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Data from a 1152� 760� 1280 direct numerical simulation (DNS) [Mueschke and Schilling, Phys.
Fluids 21, 014106 (2009)] of a transitional Rayleigh�Taylor mixing layer modeled after a small At-
wood number water channel experiment is used to comprehensively investigate the structure of mean
and turbulent transport and mixing. The simulation had physical parameters and initial conditions
approximating those in the experiment. The budgets of the mean vertical momentum, heavy-�uid
mass fraction, turbulent kinetic energy, turbulent kinetic energy dissipation rate, heavy-�uid mass
fraction variance, and heavy-�uid mass fraction variance dissipation rate equations are constructed
using Reynolds averaging applied to the DNS data. The relative importance of mean and turbulent
production, turbulent dissipation and destruction, and turbulent transport are investigated as a
function of Reynolds number and along the spanwise extent of the mixing layer to provide insight
into the dynamics of the �ow not presently available from experiments. The analysis of the budgets
supports the assumption for small Atwood number, Rayleigh�Taylor driven �ows that the principal
transport mechanisms in the �ow are buoyancy production, turbulent production, turbulent dissi-
pation, and turbulent di¤usion (shear and mean �eld production are negligible). As the Reynolds
number increases, the turbulent production in the turbulent kinetic energy dissipation rate equa-
tion becomes the dominant production term, while the buoyancy production plateaus. Distinctions
between momentum and scalar transport are also noted, where the turbulent kinetic energy and
its dissipation rate both grow in time and are peaked near the center plane of the mixing layer,
while the heavy-�uid mass fraction variance and its dissipation rate initially grow and then begin
to decrease as the mixing progresses and reduces density �uctuations. All terms in the transport
equations generally grow or decay, with no qualitative change in their pro�le, except for the pres-
sure �ux contribution to the total turbulent kinetic energy �ux, which changes sign early in time
(a countergradient e¤ect). The production-to-dissipation ratios corresponding to the turbulent ki-
netic energy and heavy-�uid mass fraction variance are large and vary strongly at small evolution
times, decrease with time, and nearly asymptote as the �ow enters a self-similar regime. The late-
time turbulent kinetic energy production-to-dissipation ratio is larger than observed in shear-driven
turbulent �ows. Order of magnitude estimates of the terms in the transport equations are shown
to be consistent with the DNS at late time, and also con�rm both the dominant terms and their
evolutionary behavior. These results are useful for identifying the dynamically important terms
requiring closure, and assessing the accuracy of the predictions of Reynolds-averaged Navier�Stokes
and large-eddy simulation models of turbulent transport and mixing in transitional Rayleigh�Taylor
instability-generated �ow.

PACS numbers: 47.20.-k, 47.20.Ma, 47.27.-i, 47.27.Cn, 47.27.E-, 47.27.ek, 47.27.wj

I. INTRODUCTION

Modeling the statistical properties of Rayleigh�Taylor
instability-induced mixing is of fundamental �uid me-
chanics interest, as well as of interest to the hydrody-
namic modeling of inertial con�nement fusion and as-
trophysics. The analysis of Rayleigh�Taylor instability-
driven �ows is complicated by variable density, nonsta-
tionary, anisotropy, and inhomogeneity. While large-
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scale properties of Rayleigh�Taylor mixing layers have
been measured in experiments and simulations, there has
been comparatively less e¤ort to investigate small-scale
properties and turbulence statistics. The present work
investigates the structure of the transport equations of
the lowest-order variances and their corresponding dissi-
pation rates during the growth and transition to turbu-
lence of a Rayleigh�Taylor mixing layer using direct nu-
merical simulation (DNS) data.1 This analysis is useful
for quantitatively assessing the predictions of Reynolds-
averaged Navier�Stokes (RANS) and large-eddy simula-
tion (LES) models of Rayleigh�Taylor turbulence a pri-
ori or a posteriori, and for guiding further development
and validation of models. Order of magnitude estimates
of the terms in the transport equations are shown to be
consistent with the numerical �ndings, and con�rm the
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important terms and their evolutionary behavior.
Experiments in a water channel2�8 and a gas

channel9,10 at Texas A&M University have measured
time-averaged and instantaneous quantities relevant
to modeling Rayleigh�Taylor instability-induced mixing
using thermocouple measurements, particle-image ve-
locimetry, planar laser-induced �uorescence, and hot- or
cold-wire anemometry. Quantities obtained from these
experiments include the bubble front width hb(t) and
self-similar growth parameter �b, the molecular mix-
ing parameter �(t) on the center plane of the mixing
layer, velocity variances, one-dimensional vertical veloc-
ity and density variance spectra, the density�velocity
correlation, two-point correlations, probability distribu-
tions, and conditional statistics. While these measure-
ments comprise the most complete body of experimental
data on Rayleigh�Taylor �ow over a wide Atwood num-
ber range (� 10�3�0:6), this data is still insu¢ cient to
fully constrain Reynolds-averaged transport and mixing
models for such �ows. This, coupled with the observa-
tion that nearly all simulations of Rayleigh�Taylor �ow
either used monotone-integrated large-eddy simulation
(MILES) or DNS with idealized isotropic initial condi-
tions, motivated the DNS of the water channel experi-
ment and the current investigation. The DNS was vali-
dated by comparing results with available experimental
measurements,1 and additional quantities not measured
were computed and interpreted.11 Distinct from other
investigations of Rayleigh�Taylor �ow, this �ow �eld is
representative of the conditions in a physical experiment.
The present study provides terms in the transport equa-
tions that have not been measured experimentally and
interprets their physical behavior.
Rayleigh�Taylor turbulent mixing is examined here

by evaluating mean and turbulent transport equation
budgets to quantify the relative importance of di¤erent
processes during the nonlinear and early turbulent stages
of evolution. As these equations form the basis of RANS
models, understanding their structure during the �ow
evolution provides information for further theoretical de-
velopment and assessment of the predictive capabilities
of such models. The turbulent kinetic energy fE00, turbu-
lent kinetic energy dissipation rate �0, heavy-�uid mass
fraction variance gm002

1 , and heavy-�uid mass fraction vari-
ance dissipation rate f�00 equation budgets are considered.
Examination of the last two equations addresses scalar
transport and mixing in Rayleigh�Taylor �ow. The cur-
rent study cannot be performed using MILES or LES, as
neither fully resolve the �ow at the viscous and di¤usive
scales or provide direct measures of turbulent kinetic en-
ergy dissipation. Furthermore, correlations of products
of gradients of �uctuating �elds arising in the transport
equations cannot be easily or accurately measured.
This paper is organized as follows. The DNS dataset is

described in Sec. II. The structure of the mean �ow, me-
chanical turbulence, and scalar turbulence is discussed
in Sec. III, IV, and V, respectively, at di¤erent evolu-
tion times. The production-to-dissipation (or destruc-

tion) ratios are discussed in Sec. VI. Finally, a summary
of the results of this study and conclusions are given in
Sec. VII. The turbulent �uxes are considered in Appen-
dix A, orders of magnitude of the terms in the transport
equations are estimated in Appendix B, and the turbu-
lent transport equations describing small Atwood number
Rayleigh�Taylor �ow are derived in Appendix C.

II. DESCRIPTION OF THE DIRECT
NUMERICAL SIMULATION DATASET

The DNS dataset and its validation are summarized
here. The statistical averages used to de�ne mean and
�uctuating �elds, correlations of �uctuating �elds, and
the transport equation budgets are also presented.

A. Summary of the simulation and its validation

1. Initial conditions and equations solved

The DNS was modeled after a hot/cold water
Rayleigh�Taylor mixing experiment.6 The initial condi-
tions were taken from initial perturbations in the x- and
y-directions (perpendicular to gravity) in the experiment.
Density perturbations in the streamwise x-direction were
measured using a thermocouple placed on the center
plane z = 0 a short distance downstream from the trail-
ing edge of the splitter plate. Temperature measurements
were converted to density using the equation of state of
water. Interfacial perturbations were also measured in
the spanwise y-direction using planar laser-induced �uo-
rescence. Spectra of the perturbations were then used to
formulate the initial interfacial perturbation in the DNS.
Velocity �uctuations at the onset of the instability were
measured using particle-image velocimetry. An initial
velocity �eld based on the measured center plane initial
vertical velocity variance spectrum was then constructed
(no assumption of isotropy was made).
The variable-density incompressible density, momen-

tum, and heavy-�uid mass fraction equations

@�

@t
+

@

@xj
(� uj) = 0 ; (1a)

@

@t
(� ui) +

@

@xj
(� ui uj) = � gi �

@p

@xi
+
@�ij
@xj

; (1b)

@

@t
(�m1) +

@

@xj
(�m1 uj) =

@

@xj

�
�D

@m1

@xj

�
(1c)

were solved using a spectral/compact di¤erence
scheme,12 where � is the density, ui is the veloc-
ity, gi = (0; 0;�g) is gravity, p is the pressure,
�ij = �

�
@ui=@xj + @uj=@xi � 2

3�ij@uk=@xk
�
is the

viscous stress tensor with dynamic viscosity � = ��



3

and kinematic viscosity � = (�1 + �2)=(�1 + �2), and
D is the mass di¤usivity. The Atwood and Schmidt
numbers are A = (�1 � �2)=(�1 + �2) = 7:5 � 10�4 and
Sc = �=D = 7. The densities, dynamic viscosities, and
other quantities are summarized in Table II of Ref. 1.

2. Validation of DNS by comparison to experimental data

The DNS was validated by comparing large-scale, tur-
bulence, and mixing statistics with measurements from
the water channel experiment.1 The simulated tempo-
rally developing mixing layer was related to the down-
stream spatially developing �ow in the experiment using
the Taylor hypothesis x = uxt, where ux is the mean ve-
locity of each water stream entering the channel (there is
no imposed shear). This can be interpreted as transform-
ing the DNS to a reference frame moving with the mean
velocity of the streams in the streamwise direction. The
validity of the Taylor hypothesis was veri�ed a posteriori
by noting that the temporal features in the experimental
data are correctly captured in the simulation.
Integral scale quantities were compared, including

the bubble front mixing layer width hb and self-similar
growth parameter �b. The DNS was in good agreement
with the experimental late-time self-similar growth of the
bubble front hb(t) = �bAgt2 with �b � 0:07. Turbulence
statistics from the DNS were also compared to available
experimental data. The center plane velocity variances
were all in good agreement at early times, but the simula-
tion underestimated the variances from the experiment at
later times. Vertical velocity and density variance spec-
tra were in very good agreement between the DNS and
experiment at all times. The evolution of the molecu-
lar mixing parameter on the center plane � was also in
good agreement with the experiment; while � from the
DNS was lower than measured after the transition to a
more turbulent three-dimensional state, the uncertainties
in the measurements from both overlapped. At interme-
diate times, � from the DNS was � 20% lower than in
the experiment. However, at the latest time in the ex-
periment, � � 0:6 compared to � � 0:55 from the DNS.

B. Computation of mean and �uctuating �elds

The statistical analysis of turbulent mixing layers re-
quires averaging over an ensemble of realizations. Due
to the extreme computational requirements of DNS of
Rayleigh�Taylor unstable �ow, it is not feasible to per-
form an ensemble of high-resolution simulations for av-
eraging purposes. Hence, invoking the ergodic hypoth-
esis, an ensemble average of a �eld �(x; t) is de�ned as
the Reynolds average over the statistically homogeneous
plane12,13

�(z; t) =
1

Lx Ly

Z Lx

0

Z Ly

0

�(x; t) dy dx ; (2)

such that � can be decomposed into mean and �uctuating
components �(x; t) = �(z; t) + �(x; t)0 . The �uctuation
of the �eld (denoted by a prime) averages to zero in a
given plane, �0 = 0. To facilitate the analysis of variable-
density e¤ects,14 a Favre average

e�(z; t) = � �(z; t)

�(z; t)
=

R Lx
0

R Ly
0
�(x; t)�(x; t) dy dxR Lx

0

R Ly
0
�(x; t) dy dx

(3)

is also considered, such that �(x; t) = e�(z; t)+�(x; t)00 . A
Favre �uctuating �eld does not average to zero, i.e., �00 6=
0; however, ��00 = 0. Averaging over xy-planes results in
each mean �eld or correlation becoming only a function
of the vertical coordinate z, so that the transport equa-
tions are reduced to statistically one-dimensional equa-
tions across the vertical width of the expanding mixing
layer. As buoyancy-driven turbulence does not generally
satisfy the Boussinesq approximation,15 Favre averages
are typically used: while this approximation is valid for
the �ow considered here, the Favre-averaged framework
is retained for generality.

C. Computation of mean �eld gradients

Gradients were calculated using spectral methods in
the x- and y-directions and sixth-order �nite di¤erenc-
ing in the z-direction. Pro�les of averaged quantities are
not always statistically converged and may be oscilla-
tory at later times when the mixing layer becomes large
and fewer structures are present. In order to preserve
the trends of the gradients, the pro�les are smoothed
before their gradient is calculated by a locally-weighted
scatterplot smoothing (LOWESS) technique.16 In con-
trast to a moving average that averages all of the data
points in a given window, the LOWESS method calcu-
lates a smoothed value by computing a weighted linear
least-squares regression over the window. This does not
change the smooth pro�les at the two earliest times, and
reduces oscillations at later times.

III. MEAN FLOW STRUCTURE

Budgets of the momentum and heavy-�uid mass frac-
tion equations describing the large-scale growth of the
mixing layer are presented here at several times. Four
times representative of the linear, weakly-nonlinear,
strongly-nonlinear, and weakly-turbulent regimes were
chosen, and their corresponding Reynolds numbers are
given in Table I. For all of the mean and turbulence
budgets presented, quantities will be nondimensionalized
using density, length, and time scales corresponding to
linear instability theory:13,17

�c =
�1 + �2
2

; `c =

�
�2

g A

�1=3
; tc =

�
�

g2A2

�1=3
; (4)
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t t=tc � Reh Re
_h
h Rew�

1:36 5:13 0:21 21 47 7:3
3:32 12:6 0:50 137 352 22:5
6:65 25:1 1:01 708 1620 51:1
10:03 37:9 1:52 1712 2666 90:4

TABLE I: Dimensional and dimensionless pro�le times, t (in
units of s) and t=tc, respectively, and the corresponding inte-
gral scale Reynolds numbers, Reh(t) = 0:35

p
gAh3=� and

Re
_h
h(t) = (hdh=dt)=�, and Taylor scale Reynolds number

Rew� (z; t) = �
w
T

p
w02=�. The integral scale Reynolds numbers

are based on 5%�95% mixing layer width pro�les.1,11 For ref-
erence, the corresponding time normalized by the Boussinesq
scaling � = t

p
gA=H (where A is the Atwood number, g is

Earth�s gravity, and H = 32 cm is the height of the water
channel in the experiment) is also given.

which are �c = 0:998 g/cm3, `c = 0:051 cm, and tc =
0:264 s for the �ow considered here with g = 981 cm/s2,
� = 0:01 cm2/s and A = 7:5 � 10�4. The velocity scale
is uc = `c=tc = 0:193 cm/s. Pro�les are plotted along
the z-axis normalized by the instantaneous mixing layer
width h(t) based on the 5%�95% volume fraction pro�le
thresholds,1 so that the vertical extent of the layer is
z=h(t) 2 [�1=2; 1=2] with the heavy-�uid side z=h(t) > 0
and the light-�uid side z=h(t) < 0.

A. Mean momentum transport

The Reynolds-averaged Navier�Stokes equation is

�

�
@

@t
+ euj @

@xj

�eui = � gi � @p

@xi
+
@�ij
@xj

� @� ij
@xj

; (5)

where the averaged viscous stress tensor is �ij =
�
�
@eui=@xj + @euj=@xi � 2

3�ij@euk=@xk� and the unclosed
Reynolds stress tensor is � ij = �]u00i u00j .18,19 As viscos-
ity varies only slightly between the �uid components (so
that �0�0 � ��), all higher order terms in �ij involving
�0 can be neglected.18 Equation (5) reduces to

�

�
@

@t
+ ew @

@z

�ew = �� g � @p
@z
+
@�33
@z

� @�33
@z

: (6)

Figure 1 shows the mean vertical velocity and mean
density gradient. The mean vertical velocity, which is
negative as a result of the relationship ew = w+�0w0=� =
w � w00, where �0w0 is the turbulent density �ux of the
heavy �uid in the downward direction. The relation be-
tween the Favre and Reynolds averaged vertical velocity
is obtained by averaging �0w0 = (�� �)(w � w), which
gives �0w0 = �w � �w = � ew � �w. The Favre-averaged
divergence @eui=@xi ! @ ew=@z remains small,7 decreases
in time, and rapidly decreases after the transition to a
weakly-turbulent state after t=tc � 12:6. The mean ve-
locities in the homogeneous directions eu and ev are small
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FIG. 1: Pro�les of the mean vertical velocity ew normalized
by uc (top) and mean density gradient normalized by �c=`c
(bottom) at various dimensionless times.

(not shown). The mean density pro�les (not shown) col-
lapse like the em1 pro�les shown in Fig. 3, and indicate
that the 5

�
K temperature di¤erence between the water

streams results in a very small di¤erence in their densi-
ties. The mean density gradient @�=@z � (�1 � �2)=h(t)
decreases as the mixing layer grows with increasing h. At
the latest time, the gradient has decreased from its early
time value by � 20, and is much �atter (consistent with a
linear � pro�le). Using �� = �1��2 � 1:55�10�3 g/cm3
and h � 15 cm at the latest time gives (@�=@z)=(�c=`c) �
(��=h)=(�c=`c) � 5:1 � 10�6, in good agreement with
the pro�le in Fig. 1. The mean pressure p (not shown)
is linear across the layer, becoming progressively steeper
as the �ow evolves, and its gradient approximately col-
lapses. The �ow attains a nearly hydrostatic equilibrium
@p=@z � ��0g by t=tc � 12:6.
The budget of the mean vertical momentum equation

(6) is shown in Fig. 2, where the total forcing, di¤u-
sive, and Reynolds stress terms are F ew = ��g � @p=@z,
D ew = @�33=@z, R ew = �@�33=@z, respectively. All terms
have their largest magnitude at t=tc = 5:13. Advection
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FIG. 2: Pro�les of the dominant terms in the mean vertical momentum equation (6) normalized by Dc = Rc = Fc = �cuc=tc
at t=tc = 5:13 (top left), 12:6 (top right), 25:1 (bottom left), and 37:9 (bottom right).

A ew = � ew@ ew=@z is negligible in small Atwood number
�ows as a consequence of nearly zero mean velocity and
velocity gradients and is not shown. The di¤usive term
smooths �uctuations and gradients in ew, and increases
with time. The contribution of D ew also remains negligi-
ble, with both A ew and D ew approximately averaging to
zero.
The total forcing and Reynolds stress gradient almost

balance one another such that F ew � �R ew at each time,
indicating that the Reynolds stress contribution cannot
be neglected, even at small Atwood numbers. The slight
imbalance leads to the growth of ew. Both F ew and R ew
are nearly symmetric about the center plane, with an
asymmetry slowly growing in time. The total forcing
is positive on the light-�uid side z=h < 0 and negative
on the heavy-�uid side z=h > 0, and vice versa for the
Reynolds stress term. The pro�les extend far beyond the
mixing layer edges z=h = �0:5 at the earliest time. The
near stationarity of ew between t=tc = 25:1 and 37:9 re-
sults from F ew � �R ew, i.e., @ ew=@t � 0 at late times.
The order of magnitude in Eq. (B1) shows that the vis-
cous term is proportional to eu, and is thus, negligible in
the energy balance. The spatial integral of Eq. (B1) is

d
dt [� ew(t)] = F (t)�D(t)�R(t) � F (t)�R(t), represent-
ing a balance between stationary terms both of O(�0g):
jF (t)j = j��g � @p=@zj.

B. Mean heavy-�uid mass fraction transport

The heavy-�uid mass fraction is m1 = f1�1=�, with
volume fraction f1 = (�� �2)=(�1 � �2), so that em1 =
f1�1=�. The mean light-�uid mass fraction is em2 = 1 �em1. The Reynolds-averaged heavy-�uid mass fraction
equation is

�

�
@

@t
+ euj @

@xj

�em1 = T
em1 ; (7)

where the total (turbulent plus molecular) transport term
is (Sc = �=D = 7 is the Schmidt number)

T em1 = � @

@xj

�
� m̂00

1 u
00
j �

�

Sc
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�
(8)
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FIG. 3: Pro�les of the mean heavy-�uid mass fraction em1

(top) and of the mean heavy-�uid mass fraction transport
T em1 (8) normalized by Tc = �c=tc (bottom) at various di-
mensionless times.

The mean heavy-�uid mass fraction is bounded, 0 �em1 � 1, and in the absence of chemical reactions, has
no source or sink terms: molecular and turbulent di¤u-
sion are the only mechanisms for the transport of em1.
The mean heavy-�uid mass fraction pro�les shown in

Fig. 3 collapse to an approximately linear form over
z=h(t) 2 [�0:3; 0:3], similar to the volume fraction pro-
�les in water channel experiments.8 This is expected as
the mean mass and volume fraction are linearly related.
Thus, di¤usive transport of em1 is only signi�cant at
very early times when the mixing layer width h and the
Reynolds number are small, resulting in large mean gra-

dient @ em1=@z and small �ux m̂00
1w

00.
The mean advection � ew@ em1=@z is very small and is

not shown. The transport T em1 shown in Fig. 3 is
positive for z=h < 0, indicating accumulation of heavy
�uid, and negative for z=h > 0, indicating loss of heavy
�uid as the heavy �uid continues to fall into the lighter
�uid. The magnitude of T em1 decreases rapidly between
t=tc = 12:6 and 25:1, and then changes relatively little up

to t=tc = 37:9. The contributions to T em1 can be decom-

posed into turbulent and di¤usive �uxes F em1
t = �m̂00

1w
00

and F em1

d = � (�=Sc) @ em1=@z, respectively. The turbu-
lent �ux is negative, as the net vertical velocity �uc-
tuations are directed downward. The di¤usive �ux is
always negligible.7 The spatial integral of Eq. (B2) is
d
dt [�em1(t)] = 0, indicating conservation of mass fraction.
At late-time, T em1=Tc � (�0mrmsuh=h)=Tc � 0:002, in
reasonable agreement with the pro�le shown in Fig. 3.

IV. MECHANICAL TURBULENT FLOW
STRUCTURE

The �ow dynamics are governed by the competition of
production, dissipation, and transport mechanisms. Pro-
duction terms arising from buoyancy, shear, and pure
turbulence e¤ects are positive-de�nite over the mixing
layer. Dissipation terms arising from turbulence destruc-
tion mechanisms remove turbulent kinetic energy and
scalar variance from the �ow. Finally, transport terms
redistribute the turbulent �elds conservatively within the
layer and do not contribute to the global energy balance.
The budgets of the mechanical turbulent transport

equations are computed from the DNS data and dis-
cussed here. In addition to the statistics previously con-
sidered at the center plane of the mixing layer,1,11 statis-
tics across the mixing layer are presented here. Of prin-
cipal importance to transport in Rayleigh�Taylor �ow is
the evolution and spatial distribution of the turbulent
kinetic energy and its dissipation rate.

A. Turbulent kinetic energy transport

1. Reynolds stress components and turbulent kinetic energy

While mean velocity gradients are of minimal impor-
tance to the dynamics at small Atwood number, the tur-
bulent force @� ij=@xj in Eq. (5) represents the mean
transport of �uctuating momentum by turbulent veloc-
ity �uctuations, and energy exchange between the tur-
bulence and mean �ow. The components of � ij=� shown
in Fig. 4 all grow with time. The vertical velocity vari-
ance gw002 is largest, indicating that transport of gw002 pro-
vides the most important energy redistribution mecha-
nism. The o¤-diagonal shear stresses are positive and
negative over the layer and are much smaller than the di-
agonal components.7 Comparinggu002 and fv002 shows that
anisotropy in the x- and y-directions persists to late times
for this �ow.
The turbulent kinetic energy per unit mass fE00 =gu002i =2

shown in Fig. 5 is peaked in the mixing layer core and
grows as velocity �uctuations increase; fE00 is broadly
distributed over the narrow mixing layer at the earliest
times, becoming narrower at the latest time when the tur-
bulence is most intense within the core. The Reynolds-
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FIG. 4: Pro�les of the diagonal components of the Reynolds
stress tensor gu002i normalized by u2c at various dimensionless
times.

averaged turbulent kinetic energy per unit mass E0 =
u02i =2 is virtually identical to fE00 and is not shown. At
late-time, fE00=u2c � u2h=

�
2u2c
�
� 43, in agreement with

the order of magnitude of the pro�le in Fig. 5.
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FIG. 5: Pro�les of the turbulent kinetic energy per unit massfE00 normalized by u2c at various dimensionless times.

2. Potential energy, kinetic energy, and dissipation
dynamics

Energy is removed from the mean kinetic energy ( eE =eu2i =2) by shearing forces, transferred to the turbulent ki-
netic energy, and converted to thermal energy by viscous
dissipation in classical shear-driven turbulent bound-
ary layers, shear layers, wakes, and jets. However, in
Rayleigh�Taylor instability-driven mixing, the turbulent
kinetic energy is driven by release of gravitational poten-
tial energy by the heavy �uid falling into the light �uid.
The total mean potential energy per unit volume is

U(t) = � 1

Lz

Z Lz=2

�Lz=2
� gz z dz =

g

Lz

Z Lz=2

�Lz=2
� z dz (9)

and the cumulative potential energy released is �U(t) =
U(0) � U(t), both of which are shown in Fig. 6. The
total mean kinetic energy per unit volume

eE(t) = 1

Lz

Z Lz=2

�Lz=2
eE(z; t) dz ; (10)

total turbulent kinetic energy per unit volume

fE00(t) = 1

Lz

Z Lz=2

�Lz=2
fE00(z; t) dz ; (11)

and cumulative turbulent kinetic energy dissipated per
unit volume

D
fE00
(t) =

1

Lz

Z t

0

Z Lz=2

�Lz=2
e�00(z; t0) dz dt0 ; (12)

are also shown in Fig, 6 [see Eq. (15d) for the de�ni-
tion of the turbulent kinetic energy dissipation rate per
unit mass e�00], where the conversion of potential energy to
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FIG. 6: Evolution of potential energy released �U(t), turbu-
lent kinetic energy fE00(t), mean kinetic energy eE(t), and cu-
mulative turbulent kinetic energy dissipated D

gE00(t), all nor-
malized by the maximum amount of potential energy that
can be released �Umax = U(0) � (g=Lz)

R 0
�Lz=2

�2zdz +

(g=Lz)
R Lz=2
0

�1zdz (top). Evolution of the ratio of turbulent
kinetic energy to potential energy released (bottom).

turbulent kinetic energy is evident. The cumulative tur-
bulent kinetic energy gained is �fE00(t) = fE00(t)� fE00(0).
The conversion of potential energy to kinetic energy is
slowed as molecular mixing progresses. The ratio of tur-
bulent kinetic energy to potential energy released is also
shown in Fig. 6, where fE00(t)=�U(t) � 0:57 at the lat-
est time� somewhat larger than fE00(t)=�U(t) � 0:48�
0:52 inferred from water channel5 and gas channel,9 mea-
surements and from other MILES and DNS.20�22 How-
ever, fE00(t)=�U(t) in the current DNS is still decreas-
ing at t=tc = 37:9. The initial conditions used in a
simulation can a¤ect this ratio,21 where a wide rangefE00(t)=�U(t) � 0:48�0:70 was reported. The Froude
number Frh = uh=

p
gh � 0:015 is related to the ratio

of the turbulent kinetic energy gained �0�fE00 � �0u
2
h

to the mean potential energy released �U � �rmsgh=�0
by �fE00=�U � (�0=�rms)Fr2h � 0:65 at the latest time
(� 14% larger than the ratio from the DNS). The ratio
of mean-to-turbulent kinetic energy always remains less
than 0:01. The mean kinetic energy transport equation
approximately reduces to

� g ew + ew @p
@z
+ ew @�33

@z
= 0 : (13)

3. Turbulent production, dissipation, and transport

The turbulent kinetic energy transport equation is

�

�
@

@t
+ euj @

@xj

�fE00 = P
fE00
b + P

fE00
s +�

fE00
(14)

�DfE00
+ T

fE00
;

where the buoyancy production, shear production,
pressure�dilatation, turbulent dissipation, and transport
are

P
fE00
b = �u00j

@p

@xj
! �w00 @p

@z
; (15a)

P
fE00
s = �� û00i u00j

@eui
@xj

! �� û00i w00
@eui
@z

; (15b)

�
fE00
= p0

@u00k
@xk

; (15c)

D
fE00
= � e�00 = �ij @u00i

@xj
; (15d)

T
fE00

= � @

@xj

�
� Ê00 u00j + p

0 u00j � �ij u00i
�

(15e)

! � @

@z

�
� Ê00 w00 + p0 w00 � �i3 u00i

�
;

respectively.18,19 The qualitative structure of the domi-
nant terms in the fE00 transport equation shown in Fig. 7
remains similar for all times. Buoyancy production gen-
erates turbulent kinetic energy within the mixing layer
jz=hj < 0:5, while turbulent dissipationDfE00 removes tur-
bulent kinetic energy from the layer. The pro�les of P fE00

b
exhibit some asymmetry within the core for t=tc � 12:6,
and are very similar at t=tc = 25:1 and 37:9.
The mean advection � ew@fE00=@z is very small and is

not shown. As the mean velocity gradient contribu-
tion to the turbulent kinetic energy production is negli-
gible, the magnitude of P fE00

s is considerably smaller than
P
fE00
b . There is no discernible structure in the pro�les of
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FIG. 7: Pro�les of the dominant terms in the turbulent kinetic energy transport equation (14) normalized by Pc = Tc = Dc =
�cu

2
c=tc at t=tc = 5:13 (top left), 12:6 (top right), 25:1 (bottom left), and 37:9 (bottom right).

P
fE00
s , which have positive and negative values and ap-
proximately average to zero.7 The buoyancy production
broadens rapidly between t=tc = 5:13 and 12:6, and is
large in the mixing layer core z=h 2 [�0:3; 0:3]. The
pro�les do not change signi�cantly between t=tc = 25:1
and 37:9. On average, the pressure�dilatation correlation
�
fE00 (not shown) is �fE00

< 0 for z=h < 0 and �fE00
> 0

for z=h > 0; �fE00 remains negligible for the small Atwood
number �ow here.7 The �ow here is incompressible, but
�
fE00 6= 0 as a result of the miscibility of the �uids. For

miscible mixtures,23 r � u = �r �(Dr ln �) 6= 0 , scales
with the local density gradient.

Similar to buoyancy production, turbulent dissipation
is also approximately Gaussian with peaks near z=h � 0.
In Rayleigh�Taylor mixing, the turbulent kinetic energy
grows due to the continual release of potential energy,
so that production of fE00 does not equal its dissipation.
Conservative redistribution of fE00 throughout the layer is
given by the transport T fE00 . Regions with T fE00

> 0 gain
turbulent kinetic energy, and regions with T fE00

< 0 lose
turbulent kinetic energy; fE00 is transported from the cen-

tral core, jz=hj . 0:3, to the edges of the layer, i.e., down-
gradient from regions of high energy to lower energy. The
initial pro�le is small in magnitude, growing rapidly as
velocity �uctuations increase. The pro�les of T fE00 at
t=tc = 25:1 and 37:9 are similar on average. The pro�les
approach zero near z=h � �0:7, and not at the edges
of the mixing layer z=h = �0:5. The Fourier space dy-
namics of turbulent kinetic energy transfer in Rayleigh�
Taylor �ow was previously considered using data from a
5122 � 2040 DNS.24

Referring to the order of magnitude in Eq. (B3), the
viscous contribution diminishes as the �ow evolves to
larger Reynolds numbers. Buoyancy production, tur-
bulent dissipation, and transport can be estimated at
late times as P fE00

b =Pc � �rmsguh=Pc � 4:3, DfE00
=Dc ��

�0u
3
h=h

�
=Dc � 2:8, and T fE00

=Tc � �0u
3
h=(2hTc) � 1:4,

consistent with the order of magnitude of the maxima
and minima of the pro�les in Fig. 7.
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B. Turbulent kinetic energy dissipation rate
transport

1. The turbulent kinetic energy dissipation rate

The transport equation for the incompressible turbu-
lent kinetic energy (pseudo) dissipation rate

�0 = �

�
@u0i
@xj

�2
(16)

is examined here. The di¤erence between �0 and the
true kinetic energy dissipation rate density per unit mass
� = 2�S0ijS

0
ij , where S

0
ij =

1
2

�
@u0i=@xj + @u

0
j=@xi

�
is the

�uctuating strain-rate tensor, is �� �0 = �@2� ij=@xi@xj ,
which is generally small and typically neglected.25 This
was also found to be true for the present �ow.
The incompressible (16) and general dissipation rate

per unit mass e�00 = �(@u00=@xj)
2 shown in Fig. 8 are

very similar, as expected for small Atwood number mix-
ing layers. Like fE00 shown in Fig. 5, �0 is peaked in
the mixing layer core and grows as vortex stretching
increases with Reynolds number; �0 is broadly distrib-
uted over the narrow mixing layer at the earliest times,
becoming narrower at the latest time. At late-time,
�0=
�
u2c=tc

�
� u3htc=

�
2hu2c

�
� 1:4, in very good agreement

with the pro�le in Fig. 8.

2. Turbulent production, destruction, and transport

The transport equation for �0,25�29 generalized here to
include a production term due to �uctuating density gra-

dients is

�

�
@

@t
+ uj

@

@xj

�
�0 = P �

0
b + P

�0
t + P

�0
s + P

�0
c (17)

�D�0 + T �
0
;

where the buoyancy production, turbulent production,
shear production, curvature production, turbulent de-
struction, and transport are

P �
0
b = 2 � gi

@�0

@xj

@u0i
@xj

! �2 � g @�
0

@xj

@w0

@xj
; (18a)

P �
0
t = �2� @u

0
i

@xk

@u0i
@xj

@u0k
@xj

; (18b)

P �
0
s = �2�

 
@u0i
@xk

@u0j
@xk

+
@u0k
@xi

@u0k
@xj

!
@ui
@xj

(18c)

! �2�
 
@u0i
@xk

@w0

@xk
+
@u0k
@xi

@u0k
@z

!
@ui
@z

;

P �
0
c = ��u0j

@u0i
@xk

@2ui
@xj@xk

! ��w0 @u
0
i

@z

@2ui
@z2

; (18d)

D�0 = 2� �

�
@2u0i
@xj@xk

�2
; (18e)

T �
0
= � @

@xj

 
� �0 u0j + 2 �

@p0

@xk

@u0j
@xk

� � @�
0

@xj

!
(18f)

! � @

@z

�
� �0 w0 + 2 �

@p0

@xk

@w0

@xk
� � @�

0

@z

�
;

respectively (see Appendix C).
The analysis of the �0 transport equation here pro-

vides the �rst budget of turbulent dissipation dynamics
of Rayleigh�Taylor mixing. Figure 9 shows the dominant
terms in the �0 equation across the mixing layer: the pro-
duction and destruction are qualitatively similar to the
corresponding terms in the fE00 equation. All pro�les ap-
proach zero at z=h � �0:7, and there are less nonlocal
e¤ects than in the fE00 transport outside the layer bound-
aries. The density�vertical velocity gradient correlation
in (18a) is negative-de�nite as P �0b � 0. Turbulent pro-
duction P �0t becomes the dominant production mecha-
nism at late times when vortex stretching increases with
increasing three-dimensionality and Reynolds number.
The mean advection �w@�0=@z is very small and is

not shown. Similar to the turbulent kinetic energy, �0

may be created by buoyancy forces and mean velocity
gradients. However, �0 may also be produced solely by
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FIG. 9: Pro�les of the dominant terms in the turbulent kinetic energy dissipation rate transport equation (17) normalized by
Pc = Tc = Dc = �cu

2
c=t

2
c at t=tc = 5:13 (top left), 12:6 (top right), 25:1 (bottom left), and 37:9 (bottom right).

turbulent �uctuations and by a term proportional to the
second derivative of the mean velocity. Similar to P fE00

s ,
the shear and curvature production P �0s and P �0c negligi-
bly contribute to the total production and have no dis-
cernible structure.7 Buoyancy production P �0b dominates
at early times, but diminishes at later times (in constrast
to P fE00

b ), as density �uctuations and their gradients are
smoothed by the mixing. Turbulent production P �0t is
nearly negligible until t=tc � 12:6 when the transition
to a fully three-dimensional mixing layer begins.1,11 By
t=tc � 25:1, P �

0
t becomes the dominant production. Un-

like in turbulent kinetic energy transport, these pro�les
are still changing between t=tc = 25:1 and 37:9.

Turbulent destruction occurs primarily within the mix-
ing layer core and only becomes signi�cant when three-
dimensional, turbulent �uctuations form after t=tc �
12:6. The conservative transport of �0 described by T �0

is similar to that of fE00: �0 is transported away from the
turbulent core approximately down-gradient. The pro�le
rapidly increases between t=tc = 5:13 and 12:6, and does

not change signi�cantly in magnitude from t=tc = 12:6
to 37:9. The pro�les have maxima near the layer edges
z=h = �0:5 and approach zero well outside the layer near
z=h = �0:7.
Referring to the order of magnitude in Eq. (B4), buoy-

ancy production, turbulent production, turbulent de-
struction, and transport can be estimated at late times as
P �

0
b =Pc �

�
�rmsgu

2
h=h

�
=Pc � 0:13, P �0t =Pc � D�0=Dc �

�0u
4
h=(2�hDc) � 0:58, and T �0=Tc � �0u

4
h=
�
2h2Tc

�
�

0:04, in good agreement with the pro�les in Fig. 9. The
production and destruction rates are assumed to evolve
on the time scale �=uh, so that P �

0
t � D�0 � ��0=(�=uh).

V. SCALAR TURBULENT FLOW STRUCTURE

Turbulent transport within the Rayleigh�Taylor mix-
ing layer was investigated above by considering the bud-
gets of the exact fE00 and �0 transport equations. Modeled
evolution equations for these quantities are su¢ cient to
construct an fE00-�0 model based on the turbulent viscos-
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FIG. 10: Pro�les of the heavy-�uid mass fraction variancegm002
1 at various dimensionless times.

ity �t /
�fE00�2=�0. In order to predict molecular mixing

dynamics, additional scalar transport equations must be
included for a mixing �progress variable�, such as the mass
fraction variance and its dissipation rate. In scalar mix-
ing and reacting �ows, a transport equation for the mass
fraction (or volume fraction) variance, and possibly its
dissipation rate, are evolved30 ; the dissipation rate is of-
ten modeled algebraically.31,32

A. Heavy-�uid mass fraction variance transport

1. Heavy-�uid mass fraction variance

As the di¤erence between the heavy-�uid volume frac-
tion variance f 021 and mass fraction variance

gm002
1 remains

< 3% for the �ow considered here, the di¤erence between
the budgets of the f 021 and gm002

1 transport equations is

negligible. The pro�les of gm002
1 in Fig. 10 are peaked

near z=h � 0, exhibit moderate growth at early times up
to t=tc = 12:6, and then rapidly decrease for t=tc > 12:6.
The pro�le at t=tc = 12:6 exhibits the most asymme-
try across the layer. The growth and eventual decrease
of heavy-�uid mass fraction variance is related to the
growth and eventual decrease of density variance �02, as
re�ected in the initial decrease followed by increase of
the center plane molecular mixing parameter �(z = 0)
[see Eq. (32) and Fig. 16 in Ref. 1].

2. Turbulent production, dissipation, and transport

The heavy-�uid mass fraction variance transport equa-
tion is

�

�
@

@t
+ euj @

@xj

�gm002
1 = P

gm002
1 �Dgm002

1 + T
gm002
1 ; (19)

where the mean production, turbulent dissipation, and
transport are

P
gm002
1 = �2 � m̂00

1 u
00
j

@ em1

@xj
! �2 � m̂00

1 w
00 @ em1

@z
; (20a)

D
gm002
1 = 2 �f�00 = 2D �

�
@m00

1

@xj

�2
; (20b)

T
gm002
1 = � @

@xj

 
� m̂002

1 u00j � �D
@gm002

1

@xj

!
(20c)

! � @

@z

 
� m̂002

1 w00 � �D @gm002
1

@z

!
;

respectively.30,31 The terms in the mass fraction variance
transport equation shown in Fig. 11 exhibit a generally
similar production, dissipation, and transport structure
as in the fE00 and �0 equations. While the terms contribut-
ing to the fE00 and �0 budgets generally grow, those con-
tributing to the gm002

1 budget decay as mixing progresses
and smooths mass fraction �uctuations. Late-time oscil-
lations in the production and transport are due to oscil-
lations in the mean �eld gradients.
The mean advection � ew@gm002

1 =@z is very small and is
not shown. At early times before the onset of three-
dimensional dynamics, the mixing layer directly entrains
pockets of pure �uid with little mixing, and therefore

P
gm002
1 is large for t=tc � 12:6. This can also be seen in

the evolution of the mass fraction�vertical velocity cor-

relation coe¢ cient R
m̂00
1 w

00 = m̂00
1 w

00=

qgm002
1
gw002 on the

center plane of the mixing layer, shown in Fig. 3.63 of
Ref. 7. Combining the large entrainment of �uid into the
mixing layer (where R

m̂00
1 w

00 ! 1 at t=tc � 5:13) and the
large gradient of em1 at early times, the total production
of gm002

1 is relatively large for t=tc � 12:6. At later times,
the correlation coe¢ cient relaxes to R

m̂00
1 w

00 � 0:75 and
the gradient of em1 scales as h�1. Accordingly, the pro-
duction of mass fraction variance decreases with time.
The production of gm002

1 corresponds to the entrainment
of unmixed �uid into the mixing layer, which increasesgm002
1 . The dissipation of

gm002
1 corresponds to molecular

di¤usion of each �uid species into the other, homogeniz-
ing the �uid within the mixing layer, thereby decreas-
ing gm002

1 . The heavy-�uid mass fraction variance dissi-
pation rate f�00 determines the mixing rate. Turbulent
dissipation of gm002

1 primarily occurs within the turbulent
core. Larger turbulent �uctuations increase the local
strain rates in the vicinity of the interface, thereby in-
creasing local mass fraction gradients. The dissipation
increases in time and begins to decrease for t=tc > 25:1.

The structure of the transport of gm002
1 is qualitatively
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FIG. 11: Pro�les of the terms in the heavy-�uid mass fraction variance transport equation (19) normalized by Pc = Tc = Dc =
�c=tc at t=tc = 5:13 (top left), 12:6 (top right), 25:1 (bottom left), and 37:9 (bottom right).

similar to that of fE00 and �0. However, the magnitude
of T

gm002
1 increases initially, and then decreases with time.

The total heavy-�uid mass fraction variance �ux can be
decomposed into its turbulent and di¤usive components,

F
gm002
1

t = �m̂002
1 w

00 and F
gm002
1

d = ��D@gm002
1 =@z , respec-

tively. The di¤usive �ux is nearly zero.7

Referring to the order of magnitude in Eq. (B5),
mean production, turbulent dissipation, and trans-
port can be estimated at late times as (with �m �
1) P

gm002
1 =Pc � (2�0mrms�muh=h)=Pc � 0:003 and

D
gm002
1 =Dc � T

gm002
1 =Tc �

�
�0m

2
rmsuh=�m

�
=Dc � 0:003,

in good agreement with the pro�les in Fig. 11.

B. Heavy-�uid mass fraction variance dissipation
rate transport

1. Heavy-�uid mass fraction variance dissipation rate

The heavy-�uid mass fraction variance dissipation rate

f�00 = D�@m00
1

@xj

�2
(21)

is shown in Fig. 12. Similar to gm002
1 and D

gm002
1 , f�00 in-

creases in time and begins to decrease for t=tc > 25:1
as the mixing of the �uids reduces gradients of the �uc-
tuating heavy-�uid mass fraction. The pro�le is asym-
metric at t=tc = 5:13, becoming more symmetric about
the center plane subsequently. At late-time, f�00tc �
m2
rmsuhtc=(2�m) � 0:003, in good agreement with the

pro�le in Fig. 12.
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2. Turbulent production, destruction, and transport

The heavy-�uid mass fraction variance dissipation rate
transport equation is

�

�
@

@t
+ euj @

@xj

�f�00 = P
f�00
m + P

f�00
t + P

f�00
s (22)

+P
f�00
c �D

f�00 + T f�00 ;
where the mean �eld production, turbulent production,
shear production, curvature, turbulent destruction, and
transport are

P
f�00
m = �2D� @m

00
1

@xi

@u00j
@xi

@ em1

@xj
(23a)

! �2D� @m
00
1

@xi

@w00

@xi

@ em1

@z
;

P
f�00
t = �2D� @m

00
1

@xi

@m00
1

@xj

@u00j
@xi

; (23b)

P
f�00
s = �2D� @m

00
1

@xi

@m00
1

@xj

@euj
@xi

(23c)

! �2D� @m
00
1

@z

@m00
1

@xj

@euj
@z

;

P
f�00
c = �2D�u00j

@m00
1

@xi

@2 em1

@xi@xj
(23d)

! �2D�w00 @m
00
1

@z

@2 em1

@z2
;

D
f�00 = 2D2

�

�
@2m00

1

@xi@xj

�2
; (23e)

T
f�00 = � @

@xj

 
� �̂00 u00j � �D

@f�00
@xj

!
(23f)

! � @

@z

 
� �̂00 w00 � �D @f�00

@z

!
;

respectively.30,33�35 With suitably modeled equations forfE00, �0, gm002
1 , and f�00, a four-equation model describ-

ing Rayleigh�Taylor instability-generated turbulence and
mixing can be constructed.
The dominant terms in the heavy-�uid mass fraction

variance dissipation rate equation are shown in Fig. 13,
where buoyancy and turbulent production are the pri-
mary production mechanisms of f�00 within the mixing
layer core. The overall structure of the terms at the
�rst time is quite di¤erent from that at subsequent times.
The mean advection � ew@f�00=@z is very small and is not
shown. As for the previous transport equations, the shear
production Pf�00

s is negligible compared to the other pro-
duction mechanisms. The curvature production Pf�00

c is
larger in magnitude at early times when the mixing layer
is small and @2 em1=@z

2 is large at jz=hj � 0:5 (Pf�00
c is

always negligible compared with Pf�00
m ).7 The mean pro-

duction decreases in time as both the mass fraction �uc-
tuations and mean mass fraction gradient decrease with
progressive mixing; however, the total contribution to
the production of f�00 remains approximately constant,
as in turbulent premixed combustion.34 For t=tc & 9,
turbulent production becomes the dominant production
mechanism (as in �0 transport). Fluctuating velocity gra-
dients strain concentration gradients, increasing the to-
tal interfacial surface area available for mass di¤usion
and increasing concentration gradients. These combined
mechanisms result in increased rates of molecular di¤u-
sion and mixing.

The destruction of f�00 by molecular di¤usion, Df�00 ,
remains small until the mixing layer begins to develop
signi�cant velocity �uctuations at t=tc � 9. Similar to

D
gm002
1 , Df�00 increases rapidly in time and eventually de-

creases for t=tc > 25:1. As the mixing layer develops, P
f�00
m

decreases in magnitude, while P
f�00
t and Df�00 increase.

Similar to the transport terms of fE00, �0, and gm002
1 , f�00 is

transferred away from the turbulent core approximately
down-gradient. However, the relative role of turbulent
transport in the dynamics of f�00 is less important than
in the previously considered transport equations. The
individual �ux contributions to Tf�00 can be decomposed
into their turbulent and di¤usive �uxes, F

f�00
t = ��̂00w00

and F
f�00
d = ��D@f�00=@z , respectively. The di¤usive �ux

is nearly zero at all times.7

Referring to the order of magnitude in Eq. (B6), turbu-
lent production and destruction can be estimated at late

times as P
f�00
t =Pc � D

f�00=Dc � �0m
2
rmsu

2
h=
�
2�2mPc

�
�

0:002, in good agreement with the pro�les in Fig. 13.
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FIG. 13: Pro�les of the dominant terms in the heavy-�uid mass fraction variance dissipation rate transport equation (22)
normalized by Pc = Tc = Dc = �c=t

2
c at t=tc = 5:13 (top left), 12:6 (top right), 25:1 (bottom left), and 37:9 (bottom right).

Here, the production and destruction rates are assumed

to evolve on the time scale �m=uh, so that P
f�00
t � Df�00 �

�f�00=(�m=uh).
VI. PRODUCTION AND DISSIPATION

INTEGRALS, AND
PRODUCTION-TO-DISSIPATION

(DESTRUCTION) RATIOS

The integrated energy balances corresponding to the
mechanical and scalar turbulent transport equations
are discussed here, together with the production-to-
dissipation (or destruction) ratios corresponding to each
equation. Figure 14 shows the evolution of the produc-
tion and dissipation integrated over the domain, P�(t) =
1
Lz

R Lz=2
�Lz=2 P

�(z; t)dz and D�(t) = 1
Lz

R Lz=2
�Lz=2D

�(z; t)dz,
and Fig. 15 shows the second-order turbulence quanti-
ties, fE00(t), �0(t), gm002

1 (t), and f�00(t), similarly integrated
over the domain. Figure 16 shows the production-to-

dissipation (or destruction) ratios, and Fig. 17 shows
their pro�les across the mixing layer.

A. Turbulent kinetic energy
production-to-dissipation ratio

Figure 14 indicates that the buoyancy production be-
gins to grow rapidly, with an increasing growth rate
for t=tc & 18 as the �ow transitions to a more three-
dimensional state.1 Its growth begins to slow for t=tc &
30. The growth of the dissipation is delayed in time com-
pared to the buoyancy production and grows only mod-
estly, reaching a value approximately two times smaller
than P fE00

b at the latest times. The integrated shear pro-
duction does not contribute to the kinetic energy bud-
get. The evolution of fE00(t) shown in Fig. 15 exhibits a
rapid quadratic growth at the latest times (t=tc > 25:1),
as expected from the self-similar scaling fE00 � u2h=2 �
2 (�Ag)

2
t2 (see Appendix B). The spatial integral of
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FIG. 14: Evolution of buoyancy and shear production, and dissipation integrals normalized by Pc = Tc = Dc = �cu
2
c=tc

corresponding to the fE00 equation (top left), evolution of buoyancy, shear, and turbulent production, and destruction integrals
normalized by Pc = Tc = Dc = �cu

2
c=t

2
c corresponding to the �0 equation (top right), evolution of production and dissipation

integrals normalized by Pc = Tc = Dc = �c=tc corresponding to the
gm002
1 equation (bottom left), and evolution of mean, shear

and turbulent production, and destruction integrals normalized by Pc = Tc = Dc = �c=t
2
c corresponding to the f�00 equation

(bottom right)

Eq. (B3) is d
dt

h
�fE00(t)i = P fE00

b (t) + P
fE00
s (t) + �

fE00
(t) �

D
fE00
(t) � P

fE00
b (t) � DfE00

(t) , representing a balance be-
tween terms of O(�rmsguh) and O(�0u3h=h): in the late-
time self-similar regime, this is a balance between terms
growing linearly as 2�A�rmsg

2t and 8 (�A)2 �0g
2t, re-

spectively.
The departure of the production-to-dissipation ratio

P
fE00
=D

fE00 from unity (with P fE00
= P

fE00
b + P

fE00
s � P fE00

b )
shown in Fig. 16 indicates that turbulence statistics are
rapidly changing with respect to the mean �elds. At early
times (t=tc < 12:6), the ratio exhibits a large dynamic
range. As the growth of the initial perturbations in-
creases, P fE00

=D
fE00 rises until a peak value � 5 is reached

at t=tc � 6. The maximum value corresponds to the non-
linear transition time, where secondary vortices begin to
form in between rising and falling structures. The onset

of nonlinear dynamics is correlated with the bifurcation
of the pressure �ux p0w00 (see Fig. 19 in Appendix A).
Following the onset of the transition at t=tc � 6, the
mixing eventually relaxes to an asymptotic state with

P
fE00

DfE00
= �

w00 @p@z
� �0

� g w00

�0
� 2:0 : (24)

This relaxation occurs more rapidly until t=tc � 13, af-
ter which the turbulence statistics begin to change more
slowly. Referring to the scalings in Appendix B and to
Fig. 7, P fE00

=D
fE00 � �U=�fE00 � (�rms=�0)Fr�2h � 1:5

at the latest time, which is � 25% smaller than the nu-
merical value. At asymptotically late times, h � �Agt2
and uh � 2�Agt give the constant value Frh � 2

p
�A, so

that in a self-similar state in which �rms=�0 = constant,
it follows that P fE00

=D
fE00 � (�rms=�0)(4�A)

�1 � 1:54,
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FIG. 16: Evolution of the production-to-dissipation ra-

tios P
gE00=DgE00 and P gm002

1 =D
gm002
1 , and of the production-to-

destruction ratios P �
0
=D�0 and P

f�00=Df�00 .

or � 23% smaller than the numerical value. In wall-
bounded �ows, the spatial pro�le of PE0

=DE0 versus the
normalized wall coordinate26 exhibits a qualitative struc-
ture similar to the temporal pro�le in Fig. 16, beginning
at zero, rising rapidly to a maximum value as a result of
the nonequilibrium �ow dynamics in the vicinity of the
wall, and then decreasing to a nearly constant value.
Figure 17 shows P fE00

=D
fE00 , which is narrow and

largest at the earliest time, decreases rapidly between
t=tc = 5:13 and 12:6, and does not change signi�cantly

between the last two times. At the latest time, the pro-
�le is approximately �at across the layer, approaching
zero outside the layer boundaries at z=h � �0:65; the
pro�le broadens with time. These ratios were previously
examined using DNS,13 and were similar to the late-time
pro�les shown here, but larger in magnitude.
Two-equation turbulence modeling requires that the

production-to-dissipation ratio remain close to unity, i.e.,
turbulent statistics vary slowly in time with respect
to mean �ow changes. This is one reason why stan-
dard E0-�0 models36 are adequate for round jet �ows
with PE0

=DE0 � 0:8,19 homogeneous shear �ows with
PE

0
=DE0 � 1:4�1:8,37,38 and shear-driven mixing lay-

ers with PE0
=DE0 � 1:4.39 The Rayleigh�Taylor mixing

layer here exhibits considerably larger ratios P fE00
=D

fE00 �
2�2:4. LES of a compressible, miscible, A = 0:5

Rayleigh�Taylor mixing layer also gave P fE00
=D

fE00 � 2�
2:5.40 Even larger values P fE00

=D
fE00 � 3:5 were obtained

from DNS of an A = 0:01, Sc= 1 Rayleigh�Taylor mixing
layer.13 The di¤erence between the Rayleigh�Taylor and
shear-driven production-to-dissipation ratios is attribut-
able to the distinct production mechanisms: turbulent ki-
netic energy is created by mean density gradients rather
than by mean velocity gradients.

B. Turbulent kinetic energy dissipation rate
production-to-destruction ratio

The evolution of the integrated production and de-
struction is shown in Fig. 14. Buoyancy production
dominates at early times t=tc < 25:1, and becomes less
important as the Reynolds number increases; P �0 �
P �

0
b + P �

0
t . Turbulent production and destruction are

small until the layer transitions to a nonlinear, three-
dimensional phase at t=tc � 13. Speci�cally, P �0t � 0
for t=tc < 13, increasing rapidly thereafter. Eventu-
ally, P �0t exceeds P �0b for t=tc > 25:1; at the end of
the simulation, P �0t exceeds P �0b by a factor of � 2.
While P �0t increases steadily, P �0b attains a nearly steady
value at the latest time. For t=tc < 19, P �0b & D�0

and for t=tc > 19, D�0 � P �
0
b . The spatial integral

of Eq. (B4) is d
dt

�
��0(t)

�
= P �

0
b (t) + P

�0
t (t) + P

�0
s (t) +

P �
0
c (t) + �

�0(t) � D�0(t) � P �
0
b (t) + P

�0
t (t) � D�0(t), rep-

resenting a balance between terms of O(��rmsguh=�2) �
O(�rmsgu2h=h), O(�u3h=�

3) � O
�
�0u

4
h=(2�h)

�
, and

O
�
��u2h=

�
�2�2

��
� O

�
�0u

4
h=(2�h)

�
, respectively:

in the self-similar regime, this is a balance be-
tween terms 4�rms�Ag

2, 83=2� (�Ag)
3
(t=�)

3=2, and
83=2� (�Ag)

3
(t=�)

3=2, respectively. The buoyancy pro-
duction indeed begins to change very slowly at the latest
times, in accordance with the scaling prediction. The
evolution of �0(t) shown in Fig. 15 exhibits linear growth
at the latest times, as expected from the self-similar
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FIG. 17: Pro�les of P
gE00=DgE00 (top left), P �0=D�0 (top right), P

gm002
1 =D

gm002
1 (bottom left), and P

f�00=Df�00 (bottom right) at
various dimensionless times.

scaling �0 � u3h=(2h) � 4 (�Ag)
2
t. The scaling argu-

ments in Appendix B suggest Re2�=15 � Reh � 2Ret =

2
�fE00�2=��0�� � 2 (�Ag)2 t3=�, consistent with the more
rapid growth for t=tc > 25:1 seen in Fig. 2 of Ref. 1. Note
that P �0t (t) and D

�0(t) grow at the same rate.
The ratio P �0=D�0 shown in Fig. 16 indicates that the

turbulence is highly nonstationary before t=tc � 19; after
t=tc � 19,

P �
0

D�0
= �

g
�
@�0

@xj
@w0

@xj
+

@u0i
@xk

@u0i
@xj

@u0k
@xj

�
�

@2u0i
@xj@xk

�2 � 1:1 : (25)

Using the late-time scalings, P �
0
=D�0 �

2 (�rms=�0)Fr
�2
h (�=h) + 1 �

�
P
fE00
=D

fE00
�
(2�=h) + 1 �

1:23 at the latest time (� 12% larger than the numerical
value). The pro�les of P �0=D�0 shown in Fig. 17 are
approximately constant within the core z=h 2 [�0:3; 0:3]
at all times, and have very large peaks outside of the
layer boundaries at z=h � �0:65 at the latest two times.

The ratio decreases between t=tc = 5:13 and 12:6, and
does not change signi�cantly between the last two times
(similar to P fE00

=D
fE00). Unlike P fE00

=D
fE00 , the pro�les

do not signi�cantly broaden with time.

C. Heavy-�uid mass fraction variance
production-to-dissipation ratio

The production of gm002
1 is driven by the mixing layer

expansion and entrainment of unmixed �uid. The de-
struction rate of gm002

1 depends on the turbulent �uc-
tuations to create the necessary surface area required
for molecular di¤usion to mix the constituent �uids.
Figure 14 shows that the production of gm002

1 exhibits

rapid growth and is larger than D
gm002
1 at early times

(t=tc < 10); P
gm002
1 grows less rapidly for t=tc > 13,

attains a maximum at t=tc � 30, and then slowly de-

creases. The dissipation D
gm002
1 also grows rapidly at early

times, with a slower growth for t=tc > 19. This evolu-
tion of the production and dissipation leads to the evo-
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lution of gm002
1 in Fig. 15, where the mass fraction vari-

ance approaches a nearly constant (but slightly increas-
ing) value near the end of the simulation. This is consis-
tent with the nearly constant late-time molecular mixing
rate � [Eq. (32) and Fig. 16 of Ref. 1], which follows

from �02 = (��)
2
f 021 � (��)

2 gm002
1 � constant at late

times. The spatial integral of Eq. (B5) is d
dt

h
�gm002

1 (t)
i
=

P
gm002
1 (t) � D

gm002
1 (t), representing a balance between

terms of O(2�0mrms�muh=h) and O
�
�0m

2
rmsuh=�m

�
,

respectively: in the self-similar regime, this is a bal-
ance between terms decaying as 2�0mrms�m=t and�
�0m

2
rms=t

�p
RehSc=12, respectively.

As three-dimensional turbulent structures develop
within the mixing layer for t=tc > 19,1 the ratio shown
in Fig. 16 approaches

P
gm002
1

D
gm002
1

= �
m̂00
1 w

00 @ em1

@zf�00 � 1:25 (26)

at the end of the simulation. Using the late-time scalings,

P
gm002
1 =D

gm002
1 � 2�m�m=(hmrms) � 1 (25% smaller than

the numerical value). Similar to P fE00
=D

fE00 , P
gm002
1 =D

gm002
1

shown in Fig. 17 is narrow and largest at the earliest
time, with the ratio decreasing rapidly between t=tc =
5:13 and 12:6, and not changing signi�cantly between the
last two times. At the latest time, the pro�le is approxi-
mately �at across the layer (though less �at compared to
P
fE00
=D

fE00 at the latest time), approaching zero outside of
the layer boundaries at z=h � �0:6. The production-to-
dissipation ratios of the concentration variance were also
previously examined,13 were more symmetric than those
shown here at the two earliest times, and were similar to
the late-time pro�les shown here.

D. Heavy-�uid mass fraction variance dissipation
rate production-to-destruction ratio

The integrated production and destruction terms
shown in Fig. 14 indicate that Pf�00 & D

f�00 , where
P
f�00 = P

f�00
m + P

f�00
t + P

f�00
s + P

f�00
c � P

f�00
m + P

f�00
t .

Both the production and destruction are nearly zero
for t=tc � 10, grow rapidly thereafter until t=tc � 19,
and then grow more slowly. The very slow growth
of f�00(t) seen in Fig. 15 is consistent with the pro-
duction slightly exceeding the dissipation for t=tc >

19. The spatial integral of Eq. (B5) is d
dt

h
�f�00(t)i =

P
f�00
m (t)+P

f�00
t (t)+P

f�00
s (t)+P

f�00
c (t)�Df�00(t) � Pf�00

t (t)�
D
f�00(t), representing a balance between terms both of

O
�
�0m

2
rmsu

2
h=(2h�)

�
� O

�
�0m

2
rmsu

2
h

p
Reh=

�
2h2
��
: in

the self-similar regime, this is a balance between terms
both decaying as 23=2�0m

2
rms�Ag=

p
�t.

Similar to the turbulent kinetic energy dissipation rate
�0, the total production is greater than the destruction

until t=tc � 19, after which Pf�00=Df�00 in Fig. 16 remains
P
f�00

Df�00 = �
�
@m00

1

@xi

@m00
1

@xj

@u00j
@xi

D�
�
@2m00

1

@xi@xj

�2 � 1 ; (27)

in agreement with the late-time scalings. The pro�les
of Pf�00=Df�00 shown in Fig. 17 are approximately con-
stant within the mixing layer core z=h 2 [�0:3; 0:3] at
the latest three times, and have large peaks outside the
layer boundaries at z=h � �0:65 at the latest two times,
where the nonequilibrium behavior is the strongest. As
for all other production-to-dissipation (or destruction)
ratios, the ratio decreases between t=tc = 5:13 and 12:6,
and does not change between the last two times (when
the pro�les are also very �at). The pro�les do not signif-
icantly broaden with time.

VII. DISCUSSION AND CONCLUSIONS

Data from a 1152 � 760 � 1280 direct numerical sim-
ulation of a Rayleigh�Taylor mixing layer1,11 modeled
after a water channel experiment6 was used to system-
atically investigate the spatiotemporal dynamics of tur-
bulent transport and mixing. The simulation had pa-
rameters and initial conditions approximating those in
the experiment. The initial conditions were parametrized
from an extensive set of experimental measurements of
the �ow �eld a short distance from the splitter plate, and
were anisotropic.
Budgets of the mean vertical momentum and heavy-

�uid mass fraction equations and of the turbulent ki-
netic energy, turbulent kinetic energy dissipation rate,
heavy-�uid mass fraction variance, and heavy-�uid mass
fraction variance dissipation rate equations were con-
structed as spanwise pro�les across the layer. The
relative importance of the terms was examined as a
function of Reynolds number to elucidate scalar trans-
port and mixing in Rayleigh�Taylor �ow. Modeled
transport equations for f�00 are used in premixed or
partially-premixed combustion applications,33�35 partic-
ularly when the mechanical-to-scalar time scale ratio
(used in algebraic closures of f�00) is not constant or varies
from �ow to �ow. This work presents the �rst budgets of
the �0, gm002

1 , and f�00 transport equations for this type of
�ow, and aids prioritizing modeling e¤orts by identifying
the important transport and mixing mechanisms.
The structure of the mean �ow de�ned by Reynolds

averaging the governing equations (1a)�(1c) was consid-
ered �rst. The mean vertical momentum equation re-
duces to a balance between the gravitational force, mean
vertical pressure gradient, and vertical Reynolds stress
gradient, corresponding to hydrostatic equilibrium with
a total pressure given by the mean pressure, p, plus the
turbulent pressure �gw002. The vertical velocity variance is
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the dominant Reynolds stress component, and Reynolds
stress anisotropy persists to the latest times.1

The structure of the turbulent transport equations was
also investigated. The turbulent kinetic energy and its
dissipation rate grow and are peaked near the center
plane of the mixing layer; the heavy-�uid mass fraction
variance and its dissipation rate initially grow and then
decrease as mixing progresses. The principal transport
mechanisms are buoyancy and turbulent production, tur-
bulent dissipation, and turbulent transport. The shear
productions were negligible as the mean velocity and its
gradients are very small. The pressure�dilatation corre-
lation does not contribute to the budget. The mean �ow
and turbulence equations approximately reduce to

� g � @

@z

�
p+ �gw002� ; (28)

�
@ em1

@t
� � @

@z

�
� m̂00

1 w
00
�
; (29)

�
@fE00
@t

� �w00 @p
@z
� � e�00 (30)

� @

@z

�
� Ê00 w00 + p0 w00

�
;

�
@�0

@t
� �2 � g @�

0

@xj

@w0

@xj
� 2� @u

0
i

@xk

@u0i
@xj

@u0k
@xj

(31)

�2� �
�

@2u0i
@xj@xk

�2
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@z

�
� �0 w0 + 2 �
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@xk

@w0

@xk

�
;

�
@gm002

1

@t
� �2 � m̂00

1 w
00 @ em1

@z
� 2 �f�00 (32)

� @

@z

�
� m̂002

1 w00
�
;

�
@f�00
@t

� �2D� @m
00
1

@xi

@m00
1

@xj

@u00j
@xi

(33)

�2D2
�

�
@2m00

1

@xi@xj

�2
� @

@z

�
� �̂00 w00

�
:

The terms in the transport equations retain the same
qualitative structure across the layer, with the exception
of the pressure �ux contributions to the total turbulent
kinetic energy and kinetic energy dissipation rate �uxes,
which exhibit a change early in the evolution (a counter-
gradient e¤ect). The pressure �ux contributing to turbu-
lent kinetic energy transport is non-negligible and com-
plex in behavior. A bifurcation was observed at the onset
of nonlinear, secondary instabilities, where the pressure

�uctuations transported fE00 down-gradient, away from
the center plane at early times (t=tc � 7:19). Following
this transition (t=tc > 7:19), the pressure �ux opposed
the down-gradient turbulent �ux of fE00 within the mix-
ing layer core (jz=hj < 0:5), but augmented the turbulent
�ux of fE00 outside the layer boundaries (jz=hj > 0:5).
Turbulent production in the �0 equation eventually

dominates buoyancy production, which begins to de-
crease at late times as density �uctuations are smoothed.
The production and dissipation (or destruction) integrals
for each transport equation, @��=@t � P�� �D�� +T�� ,
i.e.,

R Lz=2
�Lz=2 P��dz and

R Lz=2
�Lz=2D��dz, were examined to

elucidate the energy balance (
R Lz=2
�Lz=2 T��dz � 0 for con-

servative redistribution). The production-to-dissipation
(or destruction) ratios corresponding to each transport
equation are large at small times, decrease with time,
and eventually approach nearly constant values. For
t=tc & 20, there is relatively little variation in the ra-
tios. Asymptotic values P fE00

=D
fE00 � 2:2, P �0=D�0 � 1:1,

P
gm002
1 =D

gm002
1 � 1:25, and Pf�00=Df�00 � 1 were obtained;

P
fE00
=D

fE00 attains a larger value than in shear-driven
�ows. The production-to-dissipation/destruction ratios
(pro�les and integrated values) provide time-dependent
constraints on the predictions of closures: constant ra-
tios are necessary but insu¢ cient for self-similarity. As
discussed elsewhere,1 the present DNS study focused on
transitional Rayleigh�Taylor �ow that reaches an early
self-similar state at the latest time. A comparison of
pro�les of the terms in the budgets of the mean and
turbulence equations considered here at the four times
shown indicates that, generally, these pro�les exhibit
the most change in their magnitude between early times
t=tc = 5:13 and as the �ow transitions to a more three-
dimensional state at t=tc = 25:1. There is signi�cantly
less change in the qualitative structure of the pro�les be-
tween t=tc = 25:1 and the latest time 37:9 representative
of a weakly-turbulent, early self-similar state.

The results of this study are useful for examining and
interpreting the detailed predictions of RANS or LES
models of turbulent transport and mixing in transitional
Rayleigh�Taylor instability-generated �ow. The DNS
data considered here considerably augments measure-
ments from the water channel experiment. While the
�ow considered here satis�es the Boussinesq approxima-
tion, the budgets and the evolution of the terms may
change for larger Atwood and Reynolds number �ows, in
which non-Boussinesq e¤ects are manifested.
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FIG. 18: Pro�les of the �uxes normalized by Fc = �cu
3
c in the total turbulent kinetic energy transport T

gE00 at t=tc = 5:13 (top
left), 7:18 (top right), 10:1 (middle left), 12:6 (middle right), 25:1 (bottom left), and 37:9 (bottom right).

APPENDIX A: TURBULENT FLUXES

a. Dynamics of turbulent, pressure, and viscous turbulent
kinetic energy transport

The total turbulent kinetic energy �ux can be decom-
posed into its turbulent, pressure, and viscous compo-

nents F fE00
t = �Ê00w00, F fE00

p = p0w00, and F fE00
d = ��i3u00i ,

respectively. These �uxes are examined in detail in Fig.
18 as canonical closure phenomenology neglects F fE00

d and

combines F fE00
t + F

fE00
p into a single gradient-di¤usion

closure,19 which is not entirely accurate for Rayleigh�
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FIG. 19: Pro�les of the pressure �ux at early times (top)
and intermediate times (bottom) normalized by its maximum
value. The change of sign of p0w00 within the core of the
mixing layer occurs at t=tc = 7:19.

Taylor mixing. All early-time �uxes indicate transfer of
energy away from the center plane of the layer and to-
ward its edges. The turbulent �ux F fE00

t is least impor-
tant for t=tc � 7:18, so that gradient-di¤usion models are
not expected to capture the transport accurately at early
times. The pressure transport has a signi�cant, non-zero
�ux beyond the mixing layer boundaries. While the �uid
outside the layer remains nearly inviscid, velocity �uctu-
ations outside the layer exist due to the nonlocal pressure
�uctuations created by rising and falling structures. This
is the same process in which irrotational velocity �uctu-
ations are induced by pressure �uctuations at the free
stream edges of shear layers and jets.41

For t=tc � 7:18, F fE00
t becomes the dominant �ux,

transferring turbulent kinetic energy away from the cen-
tral core. The viscous �ux is negligible; however, the
pressure �ux F fE00

p is not and exhibits more complex be-

havior. Within the mixing layer jz=hj � 0:5, F fE00
p op-

poses the turbulent kinetic energy �ux in a counter-

gradient manner. Outside the mixing layer (jz=hj > 0:5),
the pressure �ux re-aligns with the down-gradient �ux offE00. The pressure �ux is the only signi�cant mechanism
for transport of velocity �uctuations outside the layer.
The pressure �ux F fE00

p normalized by its maximum
value at each time is shown in Fig. 19. The early-time bi-
furcation is seen as F fE00

p transports energy away from the
mixing layer core for t=tc < 7:19 and abruptly reverses
sign to oppose F fE00

t for t=tc > 7:19. This bifurcation cor-
responds to the initial formation of secondary vortices
in-between rising and falling structures. As a result, low
pressure pockets form in the centers of the vortices. Fig-
ure 3.49 in Ref. 7 shows the early-time evolution of a
slice of the density and pressure �elds, where the forma-
tion of secondary instabilities is apparent. This transition
at t=tc = 7:19 does not a¤ect the behavior of F

fE00
p beyond

the layer edges (jz=hj � 0:5), where F fE00
p continues to re-

move energy, inducing velocity �uctuations in the quies-
cent pure �uid above and below the layer. This behavior
of the pressure transport complicates the formulation of
closure models of T fE00 in Rayleigh�Taylor �ow.

b. Dynamics of turbulent, pressure, and viscous turbulent
kinetic energy dissipation rate transport

The total turbulent kinetic energy dissipation rate �ux
can be decomposed into its turbulent, pressure and vis-
cous components F �0t = ��0w0, F �0p = 2� @p0

@xm
@w0

@xm
, and

F �
0
d = ��@�0=@z, respectively, which are shown in Fig.
20. The viscous �ux is non-negligible at early-times. At
small Reynolds numbers, the turbulent �ux is either neg-
ligible or is of the same order as the other �uxes. The
pressure �ux at early times augments the turbulent �ux,
transporting �0 away from the center plane. Applying
standard fE00-�0 models to small- and moderate-Reynolds
number Rayleigh�Taylor mixing is complicated by this
behavior.
The turbulent �ux later becomes the dominant contri-

bution to T �0 (see Fig. 20). A similar bifurcation is seen
in the pressure �ux F �0p as in F

fE00
p (see Fig. 19), where the

pressure transport of �0 opposes the down-gradient �ux
of �0. However, while similar behavior in F �0p is observed,

the relative contribution of this term to T �0 is smaller
than that of F fE00

p to T fE00 . In addition, the transport of
�0 to the irrotational �uid outside of the mixing layer (as
seen in F fE00

p ) is not observed.

APPENDIX B: ORDER OF MAGNITUDE
ESTIMATES OF TERMS IN THE TRANSPORT

EQUATIONS

Using order of magnitude estimates similar to those
for turbulent transport equations describing canonical
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incompressible �ows,29,42 it is possible to obtain addi-
tional insight into the expected dominance of terms in
Rayleigh�Taylor �ow by estimating their magnitude. For
Rayleigh�Taylor �ow, estimate the characteristic turbu-
lent velocity and lengthscales by uh � urms � dh=dt
and h, respectively, the characteristic density by � � �0,
@p=@z = ��g, p0 � �rmsu

2
h, and the �uctuating veloc-

ity divergence @u00i =@xi � (�rms=�0)uh=�, where � =q
15�fE00=�0 is the Taylor microscale. Noting that the

vertical Reynolds stress can be interpreted as a �turbu-
lent pressure�, �33 = �gw002 � �0gh; also, w00 � ��0w0=� �

�rmsuh=�0. The mean velocity is ew � � ew � w � �w �
0. It follows that fE00 � u2h=2, �0 � �u2h=�

2 � u3h=(2h),

and f�00 � Dm2
rms=�

2
m, where �m =

q
12D=f�00mrms is

the heavy-�uid mass fraction Taylor microscale. With
the de�nitions of the Reynolds numbers Reh = huh=�,

Re� = �uh=�, and Ret =
�fE00�2=��0��, and �=h =p

15=Reh, it follows that Reh = (h=�)Re� � 2Ret or
Re� �

p
15Reh �

p
30Ret. Applying these estimates to

Eqs. (5), (7), (30), (31), (32), and (33) gives
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where � and �m are additional lengthscales associated
with dissipation of turbulent kinetic energy and heavy-
�uid mass fraction variance, respectively. The length-
scales appropriate for the dissipation term imply a com-
bination of � and �, where � is determined by requiring
P �

0
t � D�0 ,29 i.e., � = �=

p
Re�. Similarly, �m is deter-

mined by requiring P
f�00
t � D

f�00 , i.e., �m = �=
p
Re�Sc.

It follows that �=�m =
q
5Sc fE00f�00=�4�0m2

rms

�
�p

5Sc=4, as the mechanical-to-scalar timescale ratio R /fE00f�00=��0m2
rms

�
� constant. The order of magnitude

of the terms in the f�00 equation were also considered in
nonreacting and reacting �ow.33

In the estimates of terms in the mean and turbulent
transport equations, the order of magnitude estimates

above together with the following estimates from the
DNS will be used. At the latest time in the simulation
(t=tc = 37:9), t =

p
H=(gA)� � 6:6� � 10 s, at which

time h � 15 cm, uh � 1:8 cm/s (see Fig. 8 of Ref.
1), and Reh � 2666. The late-time self-similar scalings
h � �Agt2 and uh � 2�Agt cannot be used, as h also de-
pends on a constant and linear term.13 Using Eq. (23) of

Ref. 1 and the late-time estimate mrms =

qgm002
1 � 0:05

from Fig. 15, it follows that �rms � ��
p
mrms �

3:47�10�4 g/cm3 and �0 � (�1 + �2)=2 � 1 g/cm3. With
m0 � 0:5, mrms=m0 � 0:1. Furthermore, h=� � 13:33
(or � � 1:125 cm) and �m � �=3 � 0:375 cm.

APPENDIX C: DERIVATION OF THE EXACT TURBULENCE EQUATIONS FOR SMALL ATWOOD
NUMBER RAYLEIGH�TAYLOR FLOW

The exact unclosed turbulence equations are derived here for a variable-density �ow described by Eqs. (1a)�(1c).
Exhibiting these equations is also helpful in determining which terms have been explicitly modeled and neglected in
previously proposed RANS models of Rayleigh�Taylor instability-induced turbulent �ow.

1. The exact turbulent kinetic energy transport equation

To derive the exact turbulent kinetic energy transport equation, �rst form the �uctuating Navier�Stokes equation
by introducing the Favre�Reynolds decompositions ui = eui+u00i and p = p+ p0 into Eq. (1b) and substituting @eui=@t
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from Eq. (5):
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Note that the body force has vanished. Multiplying Eq. (C1) by u00i and ensemble averaging gives (using �u
00
i = 0 and

the mean continuity equation)
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Using homogeneity in the xy-plane (so that spatial derivatives and averaging commute), and the identities
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to rewrite terms in Eq. (C2) gives Eq. (14).

2. The exact turbulent kinetic energy dissipation transport equation

To derive the exact incompressible turbulent kinetic energy dissipation rate transport equation, �rst substitute
ui = ui + u

0
i, � = � + �0, and p = p + p0 into Eq. (1b) and subtract the Reynolds-averaged incompressible Navier�

Stokes equation
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from the resulting equation to obtain the �uctuating velocity evolution equation
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2 it follows that (assuming that g is independent of x)
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Using the identities (where incompressibility @uk=@xk = @u0k=@xk = 0 has been used)
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and rearranging terms gives Eq. (17) .

3. The exact heavy-�uid mass fraction variance transport equation

To derive the exact heavy-�uid mass fraction variance transport equation, assuming that D = D = constant, �rst
form the �uctuating heavy-�uid mass fraction variance equation by introducing the decompositions ui = eui + u00i and
m1 = em1 +m

00
1 into Eq. (1c) and substituting @ em1=@t from Eq. (7):

@

@t
(�m00

1) +
@

@xj
(�m00

1 euj) = @

@xj

�
�D

@ em1

@xj
+ �D

@m00
1

@xj

�
� @

@xj

�
�m00

1 u
00
j

�
(C6)

�� u00j
@ em1

@xj
+
�

�

@

@xj

�
� m̂00

1 u
00
j � �D

@ em1

@xj

�
:

Multiplying by m00
1 and Reynolds averaging (using �m
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Using homogeneity and the identity
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gives Eq. (19).
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4. The exact heavy-�uid mass fraction variance dissipation rate transport equation

To derive the exact heavy-�uid mass fraction variance dissipation rate transport equation, use Eq. (21), assuming
that D is constant, and �@m00

1=@xj = 0:
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then gives Eq. (22).
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