Variation of ASE multiplier with gain coefficient

In the presence of ASE, the rate equation for the gain coefficient, 

the stored energy density) may be written as
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where P(t) is the pump rate, and it has been explicitly noted that the ASE 

is a function of the gain coefficient.

values of the ASE multiplier lead to a rapid (in time) reduction of the gain 

coefficient, and consequently of the stored energy density.  Physically, the gain 

coefficient “clamps” at a given value.  At this point, the pump energy goes into 

generating more ASE as opposed to increasing the gain coefficient. 
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the edge cladding to the slab, or co-sintering the edge cladding to the slab in the case 

of ceramic media.  Both of these approaches have proved to be time-consuming and 

not very repeatable in terms of yield.  

Another approach is to use a bonding agent (such as epoxy) between the slab 

and the edge cladding.  Unfortunately, most epoxies have a refractive index nowhere 

near that of YAG.  The Fresnel reflection of spontaneous emission at the slab/epoxy 

interface easily leads to the formation of parasitics within the slab.  If, however, the 

slab edge is roughened prior to bonding, the diffuse scattering that results acts to 

inhibit the formation of parasitics. 

We can treat the roughened surface in our ASE model as follows.  The surface 

is characterized by the variable ζ(x,y), which represents the difference in height (in 

the z-direction) at any point (x,y) from the mean z-value of the surface.  We assume 

ζ is a normally-distributed, stationary, random process with zero mean and variance 

σ2.  The random distribution is further described by a correlation distance, T. 

We shall also assume the surface is quite rough, so that σ/λ >> 1, where λ is 

the wavelength of the light.  In this limit, the probability density for normally-

incident light to be scattered into an angle θ may be written asi 

 

p θ;ξ( )=
cξ

1+ cosθ
exp −

ξ 2 sin2 θ

8 1+ cosθ( )
2
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and ξ = T/σ characterizes the surface.  A rough surface is given by ξ → 0; a smooth 

surface by ξ → ∞ .  Each time a ray hits the edge of the slab, its new (reflected) 

direction is randomized according to the above probability distribution.   If U 

represents a uniformly-distributed random number on (0,1), the scattering angle, θ, 

as given by the above probability density may be generated fromii 

 

 θ U;ξ( )= 2tan−1 2 2

ξ
erf−1

U erf
ξ

2 2

 

 
 

 

 
 

 

 
 

 

 
 

 
 
 

 
 
 

 

 

where erf-1 is the inverse error function. 

 Figure 10 shows the effect of epoxy refractive index on the ASE multiplier as 

a function of gain coefficient-width product.  As expected, the closer the refractive 

index of the epoxy approaches that of the YAG slab (refractive index ~1.82), the less 

of an effect the epoxy has on the multiplier.  The arrows indicate at what value of 

gain-width product parasitics begin to occur.  In Figure 11 we show the measured 

and calculated gain coefficient of an epoxy-bonded edge cladding where the epoxy 

refractive index is 1.62.  We see that eventually the slab develops parasitics, as 
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our heat-capacity laser is well below this, as indicated by the dashed line.

 

Figure 10: Effect of bond refractive index on ASE multiplier.  

noted by the clamping of the gain coefficient at 0.11 cm-1, but the operating point of 

capacity laser is well below this, as indicated by the dashed line.

: Effect of bond refractive index on ASE multiplier.   

, but the operating point of 

capacity laser is well below this, as indicated by the dashed line. 

 



Figure 11: Measured and calculated gain coefficient for a ceramic YAG slab.  Epoxy refractive index is 

1.62.  The dashed line indicates the operating point for a four

magnification of 1.5. 
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adjacent pieces of edge cladding.  Again, because of the thinness of the gap, this 

region does not show up in the figure.
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Wavefront distortion 

Even though the heat-capacity laser was designed to minimize thermal 

gradients, and hence thermally-induced wavefront distortion, gradients still exist 

transverse to the propagation direction due to non-uniformities in the pump 

illumination.  In this section, we examine our approach to calculating these effects 

and how they limit the performance of the system. 
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Figure 12:   Geometry of modeled slab.  The teal region is ceramic Nd:YAG, the red region is the Co:GGG 

edge cladding.  In between the two regions is a thin (5 mil) epoxy layer, not visible in this picture 

 

 Thermal calculations 

 

The thermo-elastic calculation begins with the specification of the thermal 

source function.  To this end, for the YAG region, we used the actual measured laser 

diode array intensity profiles at the plane of the slab.  For the edge cladding region, 

we assumed that the unextracted energy was depositied uniformly around the 

perimeter of the active region.  The calculation was thus run for each slab in the 

laser individually since the diode array profiles were different for each slab.   For 

both the YAG and GGG the temperature dependence of the thermal constants 

(notably thermal conductivity and specific heat) was taken into account.  Time 

dependence was included for both the temperature and stress parts of the 

calculations. 

 The temperature distribution for slab #4 after five seconds is shown in 

Figure 13.  The scale on the bottom is in °C, with an initial (uniform) temperature of 

20 °C.  We see that to a good approximation, the surface of the slab heats up at a rate 

of about 11-12 °C/sec.  The non-uniformity of the diode light is readily apparent in 

this figure.  One of the main drivers in generating depolarization is the X-Y shear 

stress.  This quantity is shown in Figure 14 corresponding to the temperature 



distribution in Figure 13.  We see, as expected, that the greatest shear stress occurs 

in the corners of the slab, and thus this is where one would expect to see the 

greatest amount of depolarization. 

 
Figure 13: Temperature controus after five seconds.  Scale is in °C.  

 

With our FLIR thermal camera, we were able to measure the temperature at 

the surface of the slab, and thus compare the model predictions to the data.  Figure 

Figure 15 shows the comparison at t = 0.25 and 0.5 sec.  The YAG slab is located 

between -5 and 5 cm on the graph.  While some of the fine structure is lacking, the 

model tracks the overall temperature rise rather well.  Figure Figure 16 shows the 

comparison at t = 1 and 5 seconds.  Once again, the model tracks the date rather 

well.  Finally, in Figure 17 we show the temporal history of a “hot spot” on the 

surface of the slab.  Again, the match-up between the model and the data is quite 

good. 

  



 
Figure 14:   Contours of the X-Y shear stress for the temperature distribution in Figure 13.  Scale units 

are dynes/cm2; divide by 107 to get MPa. 



 
Figure 15: Measured and calculated temperature rises for slab #4. 



 
Figure 16: Same as Figure 15 for t = 1 and 5 seconds. 

 
Figure 17:  Temperature temporal history for a “hot spot” on the slab surface. 



 Wavefront calculations 

Given the temperature and stress distributions in the laser slabs, we can then 

calculate the amount of wavefront distortion expected.  In general, wavefront 

distortions come from three sources: 1) The temperature dependence of the 

refractive index, 2) Mechanical deformation, and 3) Stress-induced birefringence.  

Stress-induced birefringence also leads to depolarization of an initially linearly-

polarized beam.  In the following figures, we present the total wavefront phase, and 

the individual contributions to the total for slab #1.  

Figure 18 through Figure 21 show the wavefront phase for slab #1 at t = 0.25 

seconds due to all effects, displacement, dn/dT, and stress effects respectively.  We 

note that the vast majority of the wavefront is due to dn/dT and displacement 

effects; stress effects play a minor role insofar as contributing to the amount of 

wavefront distortion.  Figure 22 through Figure 25 are the analogues for t = 5 

seconds.  We see that the general pattern observed in the t = 0.25 calculations holds.  

Units for all the graphs are waves at 1 µm.  It turns out that the peak-to-valley (P-V) 

wavefront distortion does not grow linearly during the five seconds.  The P-V value 

grows linearly during the first second, but then starts flattening out.  The P-V value 

at one second is one wave, whereas at five seconds it is 3.8 waves.. 

The difference in wavefront for P-polarized and S-polarized light can be 

traced directly to stress-induced birefringence.  The stress contribution to the 

wavefront in slab #4 at t = 0.25 second for P and S-polarized light is shown in Figure 

26 and Figure 27 respectively.  We notice that the stress contribution to the 

wavefront has opposite curvature for P polarization as it does for S polarization.  In 

one case, the stress contribution adds to the overall phase, whereas in the other, it 

subtracts.  This polarization-dependent aberration can impact what one measures 

for a wavefront since a polarization-insensitive diagnostic (such as a Hartmann 

sensor) would measure the average of the two polarizations, and thus indicate an 

essentially flat wavefront.  This effect would be more pronounced at early times, 

where the stress contribution is relatively larger to the overall waverfront than it 

would be at later times, where its contribution would be less. 

The total wavefront due to all four slabs is found to be a coherent addition of 

the individual slabs.  In Figure 28, we give the total wavefront for all four slabs at t = 

5 seconds.  We notice that there is a substantial amount of curvature to the 

wavefront.  By off-loading spherical correction (x2 + y2) to another optic(s) 

(analogous to what is currently done for tip/tilt), the DM would not use up its stroke 

in correcting sphericity.  In Figure 29, we show the wavefront with sphere removed 

corresponding to the case in Figure 28.  We see that the amount of P-V wavefront 

has been cut in half for almost all times.  The table below gives a summary of the 

total wavefront P-V values found by our calculations. 

 

 

 

 

 

 



 

 
Time (sec) Total phase P-V 

(waves @ 1 µm – 

four slabs single 

pass) 

Total phase P-V, 

sphere removed 

(waves @ 1 µm – 

four slabs single pass) 

Maximum phase 

gradient 

(waves/cm) 

Maximum phase 

gradient – 

sphere removed 

(waves/cm) 

     

0.25 1.0 0.5 0.5 0.3 

0.5 2.0 1.0 1.0 0.6 

1.0 3.7 1.8 1.8 1.1 

5.0 14.0 8.0 5.3 4.6 

 

The total amount of phase aberration (or gradient) seen at the DM plane is 

twice the above values, due to double-passing of the slabs.  We note that as far as the 

magnitude of the above aberrations is concerned, we are in reasonable shape; the 

DM can correct up to sixteen waves.  However, what will limit our run time is the 

gradient.  The DM will allow only ±2 µm of relative motion between actuators before 

freezing.  Since there is about one cm between actuators, at a gradient of 2 

waves/cm we will have reached our limit.  This occurs, from the above table, at 

about one second run time, or perhaps two seconds with sphere off-loaded to 

another optic. 

 

 Depolarization 

For light that is linearly polarized along a given direction, the depolarization 

value gives the percentage of light that is rotated into the orthogonal polarization.  

For example, a value of 80% indicates that, at a given point in the aperture, light that 

is linearly P-polarized emerges from the slab elliptically polarized with 80% of the 

intensity S-polarized and 20% remaining P-polarized.   

As  mentioned above, the X-Y shear component of the stress drives the 

depolarization.  Consequently, the spatial distribution of the depolarization tends to 

follow that of the stress.  In Figure 30 and Figure 31 we show the depolarization for 

slab #1 at t = 0.25 and 5 seconds respectively. We see that, as expected, the majority 

of the depolarization occurs in the corners of the slab and ranges from less than a 

percent at t = 0.25 sec to about 80% at t = 5 sec. 

The depolarization results for the individual slabs cannot simply be added 

(or multiplied) to obtain the total depolarization for the four-slab system.  The 

reason is that since the depolarization intensity is given, all “phase” information is 

lost.  To compute what would happen for four slabs, the actual Jones’ matricies for a 

given slab must be used.  These matricies may be multiplied together to give the 

results for an arbitrary number of slabs.  The results of this calculation for four slabs 

at t = 5 seconds (single-passed) is shown in Figure 32.  Peak depolarization values 

range from about 10% at 0.25 sec to 100% at 5 seconds.  We also note from the five-

second data that a substantial amount of the aperture becomes depolarized. 

 



 Beam steering 

A contour plot of the horizontal and vertical beam steering is shown in Figure 

33 for t = 5.0 seconds.  The steering angle is given in microradians, with a positive 

value indicating the beam is steered towards the positive horizontal or vertical axis 

(the origin of the axes is in the center of the aperture).  Let’s consider the horizontal 

beam steering. A positive beam steering angle for negative x-values, and a negative 

beam steering angle for positive x-values means that the beam is being steered 

towards positive x on the left side of the aperture and towards negative x on the 

right side: i.e. a converging beam.  The same holds true for the vertical beam 

steering.  Lineouts along the vertical midplane (for horizontal steering) or 

horizontal midplane (for vertical steering) are given in Figure 34.  We see that after 

one second, the maximum steering angle is about 200 µrad (four slabs, single-pass) 

for both horizontal and vertical steering.  A double pass through the slabs would 

result in a maximum steering of 400 µrad.  This value could then be used to 

determine the actual linear displacement of the beam on the DM, given the path 

length in the cavity. 

 

 

 
Figure 18: Total wavefront phase for slab #1 at t = 0.25 sec. 



 
Figure 19: Displacement contribution to wavefront for slab #1 at t = 0.25 sec. 

 

 
Figure 20: dn/dT contribution to wavefront for slab #1 at t = 0.25 sec. 



 
Figure 21: Stress contribution to wavefront for slab #1 at t = 0.25 sec. 

 
Figure 22: Total wavefront phase for slab #1 at t = 5 sec. 

 



 
Figure 23: Displacement contribution to wavefront for slab #1 at t = 5 sec. 

 

 
Figure 24: dn/dT contribution to wavefront for slab #1 at t = 5 sec. 

 



 
Figure 25: Stress contribution to wavefront for slab #1 at t = 5 sec. 

 



 
Figure 26: Stress contribution to the wavefront phase for slab #4 at t = 0.25 sec.  P-polarized light.   

 
Figure 27: Stress contribution to the wavefront phase for slab #4 at t = 0.25 sec.  S polarized light. 



Figure 28: Total wavefront due to four slabs (single

 

: Total wavefront due to four slabs (single-pass) at t = 5 sec. 

 

 



Figure 29: Total wavefront due to four slabs (single

 

 

 

 
: Total wavefront due to four slabs (single-pass) with sphere removed at t = 5 sec.pass) with sphere removed at t = 5 sec. 



 
Figure 30: Slab #1 depolarization at t = 0.25 sec 

 
Figure 31: Slab #1 depolarization at t = 5.0 sec 

 



Figure 32: Four-slab (single-pass) depolarization at t = 5 sec.

 

pass) depolarization at t = 5 sec. 
 



Figure 33: Four-slab (single-pass) steering (pass) steering (µµµµrad) at t = 5.0 sec. Top: Horizontal, Bottom: Vertical

 

 
rad) at t = 5.0 sec. Top: Horizontal, Bottom: Vertical 



 

Figure 34: Four-slab (single-pass) steering (

plane, Bottom: Vertical steering at horizontal mid

 

pass) steering (µµµµrad) at t = 5.0 sec. Top: Horizontal steering at vertical mid

plane, Bottom: Vertical steering at horizontal mid-plane 

 

 
rad) at t = 5.0 sec. Top: Horizontal steering at vertical mid-



Experimental control of wavefront distortions 
 In order to control the amount of wavefront distortion in the SSHCL, we used 

a number of techniques.  In Figure 35, we show an optical layout schematic of the 

SSHCL.  One of the turning mirrors, and the main method of controlling wavefront, is 

the intra-cavity deformable mirror (DM).  Tip-tilt corrections are applied to the 

high-reflector, and a quartz rotator midway through the optical chain acts as a 

birefringence compensator.  Not shown in the schematic is the beam sampling plate 

(placed before the output coupler) and the Hartmann sensor which provides the 

measurement of the wavefront and provides the signals necessary to control the 

DM. 

 

 
Figure 35:  Optical layout schematic of the SSHCL.  Not shown are the beam sampling optic (placed before 

the output coupler) and Hartmann sensor. 

 As mentioned above, the output beam quality depends very strongly on 

phase distortions in the resonator.  Some of the sources of these distortions include: 

1) Pump-induced thermal gradients in the gain medium, 2) Heating of resonator 

optics by absorbing some of the laser power, and 3) Heating of the environment 

(surrounding structures and subsequently the atmosphere).  We have found that to 

avoid falloff in beam quality requires wavefront errors be kept below ~35 nm RMS. 

 The DM is the primary method of aberration control in the SSHCL.  A photo of 

the face of the DM is shown in Figure 36.  The optic in front of the DM not only 

protects the DM proper, but acts to provide a channel for the air knife, which is used 

to keep dust off the face.  The DM is from Xinetics and usues 206 discrete actuators 

ion a pseudo-hex pattern with ~1 cm spacing.  The total stroke limit is ± 4 µm with a 

maximum inter-actuator stroke limit of  ± 2 µm.  The DM uses push-pull actuation, 

and is amenable to “zonal” or “modal” AO correction schemes, but is susceptible to 



“print-through.”  Since the DM is used in a double-passed configuration, the total 

amount of correction possible is up to 16 waves at 1 µm (low spatial frequency). 

 

 
Figure 36: Photo of the front face of the intra-cavity deformable mirror.  The actuators can be seen 

through the front face-plate.  

 The main source of phase distortions is pump-induced thermal gradients in 

the gain medium (see Figure 13 for the calculated temperature distribution in the 

slab).  The source of these gradients is primarily non-uniform pump-light deposition 

on the face of the slab.  These non-uniformities get directly imprinted on the 

wavefront, as shown in Figure 37 below. 

 

 



Figure 37:  Wavefront due primarily to pump non
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Figure 38:  Improvements in beam quality (time diffraction

laser. 
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Improvements in beam quality (time diffraction-limit) as a result of changes made to the 

The graph labeled “early fall 2005” represents the initial condition of the 
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Figure 39:  Laser-beam wavefront due to face
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