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Abstract:

This study focuses on non-coaxial flow behavior of cohesionless soil undergoing cyclic rotational shear,
with a special interest in the effects of particle-scale characteristics. To this end, we perform a series of
2D discrete element simulations with various particle shapes, inter-particle coefficient of friction, initial
density, and stress ratios. The validity and efficacy of the numerical model is established by
systematically comparing numerical simulation results with existing laboratory testing results. Such
comparison shows that the numerical simulations are capable of capturing mechanical behavior observed
in laboratory testing under rotational shear. We further demonstrate and quantify a strong yet simple
relationship between the deviatoric part of the normalized strain increment and the non-coaxial angle,
denoted by (Ag), and y respectively. This quantitative correlation between ¥ and (Ag); is independent

of applied stress ratio, initial and current void ratio, and the number of cycles applied, but dependent on
the principal stress orientation and particle-scale characteristics. At the same (Ag)g, specimens with

higher inter-particle friction angle or smaller particle aspect ratio show greater non-coaxial angles. A
simple model y =45°m™" is able to fit this Y - (Ag), relationship well, which provides a useful

relationship that can be exploited in developing constitutive models for rotational shearing.

Keywords: non-coaxial flow; rotational shear; discrete element method; anisotropy; cohesionless soil



1 Introduction

Under certain repeated loading conditions such as earthquake, traffic, and waves, soils in geo-structures
undergo not only cyclic variation of principal stress magnitudes but also rotation of principal stress axes.
In some cases, cyclic stress rotation is the predominant feature of loading [1]. Rotation of principal stress
axes with fixed principal stress values is one of the two cases named “rotational shear” by Wang et al. [2];
the other case is the variation of principal stress values with fixed stress axes such that the stress orbit in
n-plane is circular. In both cases the second deviatoric stress invariant J is fixed. Henceforth in the current
paper, rotational shear will refer to rotation of principal stress axes with fixed principal stresses.

Two aspects of soil behavior under rotational shear have received much attention in previous studies: the
accumulation of volumetric strain and the non-coaxiality between the directions of stain increment and
stress. In terms of volumetric change under rotational shear, existing laboratory test results unanimously
indicated that contractive volumetric strain tends to accumulate progressively [3-8]. Under undrained
conditions, this tendency results in positive pore pressure and even liquefaction [1, 9-13]. On the other
hand, the flow rule, which specifies the relationship between the magnitude and direction of plastic strain
increment and those of the stress tensor, is an important component of the theory of plasticity. Significant
non-coaxiality, namely the deviation of the plastic strain increment direction from stress direction, has
been observed for loading conditions involving stress rotation [1, 3-4, 8, 10, 14-19]. Through simple
shear tests, where limited monotonic rotation of principal stress axes can be achieved, Roscoe et al. [14]
discovered that directions of strain increment and stress are not coincident, particularly at the early stage
of loading. Wong and Arthur [15] conducted continuous stress rotation tests on Standard Leighton
Buzzard sand using a directional shear cell. The test results revealed that the strain increment direction is
controlled by the direction of stress increment instead of that of stress. Due to its ability to achieve
arbitrary stress orientations, hollow cylinder apparatus (HCA) has become an indispensable tool for
studying stress rotation. Using HCA, tests under purely stress rotation condition, namely rotational shear,
has been conducted by many researchers [3-8, 18]. In the tests conducted by Symes et al. [4] using
medium-loose Ham River sand, it was found that the non-coaxial angle 1, by which the direction of strain
increment precedes that of stress, is dependent on the orientation of the consolidation stress with respect
to the bedding plane, and the maximum non-coaxial angle can be as large as 20". Miura et al. [3], Tong et
al. [8], and Gutierrez et al. [18] have all tested Toyoura sand in their respective studies. Non-coaxial
angles exceeding 30° were observed by Miura et al. [3] and Tong et al. [8]. Gutierrez et al. [18] carried out
three kinds of stress paths on Toyoura sand and found that the non-coaxial angle ¢ for loadings involving
stress rotation is much greater than that without stress rotation. Gutierrez et al. [18] also found that non-
coaxial angle 1 decreases with the increase of shear stress level. The direction of strain increment and
that of stress tend to become coincident as the stress state approaches failure. Various stress paths were
tested by Cai et al. [19] on Portaway sand and Leighton Buzzard sand to investigate the effects of soil
density, deviatoric stress, and material anisotropy on non-coaxial flow behavior. They found that the sand
type and density affect non-coaxiality, and the effects are more significant at lower shear stress level. The
effects of shear stress level on non-coaxial angle 1 are consistent with that observed by Gutierrez et al.
[18]. Simulation of rotational shear response by macroscopic constitutive modeling has been addressed by
many works, and here suffices to mention the one by Wang et al. [2] where the term rotational shear was
introduced.



The primary objective of the current study is to explore the effects of particle-scale characteristics,
including particle shapes and inter-particle coefficient of friction, on cohesionless soil’s non-coaxial flow
behavior under rotational shear, with a special focus on the manifestation of fabric anisotropy. The
understanding of these effects plays an essential role in establishing advanced constitutive models based
on particle-scale physics [20-22]. Each one of the aforementioned experimental studies in the literature
used a specific type of natural sand, and it is extremely difficult, if at all possible, to isolate variables
characterizing soil particles in such laboratory experiments. Therefore, the current study uses virtual
sands simulated with the discrete element method (DEM) [23], where these particle-scale variables can be
independently controlled in a convenient fashion. DEM simulation has been used in numerous studies
concerning monotonic loading conditions such as the biaxial/triaxial compression tests [e.g. 24-27] and
direct/simple shear tests [e.g. 27-30], and proved its efficacy in the study of soil behaviors. However,
DEM studies under rotational shear are relatively rare. A particularly noteworthy advancement in this
front was made by Li and Yu [31], where they found that the non-coaxiality in rotational shear was
produced due to the rotation of internal material structure.

The current paper is organized as follows: Section 2 presents the numerical methods used in this study
and the factorial design of the simulations. General behavior of the virtual sand under cyclic stress
rotation is discussed in section 3. The validity and efficacy of the numerical method is established by
comparing such behavior with its counterpart phenomenon observed in real world experiments. In section
4, we investigate the non-coaxial flow behavior including the effects of stress ratio, initial void ratio,
inter-particle friction angle, and particle aspect ratio. We also continue to compare numerical simulation
results with their laboratory experiment counterparts whenever applicable to reassure the validity of the
former. Observations and conclusions are summarized in section 5.

2 Implementation of Numerical Experiments
2.1 The DEM model

The current study uses a 2D discrete element code, PPDEM [32], as the simulation and analysis platform.
The polyarc element in PPDEM can represent arbitrary 2D particle shapes by replacing the straight edges
in more conventional polygon elements (e.g. [33-36]) with circular arcs of various radii of curvature.
Elliptical particles with different aspect ratios are employed in the current study. Each elliptical particle
shape is approximated with a polyarc with four curved edges, which is a well-established practice with a
long history [37]. Figure 1 illustrates polyarc particles used in the current study. Two particles i and j are
considered to be in contact when their geometrical profiles overlap. The “contact law” determines the
normal and tangential interaction forces, denoted by F,, and F| respectively, between the two particles as

F=Kd4 (1

AF, = Ksly.v,At 2)
where K, is the normal contact stiffness; 4; is the overlap area between the profiles of the two particles;
AF is the incremental shear force from the previous time step to the current time step; K; is the shear
contact stiffness; /;; is the length between the two intersection points between the two particles’ profiles; v,



is the relative tangential velocity between the two particles at the contact point; and Az is the time
increment size. The shear contact force is expressed in an incremental form to facilitate the enforcement
of Coulomb’s criterion F < F,tang,, where tang,, is the inter-particle coefficient of friction. In the
current study, K, = 2.15X 102 N/m? and K,=7.16 X 10" N/m?. Other algorithmic aspects of PPDEM are
described in Fu et al. [32] in detail and not repeated here. PPDEM has been successfully applied in a
number of studies [21, 27, 38-39] with comparable parameters to those used in the present paper.
Therefore, all these studies, including the current one, can be considered to have used the same or similar
“virtual materials”. It should be noted that this simulation platform has been used especially in revealing

soil behavior rooted in inherent fabric anisotropy. Past applications revealed previous unknown soil
behavior [27] in terms of strength anisotropy, which was later validated by laboratory experiment [40].

Figure 1 Virtual specimens (magnified view) consisting of elliptical particles with different aspect ratios
(D/d) used in the current study.

2.2 Factorial Design of Numerical Experiments

The variables investigated in the study include particle aspect ratio (D/d), the inter-particle friction angle
(¢pp), 1nitial void ratio (eg) prior to the rotation of stress axes, and the stress ratio R=(01-03)/(01+03),
where o1 and o3 are the two principal stress components in 2D. Each virtual particle assembly consists of
elliptical particles with the same aspect ratio but different sizes. Four aspect ratios, namely 3.0, 2.0, 1.3
and 1.0 (circular disks) are included. In each assembly, the largest particle is 3.33 times larger than the
smallest in terms of the major axis length (D), and particle sizes are randomly distributed between the
upper and lower limits. The areas (equivalent to volume in 3D) of the particles are the same across all
assemblies. Therefore, the ranges of particle major axis lengths are 0.30 to 1.0 mm, 0.24 to 0.82 mm, 0.20
to 0.67 mm, and 0.17 to 0.58 mm, respectively, for the four aspect ratios. The mean stress p is a constant,
200kPa, for all simulations. The stress ratio varies within the range that does not cause excess or unstable
deformation of the specimens, so the highest stress ratio used varies slightly from specimen to specimen.
Generally, specimens with smaller initial void ratio and higher inter-particle friction angle can withstand
higher stress ratios. Because of the high consistency in the trends observed in the simulation results, we
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found the fractional factorial design as shown in Table 1 to be sufficient for revealing the effects of these
variables. Each specimen is subjected to at least 22 cycles of rotational shear. Note that due to the 2-fold
rotational symmetry of stress axis rotation, a “cycle” refers to a clockwise rotation of the principal axes of
the stress tensor by 180 degrees.

Table 1 Experiment factorial design

Label Particle Inter-particle Void ratio Stress ratio R applied
aspect ratio friction angle before rotation® R=(01-33)/ (0+03)
Pop €o
AR30¢35 3.0 35’ 0.275 0.05/0.10/0.15/0.20/0.25/0.30
0.251 0.10/0.15/0.20/0.25/0.30/0.35
0.235 0.30
0.210 0.30
AR30¢27 3.0 27 0.221 0.10/0.20/0.30/0.35
AR30¢20 3.0 20’ 0.192 0.10/0.20/0.30
AR20¢35 2.0 35’ 0.211 0.10/0.20/0.30/0.35
ARI13¢35 1.3 35’ 0.212 0.10/0.20/0.25
AR10¢35 1.0 35’ 0.210 0.10/0.20/0.25

Note: “The initial void ratio is slightly (within £0.001) affected by the applied stress ratio. Shown in the
table are the average values for different stress ratios.

2.3 Sample Preparation

The specimen fabrication process is similar to that presented in Fu and Dafalias [27]. First, a loose pack
containing 20,000 ellipse-shaped or disk-shaped particles is generated. The particles are then pluviated
into a box, forming a natural fabric by simulating the particle deposition process under natural gravity.
After the particles settle in the box, a circular specimen for the rotational shear tests is 'trimmed' as shown
in Figure 2(a). The desired consolidation stress is then directly applied to the exterior of the specimen.
Because this applied external stress is different from the internal stress resulting from the deposition, the
specimen is not in equilibrium. We temporarily use a high viscous damping factor to maintain the
stability of the system, and gradually reduce the damping as equilibrium is reached. Therefore the
consolidation stress path is not rigorously controlled. For significantly elongated particles, the inherent
fabric anisotropy locked in the specimen during the deposition is much stronger than the anisotropy
induced by the anisotropic consolidation stress. The consolidation stress path is unlikely to have a



significant effect on the results of the current study. Approximately 6,000 particles are included in each
'trimmed' specimen and the radii of the trimmed specimens are typically in the vicinity of 15 mm. We also
performed simulations with larger specimens of 12,000 particles and found that the results are practically
identical to those of the 6,000-particle specimens, proving that the specimen dimension chosen is
adequate for obtaining statistically representative results.

Rotational shear
specimen is trimmed from
/ the master pack

v
v Mask T

ddi 1
@ Bedding plane ) ©

Figure 2 Specimen fabrication, loading, and mask definition: (a) trim of the specimen from the master
pack; (b) schematic view of the applied rotational stress and the definition of the major principal stress
direction a,; and (c) illustration of the “mask” for stress and strain measurement.

2.4 Application of Rotational Shear Loading

In real world HCA apparatus, normal stress in the vertical direction and shear stress are applied through
servo-controlled rigid boundaries (the upper and lower rings). The hoop stress is controlled by the
differential pressure between the inner and outer chambers. In previous studies [31] using 2D DEM to
simulate rotational stress conditions, stresses were also applied through servo-controlled kinematic
boundaries. The current study uses a novel method to achieve arbitrary stress states without the use of
kinematic constraints, so that the specimen can freely deform and the homogeneity of the applied stress is
guaranteed. In this method, forces along the principal stress directions are directly applied to boundary
particles as shown in Figure 3, and the boundary particles are automatically identified during loading. The
efficacy of this method will be proved in Section 3.1 by comparing the stress values calculated based on
internal force chains and the specified stress.



Figure 3 A conceptual illustration of the special method of applying arbitrary stresses to DEM specimen
boundary without kinematic constraints. The force chains inside the specimen are shown. In the two
magnified views, the thin blue lines annotate the forces applied to boundary particles along the principal
stress directions.

In a simulation, the 'trimmed' circular specimen is consolidated anisotropically to the specified stress state.
During consolidation, the major principal stress o is applied along the vertical deposition direction (v-
axis) and the minor principal stress o3 is along the horizontal direction (%-axis). The direction of major
principal stress, defined as the clockwise angle a, between the deposition direction and the direction of
0y, is zero during this process. The cyclic rotational shearing begins after the consolidation. The stress
path afterwards follows the so-called 'pure rotation' condition, where the direction of major principal
stress measured by a, rotates clockwise continuously while the magnitudes of the principal stresses (o3
and 03) remain constant, i.e. the definition of rotational shear. Therefore, the measured deformation of the
specimen is caused by the variation of «, alone.

2.5 Measurement of Stress and Strain Parameters

In the analysis of DEM simulation results, stresses and strains are calculated based on grain-scale
quantities in a statistical sense. This is because the strict definitions of both stress and strain are based on
the assumption of continuum, which is only applicable for granular materials at length scales much larger
than particle sizes in a homogenized sense. The homogenized stress tensor O in a given granular particle

assembly can be calculated as



— 1 cjc
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where 7, is the ij component of the average stress; S is the volume (area in 2D) of the assembly; ¢ is an
index that runs over all the inter-particle contact points in the assembly; f is the i component of cth
contact force; and /7 is the j component of the contact vector (connecting the centers of the two particles

in contact) of the cth contact.

Strains in a given particle assembly are calculated using the method proposed by Fu and Dafalias [38].
The state after the anisotropic consolidation is chosen as the reference state for strain calculation. For
each specimen, over 600 reference triangles with each vertex attached to a particle are randomly
generated to cover the specimen. The edges of these reference triangles are approximately 2.5 mm long,
and the triangles deform along with the movements of the three particles that it is attached to. Figure 4
illustrates a reference triangle in an elliptical particle assembly.

(h,v,)

Figure 4 A reference triangle attached to three particles for strain calculation.

The strain for each reference triangle is calculated based on the deformation as

AR ]
Av,
Eun | v, =V, 0 v, =V, 0 V=V, 0 Ah,
En =Ml v,=vy h=hy vi-v, h-h v -v,
274 Av,
gvv O h3 _h2 0 hl _h3 O h2 _hl
Ah,
_AV3 ] “4)

where &, &y, and &, are the three strain components; v; and #; are the reference location coordinates of
the ith vertex of the triangle; Av; and A#h; are the displacement components of the ith vertex relative to its
reference state; and A is the area of the reference triangle. Note that &, is the engineering shear strain. The
sign of normal strain components is reversed (contraction is positive) in the rest of the paper to comply
with conventions of geomechanics. The homogenized strain of the specimen is the weighted (by the sizes
of reference triangles) average value of strains calculated for all the overlapping reference triangles.
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Because the stress-controlled boundary condition imposes no kinematic constraints to particle movement
and specimen deformation, excess deformation along specimen boundary occasionally takes place during
the simulation, but it only affects the deformation of a very thin layer near the surface. Following the
method developed by Fu and Dafalias [21] to isolate deformation of a specific area from the rest of the
specimen, we employ a polygon-shaped “mask” to cover the center part (approximately 5,000 particles)
as shown in Figure 2(c). Each vertex of the mask is attached to a particle, so the mask deforms with the
specimen. All the stresses and strains reported in the current paper are only calculated inside this mask.
Table 2 shows the definition of the variables commonly used in the analysis of mechanical responses
under the rotational shear.

Table 2 Variables commonly used under rotational shear

Stress- Stress components Oy,» O, > and o,
related 2
' . . o o, +0 o, -0
variables  \aior and minor principal stresses O =, w ) o2
B 2 2 \'

p=(0,+0,)/2 (2D)

M t
ean stress =(0,+0,+0,)/3 (3D)

Stress ratio R=(0,-0,)/(0,+0y)
. . . . . . 1 B 0—
Maj F)r prlnlepal stress orientation relative to the a,, = —arctan 1 hv
vertical axis 72 o, -0,
Increment of major principal stress orientation Aa,
Increment of stress components Aoy, ,Ao,,,and Ao,
. . . . . . -1 2'Ao—hv
Major principal stress increment orientation a,, =—arctan ———
2 Ao, -Ao,
Strain-  Strain components Epn» Eyy>and £,
related Volumetric strai £ —g +e
variables ¥ O'umetrc stramn ol = & T Ey
Increment of strain components Ag,,Ae, ,and Ag,
. . R R
Increment of strain components normalized by Agy, = Ay, /Aa,,Ae, =Ae, /Aa,, and
the amount of stress rotation Ath =A¢, /A
Deviatoric part of the normalized stress 2 2
; P (A)" =\/(Ag’*,—Ae,j;) [4+(Ael)
increment q w v
. . o . . o 2Ag,
Major principal strain increment orientation a,, =—arctan ———
2 Ae, —Ag,
Non-coaxial angle Yy=qa,-q,

2.6 2D vs. 3D stress paths

The numerical simulation in the current paper is based on a two-dimensional (2D) DEM model whereas
the real world is a 3D space. It is well known that certain phenomena in real materials cannot be reflected
by 2D models. For instance, typical void ratio values and coordination numbers in 2D particle assemblies
are much smaller than those in 3D granular materials. Particularly relevant to this study, in real hollow



cylinder tests it is typically the major and minor principal stresses that are rotating; the magnitude of the
intermediate stress can be independently controlled but its direction is usually fixed. The magnitude of the
intermediate stress relative to that of the other two principal components was found to have a significant
effect on sands’ behavior under rotational shear [7-8]. On the other hand, only two principal stresses exist
for 2D models and the intermediate principal stress does not apply. The readers are advised to interpret
and generalize 2D simulation results with careful consideration of these factors. Nevertheless, 2D models
have proved their efficacy in studying many phenomena of real materials, including in our previous work
[27, 40]. The extensive comparison between 2D simulation results and their 3D real world counterparts in
subsequent sections also proves this notion.

3 Validating the Numerical Results via Simulation-Experiment Comparison

In this section, we present representative numerical simulation results and compare them with their real
world counterparts from laboratory experiments available in the literature, thereby validating the
simulation methodology.

3.1 Achieved Stress Paths

We choose the numerical simulation with an initial void ratio e;=0.251 and stress ratio R=0.3 in series
AR30¢35 as the representative results to demonstrate some common behavior observed in the virtual
experiments. Figures 5(a) to (d) show the development of three stress components (Oin, Ovy and oyp), the
stress path in deviatoric stress space of (0y,~Om)/2 versus Oy, the stress invariants (07, 03 and p), and the
direction of major principal stress (.), respectively. Note that the stress values presented are calculated
with equation (3) based on particle-scale quantities. They are considered “virtual measurements” on the
virtual specimens. Some small deviation from the specified values in the experiment plan is inevitable,
and the magnitude of such deviation quantifies the efficacy of the special stress boundary condition
described in section 2.4. The results show that the specified pure rotation condition is accomplished with
high accuracy. The measured principal stress magnitude is typically within 0.5% of the specified value
and the measured principal stress orientations are within 0.5 degree of the specified values.
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Figure 5 The achieved stress paths for the simulation with e,=0.251 and R=0.3 in Series AR30¢35: (a)
variation of stress components with number of cycles; (b) stress path in the space of (Oy,-Om)/2 versus O
(c) variation of principal and mean stresses with number of cycles; and (d) variation of major principal
stress direction with number of cycles.

3.2 Development of Strain Components

The development of strains for the same simulation is presented in Figure 6, and is compared with the
HCA pure rotation test results by Zhang et al. [7] and Miura et al. [3]. Zhang et al. [7] investigated the
effects of intermediate principal stress parameter b (b=(0,-03)/(01-03)). We choose the test results with
b=0.1 in Zhang et al. [7] to compare with our 2D simulation results, because small radial strain was
produced under this condition, resembling a plane-strain state. Miura et al. [3] conducted a series of pure
rotation tests under b=0.5, and this difference should be noted when comparing the results.

Figure 6(a) shows the evolution of the two normal strain components, &, and &, in the numerical
simulation with respect to the cycle number, and Figure 6(b) presents a magnified view within four
representative cycles, namely the Ist, 2nd, 12th, and 22nd cycles. For comparison, Figures 7(a) and (b)
plot test results of Zhang et al. [7] in the same fashion. Figure 8 presents the development of &, and &,, in
the first cycle obtained by Miura et al. [3], and the results from subsequent cycles are not available.
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The similarity between the numerical simulation results and the laboratory experiment results is evident:
Both &y, and ¢,, evolve periodically along with the rotational shearing. Under the pure stress rotation, the
horizontal component &, is contractive in the average of each cycle, with contractive and extensive
variations within each cycle. This is partly owing to the fact that the reference state prior to stress rotation
is anisotropically compressed in the vertical direction. The vertical component &, is mostly extensive for
the first few cycles. However, as the rotation continues, for higher values of N, &,, tends to contractive
generation and accumulation, reflecting the overall contractive tendency of the volume change. From the

magnified view, we can also see that the numerical simulation result and the counterpart laboratory data
resemble each other to a high degree.
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Figure 6 Variation of the two normal strain components, &, and &,, for numerical simulation with

€0=0.251 and R=0.3 in Series AR30¢35 as a function of: (a) number of cycles; and (b) major principal
stress direction «..
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Figure 7 Variation of the two normal strain components, &y, and &y, for test conducted by Zhang et al. [7]
as a function of: (a) number of cycles; and (b) major principal stress direction ¢..The data are extracted
from Figure 6(a) of Zhang et al. [7]. The strain components of ¢, and ¢, in Zhang et al. [7] correspond
to &, and &, in the present work; b is the intermediate principal stress parameter.
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Figure 8 Variation of the two normal strain components, &, and &,,, for test conducted by Miura et al. [3]
as a function of major principal stress direction «..The data are extracted from Figure 20(a) of Miura et al.
[3]. The strain components of ¢, and ¢, in Miura et al. [3] correspond to &, and &y, in the present work; b
is the intermediate principal stress parameter. Only the data for the first cycle has been reported by Miura
et al. [3].

3.3 Deviatoric Strain Path

The deviatoric strain paths in the space of (&.-&m)/2 versus &, for numerical simulation and tests
conducted by Zhang et al. [7] and Miura et al. [3] are presented in Figures 9(a) to (c), respectively. The
deviatoric strain path in the first cycle does not constitute a closed loop. As the rotational shear continues,
the deviatoric strain path gradually approaches the shape of an ellipse. Although the shapes of the paths
do not exactly match between numerical results and laboratory data, the overall trends are consistent.
Nevertheless, the shape of the paths is expected to be dependent on the material tested, and the virtual
material is not intended to model Toyoura sand used by Zhang et al. [7] and Miura et al. [3].
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Figure 9 The deviatoric strain path in the space of (&,-&mn)/2 versus &u: (a) numerical simulation with
€0=0.251 and R=0.3 in Series AR30¢35; (b) experimental data extracted from Figure 6(a) of Zhang et al.
[7]; and (c) experimental data extracted from Figure 20(a) of Miura et al. [3]. The variables of (¢,-¢,)/2
and ¢, in Zhang et al. [7], (&,-€,)/2 and &, in Miura et al. [3], correspond to (&.,-&nn)/2 and &,y in the present
work; b is the intermediate principal stress parameter.

3.4 Shear Stress-Strain Relationship

Figures 10(a) to (c) present the relationships between shear stress oy, and shear strain &, for simulation
and laboratory tests. Although the curves are somewhat different in shape between simulation and
laboratory results, the simulation does capture the most important characteristics of the shear stress-strain
relationship. For instance, hysteretic loops are observed. As rotation continues, the double magnitude of
&, defined as the difference between the maximum and minimum values in each single cycle, reduces
due to stiffening of the specimen. Note that Zhang et al. [7] and Miura et al. [3] tested the same material
(Toyoura sand), but the shapes of the the hysteric loops obtained by these two studies are also somewhat
different. It is expected that factors such as specimem preparation method and test control mode can
affect the shear stress-strain relationship.
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Figure 10 The relationship between shear stress oy, and shear strain &,,: (a) numerical simulation with
€0=0.251 and R=0.3 in Series AR30¢35; (b) test conducted by Zhang et al. [7]; and (c) experimental data
extracted from Figure 20(a) of Miura et al. [3]. The variables of o,, and ¢, in Zhang et al. [7], 7,, and ¢, in
Miura et al. [3], correspond to oy, and &, in the present work; b is the intermediate principal stress
parameter. The stress component o, in the graphs (b) and (c) is calculated according to the stress
condition given in Zhang et al. [7] and Miura et al. [3] respectively.

3.5 Development of Volumetric Strain

Previous laboratory experiments [3-8] have all found that cohesionless soil tends to contract under stress
rotation and the contractive volumetric strain progressively accumulates as the cyclic rotation continues.
Taking the simulation with e;=0.251 and R=0.3 in Series AR30¢35 as an example, we plot the
development of the volumetric strain &,, with the increasing number of cycles in Figure 11(a). Figure
11(b) illustrates the evolution of the volumetric strain &,, with major principal stress direction ¢, in the
Ist, 2nd, 12th, and 22nd cycles. For comparison, the corresponding test results obtained by Zhang et al. [7]
and Miura et al. [3] are plotted in Figures 12 and 13 respectively.

Similar behavior for the development of volumetric strain &, is observed between numerical simulation
results and laboratory tests. The specimens generally contract under stress rotation with the only
exception being the small dilation observed by Miura et al. [3] in the first cycle, possibly due to the high
density of the specimen in that study (82% relative density). Volumetric strain &, shows periodical
variation along with the cyclic rotation of principal stress axes. As the number of cycle increases, it
accumulates progressively, while the overall rate of accumulation reduces. In the first cycle, all specimens
contract when @, rotates from 0" to 180". However, in subsequent cycles, the specimens dilate in the first
half cycle as @, rotates from 0" to 90, then followed by contraction in the later half cycle with an overall
zero or very small change of volume at the end of each cycle (volume shake down).
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Figure 11 Variation of the volumetric strain &, for the numerical simulation with e;=0.251 and R=0.3 in
Series AR30¢35 as a function of: (a) number of cycles; and (b) major principal stress direction a..
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Figure 12 Variation of the volumetric strain &, for the test conducted by Zhang et al. [7] as a function of:

(a) number of cycles; and (b) major principal stress direction c.. The data are extracted from Figure 8(d)
of Zhang et al. [7].
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Figure 13 Variation of the volumetric strain &,, for the test conducted by Miura et al. [3] as a function of:

(a) number of cycles; and (b) major principal stress direction «.. The data are extracted from Figure 28(b)
of Miura et al. [3].

Through the extensive comparison between DEM simulation results in the study and the counterpart
laboratory test results, we conclude that the virtual specimens resemble, to a very high degree, real world
sands in mechanical behaviors in all evaluated aspects. This provides great confidence in the efficacy of
the numerical model in uncovering previously unknown or unobserved mechanical phenomena as shown
in the next section.

4 Non-coaxial Flow under Stress Rotation
4.1 General Observations

To formulate the flow rule under stress rotation requires knowledge of the magnitude and direction of
strain increment. Figure 14 schematically shows the stress path in the plane of (o,,-0w)/2 versus oy, and
the strain path in the plane of (Ae, —Ag, )/2 versus Ag,, where the strain increment is superposed in

the corresponding stress path for easy illustration of the relationship between the strain increment
direction and stress orientation. Point A denotes the current stress state; vector AB denotes the stress
increment; and vector AC represents the strain increment. Under pure stress rotation, the stress increment
is tangential to the stress paths in the deviatoric plane, which means that (¢, —«, ) is a constant 45" The

non-coaxial angle i is defined as the angle by which the strain increment direction precedes that of stress.
It quantifies the direction of strain increment with respect to the current stress tensor orientation. In the
following, we use two variables, the deviatoric part of the normalized strain increment, denoted by (Ag);
(see Table 2 for the formulation), and the non-coaxial angle v, to study the flow rule under stress rotation.
The variable (Ae); has been used in Li and Yu [31]. It should be noted that although strict plasticity
theory concerns plastic strains instead of total strains, it is customary in the study of rotational shear to
use total strain components [1, 3-4, 8, 10, 19]. As indicated by rotational shear test results conducted by

Gutierrez et al. [18], the plastic strain increment is slightly smaller than the total strain increment at low
stress level and their difference tends to diminish with the increasing stress level.
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Figure 14 Illustration of stress paths and strain increment

Figures 15(a) and (b) present the development of (Ag)g and non-coaxial angle ¥ for the numerical
simulation with €y=0.251 and R=0.3 in Series AR30¢35. Both (Ag)g and y fluctuate periodically along
with stress rotation. The maximum value of (Ag); emerges in the first cycle, and the value of (Ag);

tends to gradually decrease and seems to approach a 'steady’ state. The development of non-coaxial angle
1 shares some certain similarity as that of (Ag)g. The minimum of v appears in the first cycle, and

y tends to increase in subsequent cycles. High non-coaxial angle v, varied in the range of 32" to 36, is
observed when the 'steady’ state is approached. The evolution trends of (Ag)g and 3 are consistent with

the results obtained by Li and Yu [31].
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Figure 15 Development of strain increment for the simulation with ej=0.251 and R=0.3 in Series
AR30¢35: (a) deviatoric part (Ag)g; and (b) non-coaxial angle .
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In the following analysis, we demonstrate and quantify a strong yet simple relationship between the
deviatoric part of the normalized strain increment and the non-coaxial angle, namely (Ag)g and ¥ under

rotational shearing. As will be shown, the quantitative correlation between (Ag); and y is independent of

macroscopic variables such as the shear stress ratio and void ratio, but dependent on particle-scale
characteristics. Therefore, this relationship can be a useful material-dependent but state-independent “law”
to explore and exploit in constitutive modeling.

4.2 Effects of Stress Level

Figures 16(a) and (b) show the development of the deviatoric part ((Ag)g) and direction () of strain

increment under four different stress ratios for simulations with ey=0.251 in Series AR30¢35. The effects
of the stress ratio on (Ae); and y are consistent with each other. For a given stress ratio, the highest

(Ag)g value and the smallest non-coaxial angle iy appear both in the first cycle. As the rotational shearing
progresses, both (Ag)g and ¥ tend to approach 'steady' states. On the other hand, the developments of
(Ag)g and v are significantly dependent on the applied stress ratio. The (Ag)g increases with the increase

of stress ratio, whereas greater non-coaxial angles are generated by smaller stress ratios. The effects of
stress level on (Ag); and y are consistent with the numerical simulation results presented by Li and Yu

[31]. Similar effects of stress level on the non-coaxial angle 1 have been observed in the monotonic stress
rotation tests conducted by Gutierrez et al. [18].
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Figure 16 Development of strain increment under different stress ratios for simulations with e;=0.251 in
Series AR30¢35: (a) deviatoric part (Ae);; and (b) non-coaxial angle .

The relationships between (Ag)g and y for specimens with ¢;=0.251 in Series AR30¢35 are plotted in

Figure 17. Data for all the six stress ratios are plotted together but denoted by different symbols.
The orientation «, of the applied stress continuously evolves in each simulation, and the data plotted
correspond to snapshots taken at four representative stress orientations, with a(,ZOO, 450, 900, and 135°,
respectively. Note that each cycle of stress rotation generates one data points for each of the sub-figures.
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For the same «, value, all the data points for various stress ratios and different cycles collapse into a
single curve. This suggests that although the stress ratio, as an external state variable, affects the values of
(Ag); and y, it has no effects on the relationship between these two quantities. On the other hand, the

slope of the curve seems to be affected by the stress orientation o, with respect to the initial anisotropic
consolidation direction. For each a. value, y decreases as (Ag); increases, which indicates that the

direction of strain increment o, and that of stress «, tend to become coincident when the deviatoric part
of the normalized strain increment (Ag), increases.
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Figure 17 Relationship between 1 and (Ag); under different stress ratios for simulations with =0.251 in

Series AR30¢35.

4.3 Effects of Initial Void Ratio

The effects of initial void ratio on the development of (Ag)g and non-coaxial angle  are presented in

Figures 18(a) and (b) for the four specimens in Series AR30¢35 loaded with a stress ratio of R=0.3. In the
first few cycles, the specimens with larger initial void ratio generally have higher (Ag); value and smaller
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non-coaxial angle . The underlying reason is likely the smaller stiffness of the looser specimens. As the
cyclic rotation continues, both (Ag)g and  tend to approach a 'steady' or 'semi-steady' state for the three

looser specimens. The densest specimen with €,=0.210 behaves differently: Its (Ag); value is lower than

the semi-steady state value of the looser specimens, even from the very beginning of loading cycles. Its
y value is higher than the 'semi-steady’ state value of the looser specimens. We consider the state reached
by the three loose specimens to be 'semi-steady' because the simulation data available do not definitively
show whether it will continue to evolve and finally all the four specimens can reach a common steady
state. This question is to be answered by future studies with a large number of cycles. Note that existing
studies reported in the literature all have conducted a moderate number of rotation cycles, with up to 8
cycles in Miura et al. [3], 30 cycles in Tong et al. [8], and 60 cycles in Yang et al. [13]. Similar effects of
initial void ratio on the (Ag); and y have been obtained in the numerical simulations conducted by Li and

Yu[31].
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Figure 18 Development of strain increment under different initial void ratios e, for simulations with
R=0.3 in Series AR30¢35: (a) deviatoric part (Ag)g; and (b) non-coaxial angle .

Figures 19(a) to (d) present the correlation between the non-coaxial angle v and (Ag)g at a=0’, 45", 90,

and 135° for all the 14 simulations in Series AR30¢35. We have demonstrated that the stress ratio R does
not affect the ¢ - (A¢); relationship, so we pool data for different stress ratios together but use various

symbols to differentiate specimens with different initial void ratios. Note that void ratio evolves with
rotational shearing and void ratio values at individual cycles corresponding to the data points are not
explicitly represented in Figure 19. The results show that the relationship between the non-coaxial angle
Y and (Ag)g is independent of both the initial void ratio and the current void ratio, but dependent on the

a, value.
In order to quantify the relationship between v and (Ag)g, we use the simple relation to fit the data,

Y= 45°m™" with m being a function of «, and the only unknown parameter. The simple form of the
equation reflects the expected behavior of the non-coaxial angle: When (Ag);=0, the specimen is

extremely stiff and the non-coaxial angle is 45 degrees, implying coaxiality between the strain increment
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and the stress increment. When (Ag) is very large, the strain increment is coaxial with the stress under

the assumption that m < 1, and the specimen flows like a liquid. The corresponding fitting results by use
of the foregoing power relation are shown in Figure 19 along with the scattered data points; the
coefficient of determination (R”) value is also shown. The relatively high R* values (between 0.77 and
0.81) indicate that the simple model fits the data well. For large (Ag)g values, the curve significantly

deviates from the data points. This is because the majority of the data points are for low (Ag)g values, and

the regression value naturally biases towards the left end of the spectrum. This deviation might also
reflect the inherent inability of this extremely simple model to cover the wide range of (Ag) values.

Despite these problems, the regression results are still reasonably good.
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Figure 19 Relationship between y and (Ag); for all the 14 simulation results in Series AR30¢35.

Figure 20 shows the variations of m and R* with respect to «, for all the 14 simulation results in Series
AR30¢35. As expected, the m value is dependent on the ¢, value, and two peaks near o, =45° and 135° are
evident. Note that all 14 simulations are based on the same particle-scale properties, and the effects of
particle-scale properties will be investigated in subsequent sections.
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4.4 Effects of Inter-particle Friction Angle

In this section, we present simulation results for virtual specimens with three different inter-particle
friction angles but the same particle aspect ratio (3:1). As described in section 2.2, the three series of
virtual specimens are denoted as AR30¢35, AR30¢27, and AR30¢20, for inter-particle friction angles ¢,
of 350, 270, and 200, respectively. Figure 21 show the relationship between  and (Ag)g for these three
series of simulations, where data for all stress ratios simulated and all rotation cycles are pooled together.

The results show that data points with the same ¢,, value collapse to a single curve for each «, value, and
the slope of the curves is dependent on the ¢,, value: the lower the ¢, value, the steeper the curve. This
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Figure 21 Effects of inter-particle friction angle on the relationship between y and (Ag)g .

We use the equation ¢ = 45°m™™ to fit the data in Figure 21. In this context, the coefficient m is not only

a function of a,, but also dependent on inter-particle friction angle ¢,,. The regression results are
summarized in Figure 22 and show that the effects of ¢, are two-folds: First, higher ¢,, value results in
higher m value for any given a.. Higher m value implies less steeper - (Ag), curve. Second, the
magnitude of the variation of m with respect to ¢, increases with the increase of ¢, value. Because such

periodical variation of m reflects fabric anisotropy in the material, this observation indicates that
specimens with higher inter-particle friction angle can “lock-in” stronger anisotropy in material fabric.
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Figure 22 Effects of inter-particle friction angle on variation of: (a) m value; and (b) R*.

4.5 Effects of Particle Aspect Ratio

Series AR30¢35, AR20¢35, AR13¢35, and AR10¢35 use the same inter-particle friction angles ¢, of 35"
but different particle aspect ratios: 3.0, 2.0, 1.3, and 1.0, respectively. Figure 23 plots the relationship
between y and (Ag)g at a‘,ZOO, 450, 900, and 135’ for these four series of simulations. Despite the apparent
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scattering of the data points, the effects of particle aspect ratio on the relationship between y and (Ag)g

can be clearly discerned. The curve fitting results using equation 3 = 45°m™ are also shown in Figure
23 and summarized in Figure 24. The model fits all the data well with the R* value generally higher than
0.7. According to the simulation results, specimens consisting of more elongated particles yield steeper
Y - (Ag); curves and thereby smaller m values. It is interesting to notice that the m values for circular disk

particles are comparable with those for particles with an aspect ratio of 1.3. The magnitude of the
periodical variation of m with respect to the «, angle seems to be modestly dependent on the aspect ratio,
with more elongated particles showing more significant variation. The «, values where m reaches its
maximum and minimum values also depend on the aspect ratio. For the specimens with elongated
particles, the peak of the .- m curve generally shifts rightwards as the particles become more elongated.
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Figure 23 Effects of particle aspect ratio on the relationship between 1 and (Ag)g .
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Figure 24 Effects of particle aspect ratio on variation of: (a) m value; and (b) R%.

5 Concluding Remarks

This paper investigates the non-coaxial flow behavior of the cohesionless soil undergoing cyclic
rotational shear, with a special interest in the effects of particle-scale characteristics, including particle
elongation and inter-particle coefficient of friction. The “virtual material” studied is assemblies of discrete
element particles. Such virtual material enables independent and precise control of particle-scale
characteristics. Findings and conclusions are summarized as follows.

A large portion of the current paper is devoted to a comprehensive comparison between numerical
simulation results for the virtual material and laboratory testing results for real world materials available
in the literature. We found that the virtual material and real sands, both under rotational shear, share
similar mechanical behaviors in many aspects, such as 1) general stress-strain behavior, 2) both the
progressive development of contractive volumetric strain and the periodical variation of volumetric strain,
and 3) the effects of stress ratio on the non-coaxial angle. The fact that the numerical simulation results
are consistent with known laboratory testing results provides a great confidence in the validity of the
previously unknown behaviors revealed by the numerical model. This observation lays a solid foundation
for our subsequent research on related subjects beyond the current study.

We use two variables, the deviatoric part of the normalized strain increment and the non-coaxial angle in
regards to stress, denoted by (Ag)g and v respectively, to quantify the flow behavior. The results show

that (Ag)g decreases and v increases as the rotational shearing progresses. Both (Ag)g and v tend to

approach a 'steady’ or 'semi-steady’ state.

We discover a strong yet simple relationship between 3 and (Ag)g, which is independent of applied stress

ratio, initial and current void ratio, and the number of cycles applied, but dependent on the principal stress
orientation and particle-scale characteristics. At the same (Ag)g , specimens with higher inter-particle

friction angle or smaller particle aspect ratio show greater non-coaxial angles. A simple model

Y = 45°m™% is able to fit this Y- (Ag)g relationship well. The parameter m is a function of inter-particle
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friction angle, particle aspect ratio, and the orientation of the current principal stress direction with respect
to the bedding plane when the incremental rotation of stress takes place. This simple model provides a
useful relationship that can be explored and exploited in developing constitutive models for rotational
shearing.
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