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Abstract. The edge of a tokamak in a high confinement (H mode) regime is characterized by steep density 
gradients and a large radial electric field. Recent analytical studies demonstrated that the presence of a strong 
radial electric field consistent with a subsonic pedestal equilibrium modifies the conventional results of the 
neoclassical formalism developed for the core region. In the present work we make use of the recently developed 
gyrokinetic code COGENT to numerically investigate neoclassical transport in a tokamak edge including the 
effects of a strong radial electric field. The results of numerical simulations are found to be in good qualitative 
agreement with the theoretical predictions and the quantitative discrepancy is discussed. In addition, the present 
work investigates the effects of a strong radial electric field on the relaxation of geodesic acoustic modes 
(GAMs) in a tokamak edge. Numerical simulations demonstrate that the presence of a strong radial electric field 
characteristic of a tokamak pedestal can enhance the GAM decay rate, and heuristic arguments elucidating this 
finding are provided.

1. Introduction

The edge of a tokamak in a high-confinement (H mode) regime is characterized by steep 
density gradients and a large radial electric field. This strongly-sheared equilibrium electric 
field can significantly suppress turbulent transport [1], making an analysis of neoclassical 
transport in a tokamak pedestal of considerable importance. Recent analytical studies [2-3] 
demonstrated that the presence of a strong radial electric field of Er~VTBθ/c, which is 
consistent with a subsonic pedestal equilibrium, modifies the conventional results of the 
neoclassical formalism developed for the core region, where Er<<VTBθ/c [4]. Here, VT is the 
ion thermal velocity, Bθ is the poloidal component of the magnetic field, and c is the speed of 
light. In particular, it has been shown that a strong radial electric field provides suppression of 
the neoclassical ion heat flux. In addition, it has been demonstrated for a weakly collisional 
(banana) regime that the poloidal ion flow can change its direction as compared with its core 
counterpart [2]. That finding was applied to elucidate the discrepancy between the 
conventional banana regime predictions and recent experimental measurements of impurity 
flow performed on Alcator C-Mod [5].

In the present work we make use of numerical simulations to investigate neoclassical transport 
in a tokamak edge, including the effects of a strong radial electric field. The results of the
simulations are found to be in good qualitative agreement with the theoretical predictions in 
Ref. [2]. In particular, the change of the poloidal ion flow direction and the suppression of the 
ion heat flux are demonstrated. The quantitative discrepancy between the results of the 
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analytical theory and the numerical simulations is discussed. The simulations are performed 
with the 4D continuum gyro-kinetic code COGENT [6-8]. The code is distinguished by the 
use of a fourth-order finite-volume (conservative) discretization combined with arbitrary 
mapped multiblock grid technology (nearly field-aligned on blocks) to handle the complexity 
of divertor geometry with high accuracy. COGENT also includes a number of options for 
collision models. The present results have been obtained with the closed-flux-surface version 
of the code, and our future studies will extend the analysis to include the effects of ion orbit 
losses by making use of the newly available divertor version of the COGENT code, which 
includes both the pedestal and the scrape-off-layer (SOL) regions.

In addition, we investigate the effects of a strong radial electric field on the relaxation of 
geodesic acoustic modes (GAMs) in a tokamak edge. Geodesic acoustic modes [9] can play 
an important role in the L-H transition and in regulating turbulence, and it is therefore 
increasingly important to develop a detailed theoretical understanding of their relaxation 
process. In particular, it has been well understood that slow collisionless relaxation of long-
wavelength GAMs, with 1 ik  , occurs as the result of wave-particle interaction between 

GAMs and a small number of resonant particles from the high-energy tail of an ion
distribution function [10]. Here, ρi denotes the ion gyroradius. In the present work, we provide 
simple heuristic arguments showing that a strong radial electric field, characteristic of a 
tokamak pedestal, can shift the resonant condition toward the bulk of the ion distribution,
thereby increasing the number of resonant particles and enhancing the GAM decay rate. We 
find that the COGENT simulations support the heuristic predictions.  

This paper is organized as follows: The simulation model is described in Sec. II. In Sec. III we 
summarize the results of neoclassical benchmark exercises and report on simulations with a 
strong radial electric field. Finally, in Sec. IV, we investigate the effects of a strong radial 
electric field on the relaxation of geodesic acoustic modes (GAMs).

2. COGENT simulation model 

The present 4D version of the COGENT code (2 configuration space + 2 velocity space 
coordinates) solves axisymmetric electrostatic multi-species gyrokinetic Boltzman-Poisson 
equations for the gyrocenter distribution functions fα(R,v||,μ,t) and the electrostatic potential 
Φ(R,t). Here, R is the gyrocenter position coordinate, v|| is the parallel velocity, μ is the 
magnetic moment, and the corresponding kinetic equation is given by
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Vα,dr is the magnetic drift velocity composed of the E×B drift, curvature drift, and B drift 
[4], B=Bb is the magnetic field with b denoting the unit vector along the field, and Cα[fα] is 
the collision operator. Several model collision operators have been implemented and tested in 
COGENT [6-7]. These include a model parallel drag-diffusion collision operator, the Lorentz 
operator, and the linearized Fokker-Plank collision operator in the form proposed by Abel et 
al. in Ref. [11].
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The present version of the code utilizes a long wavelength approximation, 1 k , to 

represent the gyrokinetic Poisson equation for electrostatic potential variations in the form,
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Here, ρα=VT,α/Ωα is the particle thermal gyroradius, Ωα=ZαeB/(mαc) is the cyclotron frequency, 
1

k represents the characteristic length-scale for variations of the electrostatic potential, 

  bb , and nα,gc is the gyrocenter ion density. Electrons can be modelled either 
kinetically or through use of a Boltzmann (in the linear limit, adiabatic) approximation, with 
various options for the coefficient of the Boltzmann factor. In particular, for the single-ion-
species simulations reported in this work we adopt the following model for the electron 
density
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Here, ψ is the poloidal flux function, < > denotes a flux-surface average, Te(ψ) corresponds to 
the electron temperature distribution across magnetic flux surfaces, ni0(R) is the initial value 
of the gyrocenter ion density distribution, and Zi=1 is assumed.

It is important to remark that the axisymmetric gyrokinetic simulation model specified by Eqs. 
(1)-(4) is not accurate enough to adequately describe the slow evolution of a long wavelength 
( 1~Lk ) neoclassical radial electric field in a quasi-stationary state [12], where the particle 
fluxes across the magnetic surfaces are, to order (ρi/L)2, independent of the radial electric field 
(so-called intrinsic ambipolarity). Here, L is the characteristic length scale for the magnetic 
field variations. Therefore, we restrict our studies to the analysis of a not-intrinsically-
ambipolar rapid initial relaxation of the local Maxwellian distribution toward a quasi-
stationary state (neoclassical quasi-equilibrium) [13]. The subsequent slow evolution of the 
quasi-stationary state including the evolution of the “ambipolar” radial electric field that 
occurs along with the relaxation of the toroidal angular momentum on a time scale of order 
(ρi/L)-3 is not considered. Because the torodial angular momentum remains nearly the same
during the initial not-intrinsically-ambipolar rapid relaxation, the radial electric field 
corresponding to the relaxed quasi-stationary state is determined as a linear function of the 
initial toroidal angular momentum and the pressure gradient diamagnetic flows [13].

3. COGENT Simulations of Neoclassical Transport 

We first briefly summarize the results of neoclassical benchmark simulations performed for 
the case of weak density and temperature gradients corresponding to the tokamak core region, 
i.e., κnρiθ << 1, κTρiθ << 1 and Er<<VTBθ/c. Here, ρiθ is the poloidal ion gyroradius, and κn and κT

are the characteristic radial gradients for variations of the ion density and temperature, 
respectively. Next, we present the results of neoclassical simulations corresponding to the H-
mode pedestal case with κnρiθ ~ 1 and Er~VTBθ/c

3.1. Neoclassical Benchmark Simulations in a Tokamak Core

The COGENT code has been verified in a variety of benchmark simulations including the 
self-consistent effects of the electrostatic potential variations. A detailed description of those 
studies can be found in Refs. [6-7]. Here, for illustrative purposes, we present the results of 
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the neoclassical simulations performed using the linearized Fokker-Plank collision operator in 
the form proposed by Abel et al. in Ref. [11]. The results of the neoclassical COGENT 
simulations shown in Fig. 1 are found to be in good agreement with the results of the 
NCLASS code [14] for the poloidal velocity coefficient, Tii cTeBZVk  , and the Chang-

Hinton predictions [15] for the ion heat diffusivity, TiiTnQk  . Here, Vθ is the ion poloidal

velocity, and Q is the flux-surface-averaged radial ion heat flux.

3.2. Effects of a Strong Radial Electric Field

The properties of neoclassical transport can be significantly affected by the presence of a 
strong radial electric field corresponding to

cBVE Tr ~ .                                                       (6)

A radial electric field of this magnitude can be present in the steep edge of a tokamak under 
H-mode conditions. Indeed, the length scale for plasma density variations in a tokamak edge 
can be of the order of the poloidal ion gyroradius, κnρiθ~1, and the estimate for the electric 
field in Eq. (6) follows from the ion radial force balance, provided the ion toroidal flow 
velocity is less than the ion thermal velocity.

Recent analytical studies [2-3] showed that the presence of a strong radial electric field can 
modify the results of the conventional neoclassical formalism developed for the core region 
where Er<<VTBθ/c. In particular, it was demonstrated for a weakly collisional (banana) regime 
that the poloidal ion flow can change its direction as compared with its core counterpart [2].
The modifications come primarily from the fact that the conventional neoclassical analysis 
neglects the E×B drift velocity contribution to the poloidal advection term in the ion drift-
kinetic equation. While this assumption is typically valid in the tokamak core region, the 
presence of a strong radial electric field in the edge [Eq. (6)] makes the contribution of the 

FIG 1. Plots of (a) the poloidal velocity coefficient, k, and (b) the ion heat diffusivity, χ, versus the 
normalized collision frequency ν*. The results of the COGENT simulations (red dots) are compared 
with the results obtained with the NCLASS code [blue dashed curve in frame (a)], and the Chang-
Hinton analytical approximation [blue dashed curve in frame (b)]. The parameters of the 
simulations correspond to ε=0.1, q=1.2, ρiθκn=ρiθκT=0.007, δi =1.7×10-5. Here, δi is the ratio of the 
ion gyroradius to the tokamak major radius, and ε and q are the inverse aspect ratio and magnetic 
safety factor, respectively. The results of the simulations are obtained for the case of a magnetic 
geometry with concentric circular flux surfaces. More details about these simulations can be found 
in Ref. [7].

χ
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E×B drift to the ion poloidal velocity comparable to the parallel streaming contribution, and 
therefore it can no longer be neglected [2-3]. Retaining the E×B piece of the advection 
velocity in the analysis of the quasi-stationary neoclassical equilibrium has important 
consequences. In particular, the E×B velocity modifies the shape of the boundary between 
trapped and passing particles, shifting it toward the tail of the ion distribution function. For a 
weakly collisonal regime, this leads to a suppression of ion heat flux and a change in the 
poloidal flow direction [2]. 

Here, we make use of the closed-flux-surface version of the COGENT code to investigate the 
effects of a strong radial electric field [Eq. (6)] on the neoclassical transport properties in a 
weakly-collisional (banana) regime, ν*=0.3 [7]. The simulations include self-consistent 
variation of the electrostatic potential [Eqs. (4)-(5)] and adopt the linearized Fokker-Plank 
collision model [11]. Each data set, illustrated in Fig. 2, which plots the poloidal velocity 
coefficient and ion heat diffusivity versus normalized radial electric field, corresponds to an 
independent simulation distinguished by its value of the initial density gradient, κn. Note that 
while the density gradient is varied from ρiθκn~0.1 to ρiθκn~2.0, the temperature gradient 
ρiθκT~0.1 is taken to be the same for all simulations and assumed to be shallow consistent with 
the analysis in Ref. [16]. 

Consistent with the analytical predictions in Ref. [2], the simulations recover a change in the 
poloidal velocity direction and a suppression of ion heat flux. However, there is also a 
pronounced quantitative discrepancy. The latter can plausibly be attributed to finite inverse 
aspect ratio (ε) corrections. Indeed, the analysis in Ref. [2] retains only the lowest order effects 
in ε. For instance, in the limit of a small radial electric field Er<<VTBθ/c, corresponding to the 
conventional neoclassical formalism, the analysis in Ref. [2] recovers k=1.17. However, even 
for the case of ε≈0.03, which is used in the present illustrative simulations, a more accurate 
estimate that takes into account finite ε corrections, i.e., k=1.17(1-1.46×ε1/2) [4] predicts a 
significantly different value, k=0.88. Also, the differences between the linearized collision 
model used in COGENT and that used in Ref. [2] become increasingly important for finite 
values of ε. Finally, for the case of steep density gradients, κnρiθ~1, and a non-uniform 

k,
BAN


FIG 2. Plots of the poloidal velocity coefficient, k (blue diamonds), and the normalized ion heat 
diffusivity, χ/χBAN (red circles) evaluated at the inner midplane versus the normalized radial electric 
field. Here, χBAN is the conventional neoclassical weakly-collisional ion heat diffusivity
corresponding to the limit of ν*<<1, ε<<1, and cEr/VTBp<<1 (see, for instance, Ref. [4]). The 
parameters of the simulations are ε=0.03, q=1.2, ν*=0.3, ρi/R0=9.2×10-5. More details of the 
simulations can be found in Ref. [7].
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temperature distribution, nonlocal effects appear for finite values of ε. That is, variations in 
the ion density become pronounced on the banana-width length scale, Δban~ε1/2ρiθ. The 
analytical treatment in Ref. [2] assumes the local-theory limit (κnΔban<<1), which implies 
ε1/2<<1. However, this constraint is not well-satisfied in the present simulations corresponding 
to ε1/2=0.17. Also, note that the collisionality constraint for a weakly collisional (banana) 
regime, i.e., ν* <<1, is not well-satisfied in the present simulations performed for ν*=0.3. In 
principle, an attempt to reproduce the results of the analytical results quantitatively could be 
made by decreasing the collision frequency along with the inverse aspect ratio, ε. However, a 
significant decrease in the inverse aspect ratio below its present value of ε≈0.03 would require 
simulation times beyond the scope of this initial study.

4. Geodesic Acoustic Mode Relaxation in a Tokamak Edge 

It has been well understood that slow collisionless relaxation of long-wavelength GAMs, with 
1 ik  , occurs as the result of wave-particle interaction between GAMs and passing 

particles, whose poloidal velocity satisfies the resonant condition, GAM
res a  v [10]. Here, 

ωGAM~VT/R is the GAM frequency, and a and R are the tokamak minor and major radii, 
respectively. Assuming cBVE Tr  , which is typical for a tokamak core, it follows that 

BBresres
 ||vv  , and we readily obtain a well-known result, T

res qV~v|| . Note that for the 

case of a large magnetic safety factor, q, (q>>1), which is characteristic of the near-separatrix 
edge region, the number of resonant particles (and therefore the decay rate) becomes 
exponentially small. 

The presence of a strong radial electric field Er~VTBθ/c in a tokamak pedestal can enhance the 
GAM decay rate. Indeed, the E×B drift can now become comparable to the poloidal 
projection of a particle’s parallel velocity, and the resonant condition reads

RaVBEcBB Trp
res ~v||  .                                          (7)  

This condition has two solutions for the resonant parallel velocity, which are shifted from 

TqV values due to the presence of the E×B drift. One solution is shifted downward the bulk 
of the particle distribution function and the other toward its tail. It is, however, straightforward 
to show (for a large safety factor, q) that the net shift in the resonant velocities provides an 
increase in the number of the resonant particles, and therefore the GAM decay rate increases.

In order to test these heuristic predications we have performed model simulations of the 
collisionless GAM decay by making use of the closed-flux-surface version of the COGENT 
code. Previously, the code was successfully verified in benchmark simulations of the
collisionless GAM relaxation for the case where the GAM perturbations are excited about a
uniform density and temperature plasma equilibrium [8]. Here, we perform simulations of the 
collisionless GAM decay for the case where the GAMs are excited about a steep density 
gradient equilibrium, κnρiθ ~1. The temperature profile is taken to be uniform. 

For these simulations we consider an annular geometry, rmin<r<rmax, with doubly periodic 
boundary conditions and radially-constant metric coefficients. The ion distribution function is 
initialized as a non-rotating local Maxwellian distribution with a periodic density profile, 
n=n0{1+Δncos[2π(r-r0)/Δr]}, where r0=(rmax+rmin)/2, and Δr=rmax-rmin. We make use of a 
particle- and momentum-conserving Krook model [6-7] to simulate the initial relaxation 
toward a neoclassical steady state, where the radial electric field builds up to balance the 
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pressure gradient. Once the neoclassical steady state is reached, the collisions are turned off 
adiabatically, and then a small sinusoidal perturbation in the ion density, n1=δnsin[2π(r-r0)/Δr],
is introduced to excite the GAM perturbations. The results of the numerical simulations 
corresponding to a uniform density equilibrium (Δn=0), and a steep density gradient 
equilibrium (Δn=0.5) are shown in Figs. 3(a). It is readily seen that the presence of a strong 
radial electric field |Er,max|≈0.85×VTBθ/c (corresponds to Δn=0.5) enhances the GAM decay 
rate consistent with the heuristic predictions. Here, |Er,max| corresponds to the maximum value 
of the self-consistent equilibrium radial electric field. 

  

5. Conclusions 

Here, we make use of the continuum gyro-kinetic code COGENT to investigate the influence 
of a strong radial electric field Er~VTBθ/c (characteristic of a tokamak pedestal under the H-
mode conditions) on the properties of neoclassical transport and collisionless GAM 
relaxation. In particular, a change in the poloidal ion flow direction and a suppression of the 
ion heat flux are observed in a weakly-collisional regime and found to be in good qualitative
agreement with the recent theoretical predictions in Ref. [2]. A quantitative discrepancy 
between the results of the analytical theory and the numerical simulations is discussed and 
shown likely due to a combination of finite aspect-ratio, finite orbit-size, and finite-collision-
frequency effects. In addition, it is demonstrated that the presence of a strong radial electric 
field can enhance the GAM decay rate. While the present simulations are performed with the 
closed-flux-surface version of the code, our future work will extend the analysis to include the 
effects of ion orbit losses by making use of the newly available divertor version of the 
COGENT code, which includes both the pedestal and the scrape-off-layer regions.
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