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ABSTRACT

In this article, we studied these strong product graphs involving P,,XC,,, C,,XC,,, K,,KP,,
K,,XC,, Kp, XK, K1 ym_1XP, and K, ,,—1 XC,,. We have found the decycling numbers
of those graphs based on a sandwich principle.
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1 Introduction

The problem of eliminating all cycles in a graph by removing a set of vertices goes back to the
work of Kirchhoff in [1] on spanning trees. The problem of determining decycling numbers has
long been known to be NP-complete, as shown in [2]. Therefore, many results on exact values
of decycling numbers have been obtained only for some special families of graphs, such as
cubes and grids in [3] and [4]. The exact value of decycling numbers of cartesian product of
two cycles has been obtained in [5]. And in [6], the exact value of decycling numbers of strong
product of two paths has been obtained. It has also been shown in [6] that there exist a sharp
lower bound and a sharp upper bound for the decycling number of a strong product graph
G1 X G+. Various other results can be found in [7].

In this article, we are focused on the decycling numbers of the strong product graphs. The
outline of this paper is as follows: We first describe the problem and introduce already-known
theorems and lemmas in Section 2. Some new notations and new lemmas are then given in
Section 3. Finally, we propose our main results that contains seven crucial theorems in Section
4.



2 The problem and past results

The graphs considered here are finite, simple, undirected and denoted by G = (V(G), E(G)).
Let G, = (V1,E1), G2 = (Vi, E2) be two graphs. A strong product of two graphs G with
G is thus defined as G1 K Gy = (V,E) where V = {(u;,v;) |V u; € Vi, v; € o}, E =
{((u1,v1), (u2,v2)) |V (u1,v1), (u2,v2) €V, (u1,u2) € Ey whenwv; = vg Or (vi,v2) € Ea whenu; =
ug Of (u1,u2) € By and (vy,v3) € Ex}. If S C V(G) and G — S is acyclic, then S is a decycling
setof G. A decycling set of the smallest size is a minimum decycling set and denoted by ¢-set.
The size of a ¢-set of G is the decycling number of G and denoted by ¢(G). Please refer to [8]
for the corresponding definitions and notations.

Theorem 2.1 [4]. IfG and H are homeomorphic graphs, then ¢(G) = ¢(H).

Lemma22[6]. IfG; CG, G2 CGandV(G1)NV(Ga) =0, then ¢(G) > ¢(G1) + ¢(G2).
Lemma 2.3 [6]. ¢(G1 X G2) > max{|G1|- ¢(G2), |G2|- #(G1)}.

Lemma 2.4 [6]. Suppose G; = (V1,E1), Go = (Va,Es). For each Vi C Vy, Vi C Vs,
$(G1 W G2) > max{d(G1ly; K G2) + ¢(Gilyy vy K Ga), ¢(G1 K Galyy) + ¢(G1 W Galy, vy)}-
Lemma 2.5 [6]. ¢(G1XGs) < min{|G1| - |G| — a(G1) - (|G2| — #(G2)), [G1] - |G| — a(G2) -
(|G1] — ¢(Gh1))}, where a(G) denotes the independence number of graph G.

Lemma2.6[6]. ¢(P,XP,)=2|%].

Figure 2.1. A ¢-set for P, X Px.
Lemma 2.7 [6]. The ¢-set of Po X Pojy1 IS { 12,222,214, %24, , %12k, T22k } (S€€ Figure

2.1 for the case k = 3).
Theorem 2.8 [6]. &(P, X P,) =min{m - |2|, n-|%]|}.

3 Notations and Preliminaries

In order to prove the following new results, we introduce some useful notations as follows. Let

the vertex sets of G; and Gy be {uy,ug, - -- ,u|G1‘} and {vy, vy, - - ,U|G2|} respectively. Denote
xi; = (u,v5) and R(i) = {x;; | 7 =1,2,--- |G|} fori=1,2,--- | |Gi| and C(j) = {x;; | i =
1,2,--+,|Gy|} for j = 1,2,--- |Gs|. R(i) is called the i-th row and C(j) is called the j-th

column of G1 X G4. If S is a vertex subset of G; X G5, we denote the vertices of S in the ¢-th
row of G; X G, by S(R(i)) and the vertices of S in the j-th column of G; X G2 by S(C(j)), and
by extension, for £ < [, denote the set S(R(k)) U S(R(k+1))U---US(R()) by S(R(k,l)) and
the set S(C(k))US(C(k+1))U---US(C() by S(C(k,1)).

In the following P,, Cp, K1, ,—1 and K,, denotes a path, circuit, star and complete graph on
n vertices respectively. Especially, in the following we denote a vertex in a decycling set by a
bigger black dot “ e ”. For our purpose we need the following statement.

Lemma3.1. ¢(PXC,) =2-[%].



Proof. We first prove that there is no ¢-set of P, X C,, containing at most one vertex from each
columnof LXK C,. If S C P,XC, and |[S(C(5))] < 1forj =1,2,--- ,n,then BRXC, — S
has a subgraph isomorphic to C,,. Therefore, there is no ¢-set of P, X C,, containing at most
one vertex for each column of P, X C,,. That is, there always exists a column C(j) (1 <j <n)
of P, X C,, so that |S(C(j))|] = 2. Without loss of generality, we assume that |S(C(1))| = 2.
Then, by Lemma 2.6, |S| = [S(C(1))| + [S(C(2,n))] > 2+ ¢(R R P,q) =2+2- | 25| =
2+2-[%2] = 2 [2]. On the other hand, there are decycling sets of this size, such as
{z1,1, 22,1, 21,3, 23, ,T1,26—1, T2,26—1} Where k = [%]. So the lemma follows (see Figure 3.1
for the case P, X Cg). O

Figure 3.1. A ¢-set for P, X Cs.

Lemma 3.2. The ¢-set of P, X Cy, is {x1,1,221,21,3, 223, ,Z12k—1,T22%k—1} OF

{161,2, L22,X1,4, %24,y L1,2k; 332,21<:}-

Proof. By the proof of Lemma 3.1, for any ¢-set S of P, X Cyy, there exists a column C(j) (1 <
Jj < 2k) of P,XCy, sothat |S(C(5))| = 2. Without loss of generality, we assume that |S(C(1))

2. Then P,KCs,—S(C(1)) is a copy of P.X Py, 1. By Lemma 2.7, the ¢-set of P,IKCy,—S(C(1)
is {x13, 223, ,T1,26—1,T226—1}. HeNce S = {x1,1, 221,213, %23, -+ , T1,2k—1, T2,2k—1}-

By symmetry, {z12, 222,214,224, - , 1,2k, Z2,2k} IS the other ¢-set of P, X Cy;,, which proves
the lemma (see Figure 3.1 for a ¢-set of P, X (). O

Lemma3.3. ¢(K,,XP)=2-m—2.

Proof. From the definition of the strong product of two graphs, we can conclude that K,, X P
is isomorphic to Kap,. Thus ¢(K,,, ¥ Ps) = ¢(Kopm) =2-m — 2. O

~—

4 Main results

In this section, we present our seven new theorems.
Theorem 4.1. ¢(P,, X C,) =min{m - [%], n- |Z| + [2]}.
Proof. Applying Lemma 2.5, ¢(P,, X C,,) < min{m - (2] (n—=1), m-n—|%] -m} =

min{n - [ 2| + [2], m- [2]} = min{m - [2], n- |2]| + [%]}. Soin the rest of the proof, we
only have to prove that ¢(P,, X Cy,) > min{m - [%], n- %] + [%]}. Consider the following

four cases.

Case 1. m = 2k.

Since m = 2k, hence min{m - [%]|, n- |%| + [Z]} = m - [5]. So it suffices to prove that
¢(Pr R Cp) > m - [%]. We use induction on m. When m = 2, by Lemma 3.1, the inequality
holds. Now we assume that for m = 2(k — 1), the inequality holds. Let m = 2k. By Lemma 2.4
and the induction hypothesis, ¢( P, KC,) > ¢(PoRCy)+¢(Prn—2®Cy) = 2- [ 2]+ (m—2)-[2] =
m- 3.

Case2. m=2k+1, n=2s+1.



Since m =2k +1, n=2s+ 1, hence min{m - [2], n- | 2|+ [2]} =n 2]+ [Z]. Sowe
only have to prove that ¢(P,, X C,) > n- |%| + [%]. We use induction on m. When m = 1,
the inequality obviously holds. Now we assume that for m = 2(k — 1) + 1, the inequality holds.
Let m = 2k + 1. By Lemma 2.4 and the induction hypothesis, ¢(P,, X C},) > ¢(P. K Cy,) +
H(Pa2BC,) > 2. [F]+n- 252 + [252] =nt 14n- (2] —nt [2] —1=n-[2] +[3].
Case3. m=2k+1, n=2s (k<s).

Since m =2k +1, n=2s (k <s), hence min{m - [2], n- 2|+ [2]} =n- 2|+ [Z]. Soit
suffices to prove that ¢(P,, XCy,) > n- | 2] + [%]. let S be any ¢-set of P, X C,,. Itis obvious
that forany i (1 <i <m—1), |S(R ( NI >1and [S(R(i,i+ 1)) > ¢(P» X Cp) = n. Now if for
anyi(1<i<m-—1),|S(R(i,i+1))| > ¢(PoXC,)+1=n+1, then we have |S| = |S(R(1))|+
|S(R(2,3))|+|S(R(4,5))|+ - +|S(R(2k, 2k+1))| > 14+k-(n+1) = 14| % |-(n+1) = n-[ B ]| +[Z].
Otherwise, there exists some i (1 < i < m — 1) so that |[S(R(i,i + 1))| = ¢(P2 R C,) = n
According to Lemma 3.2, we know that |S(R(i))| = [S(R(i + 1))| = 5. When i is odd, by Case
1,15] = S(R(L i — 1))] + SRE)] + [S(RG + 1.m))| = 6(Pr B Cy) + 3 + $(Prs B C) >
(i—1)-[2]+[2]+(m—4d) - [2]=m-[2] >n-|%]|+[Z]. When i is even, again by Case
1 1S| = [S(RQ,0)| + [S(R(i + 1))| + [S(R(i + 2,m))| = ¢(P; K C) + 5 + ¢(Bp—i1 K Cp) >
T3]+ 18]+ (m—i=1)-[3] =m-[3] > n- |2+ 2],

Case4. m=2k+1, n=2s (k>s)

Since m = 2k + 1, n = 2s (k > s), hence min{m - [2], n- 2| + [Z]} = m - [%]. So we
only have to prove that ¢(P,, X C,,) > m - [%]. Let S be any ¢-set of P,, X C,. It is obvious
that forany i (1 < i < m —1), |S(R(®))| > 1 and |S(R(i,i + 1))| > ¢(P» X C),) = n. Now
if forany i (1 < i <m—1), |S(R(,i+1)) > ¢(PKC,) +1 = n+ 1, then we can get
that |S| = |S(R(1))| + [S(R(2,3))] + |S(R(4,5))] + - + |S(R(2k, 2k + 1)) > 1+ k- (n+ 1)
14+ |2 -(n+1)=n-|Z]+[2] =m-[%]. Otherwise, there exists some i (1 <i<m—1
so that |S(R(s, i—i— 1))| = ¢(P» X C),) = n. According to Lemma 3.2, we know that |S(R(7))|
IS(R(i+1))| = ™. When i is odd, by Case 1, |S| = |S( (1 i—1))|+|S(R())|+|S(R(i+1,m))| >
¢(B,1&Cn)+2+¢(Pm XC,) > (i—1)-[2]+[%]+(m—i)-[5] = m-[%]. When i is even, again
by Case 1, |S| = |S(R(1,4))|+|S(R(i+1))|+|S(R (2—1—2 m))| > ¢(PRC,)+5+¢(Pr—i—1XCyp) >
i [2] 4+ [%] +(m—i—1)-[2] = m- [2]. This completes the proof of Theorem 4.1. O
Theorem 4.2. When m orn is even, $(Cp, RCy,) = min{m- [2] + | 2], n- [2] + | % |}, when
m andn are both odd andm < n, n- 2] < ¢(Cr, RCy,) < m- [2] + 1.

Proof. When m or n is even. Applying Lemma 2.5, ¢(C,, X C),) < min{m-n—[%|-(n
L8O} o 14 9], 411 141 = it [512 14, [ 51 Soi
the rest of the proof, we only have to prove that ¢(C,,XC,) > min{m-[2]|+| 2], n-[2Z]+]2Z]}.
Since ¢(C,,, K Cy,) = ¢(C,, ® Cyy, ), without loss of generality, we can assume that m < n. So it
suffices to prove the following three cases.

Case1. m=2k, n=2s+1(k<s).

Sincem =2k, n=2s+1 (k<s), hence min{m-[2|+ 2|, n-[2]+ %]}
So we only have to prove that ¢(C,,, XC,,) > n- [%3] + | % |. Since qb(Pg XC,) =
hence ¢(C,,, K Cy) > ¢(P, R C,) > k- d(PoRCy) =k-(n+1)=2-(n+1) =
Case2. m=2k+1, n=2s(k<s).

Sincem =2k+1, n=2s (k <s),hence min{m- [2]+ %], n-[2]+ %]} =m [2]+ |Z].

~—



So it suffices to prove that ¢(Cy, K Cp,) > m - [ 5]
hence ¢(C,, X C),) > ¢(C,, K P,) > s+ gb(C’ X Py
Case3. m =2k n=2s(k<s).

Since m = 2k, n = 2s (k < s), hence min{m - [2| + |2|, n- [2]|+ | %]} =n-[%] + %]
So it suffices to prove that ¢(Cy, K C,,) > n- [2] 4+ |2 ]. Let S be any ¢-set of C,,, K C,,. By
Lemma 3.1, we know that forany i (1 <i < mwheni=m, i+1=1), [S(R(,i + 1)) >
p(P,XCy,) = n. Now if forany i, |S(R(i,i+1))| > ¢(P2XCy)+ 1 =n+1, then we can get that
S| = [S(R(1,2))|+]S(R(3,4) |+ -+|S(R(2k~1,2k))| > k-(n+1) = 2-(n+1) = n-[2] + | 2],
Otherwise, there exists some i so that |S(R(i,i + 1))| = ¢(P. K C,,) = n. Without loss of
generality, we assume that |S(R(1,2))| = ¢(P, X C,,) = n. By Lemma 3.2 and symmetry,
S(R(1,2)) = {z11,221,%1,3, %23, ,T1,n—1,T2n—1}. Hence {11,221} C S(C(1,2)). Again
by Lemma 3.2, we conclude that |S(C(1,2))| > m + 1. Using the same method, we know that
IS(C(3,4))|=---=|S(C(n—1 n))\ > m+ 1. Hence |S| = |S(C(1,2))] +|S(C(3,4))| +--- +
IS(Cn—1,n))[>2s-(m+1)=%-(m+1)=m-[3]+|2] =n-[2]+[Z]

When m and n are both odd and m < n. Let S be any ¢-set of C,,, X C,,. By Lemma
3.1, we know that forany j (1 < j < nwhenj =mn, j+1 = 1), [S(C(j,j +1))] >
¢(Cy W Py) = 2- [2]. Hence, there exists some j (1 < j < n) so that [S(C(j))| > [%].
Without loss of generality, we assume that |S(C(1))] > [%]. Then again by Lemma 3.1,
1S = [S(CADI+]S(C(2,3)| ++++IS(Cn—1,m)| > [2] + 25+ -2 [%] =n- [2]. Next we
construct a decycling set S’ of C,,, X C,, as follow:

s'=5(C1)us(C2)u---us(Cn)),

S'(C(1)) = {xl’l,x[mw TEIEAICRTALE  Tm—1,15Tm1}

SO = Ao pari| g i Trovig o Trg vl g i (gl g pad - @ STsm),

2

+ 3] Sincegb((] XP)=2-[2] =m
)=s-(m+1)=5-(m+1)=m-[3]+|5].

{mod (x,m) mtux,

where f(x) =

S'(C(1) = LT(%W o] -1, Tmi} (m+1<i<nandmod (i,2) =0),
S"(C(i) = {z14, 224, ’xL?J“x[%h} (m+1<i¢<nandmod (i,2) =1).

On one hand, since every column of C,, X C,, contains [%} vertices of S’ except of the first
column, which contains [%2:] + 1 vertices of S, we infer that |S'| = n - [2] + 1. On the other
hand,it is easy to find that C,, X C,, — ' is a tree. Hence ¢(Cy,, ® C,,) < n- [Z] + 1. So
n-[%] <¢(Cp KCp) < n-[%2] + 1. This completes the proof of Theorem 4.2. O

Theorem 4.3. ¢(K,,XP,)=m-n—2-[%].

Proof. Applying Lemma 2.5, ¢(K,, ® P,,) <min{m-n—n, m-n— [2]-2} =m-n—2-[2].
So in the rest of the proof, we only have to prove that ¢(K,, X P,) > m-n—2-[%]. We use
induction on n. When n =1, ¢(K,, X P,,) = ¢(K,;,) = m — 2, the inequality holds. When n = 2,
by Lemma 3.3, the inequality holds. Now we assume that for n = s(s > 2), the inequality holds.
Let n = s + 2. By Lemma 2.4 and the induction hypothesis, ¢(K,, X P,,) = ¢(K,, K Ps19) >
K RP)+ (K R®P)>m-s—2-[5]+2-m—2=m(s+2)—2-[£2] =m-n—2-[2].
So for any n, the inequality holds. Hence this theorem has been proved. [

Theorem 4.4. (K, XC,)=m-n—2-|%].
Proof. Applying Lemma 2.5, ¢(K,,®C,,) < min{m-n—(n—1), m-n—|2|-2} =m-n—2-|%|.



So in the rest of the proof, we only have to prove that ¢(K,, X Cy,) > m-n —2- |%]|. Consider
the following two cases.

Case 1. n=2s.

Since n = 2s,hence m-n—2-|%2| =2-m-s—2-s=(m—1)-n. So we only have to prove
that ¢(K,,, X C},) > (m —1)-n. By Lemma 2.2 and Theorem 4.3, ¢(K,,XC,) > ¢(K,, K P,) =
m-n—2-[2]=m-n—n=(m-1) n

Case2. n=2s+1.

Sincen =2s+1,hencem-n—2- |2 =m-n—(n—1)=m-n—n+ 1. So it suffices to
prove that ¢(K,, X C,) > m-n —n+ 1. Let S be any ¢-set of K,,, K C,,. We can conclude
that there exist some column C(j) (1 < j < n) of K,,, ¥ C,, so that |S(C(j))| = m. Otherwise,
for any column of K,, X C,, there exist at least one vertex in graph K,, X C,, — S. Then
K,, X C, — S has a subgraph isomorphic to C,,, which contradicts the fact that S is a ¢-set of
K,, X C,. So without loss of generality, we assume that |S(C(1))| = m. Furthermore, for any
i (2 <i>n-1), by Lemma 3.3, we can conclude that |S(C(i,i+1))| > ¢(Kpn X Ps) =2-m—2.
So |S|=|S(C(1))|+]S(C(2,3))]+---+|S(C(2s,254+1))| > m+s-(2:m—2) =m+2-sm—2-5 =
m+(n—1)-m—(n—1)=m-n—n+ 1. Hence this proves the theorem. O

Theorem 4.5. ¢(K,,XK,))=m -n—2.

Proof. From the definition of the strong product of two graphs, we can conclude that K, X K,
is isomorphic to K,,,,. Thus ¢(K,, X K,,) = ¢(Kpmn) =m-n—2. 0

Theorem 4.6. Whenm > 3, ¢(K1 pm—1 X P,) = n.

Proof. When m > 3, we can conclude that K ,,—1 X P, 2 P;X P,. By Lemma 2.2 and
Theorem 2.8, ¢(Kim—1 ¥ P,) > ¢(P3® P,) = min{3- |%|, n-[3]|} = n. On the other
hand, from the definition of strong product of two graphs, we know that for Vj € 1,2,--- ,n, the
induced subgraph (K1, 1X P,)|¢(;) is a copy of K1 ,,—1. If we denotes the vertex of maximum
degree in (K1 m—1 &Pn)yc(j) by x1 , then vertex set S = {x1,1, 21,2, -+ , 21, } iS a decycling set
of Ky m—1 X P, where |S| =n. O

Theorem 4.7. Whenm, n > 3, (K1 ;-1 KC,) =n+m — 1.

Proof. When m, n > 3, we denote Kj,,—1 = {u1,u2,---,un} where u; is the vertex of
maximum degree in K ,,—1, denote C,, = vivy - - - v,v; and denote (u;, v;) in Ky pm—1 X Cy, by
x; ;. We first prove that ¢(Ki ,,—1 X Cp,) > n+m — 1. Now let S be any ¢-set of K1 ,,—1 X C,,.
So it suffices to prove that |S| > n + m — 1. Here we only have to prove the following three
cases.
Case 1. |5(

Since |S(R(1))] = n, hence for any i (2 < i < m), |[S(R(i))] > 1. Otherwise, there exists
some i (2 < i < m), N(R(i)) = 0. Then circuit C,, = z; 122 x;nx;1 IS @ subgraph of
Ky mn-1XC,—S, contradicting the fact that S is a ¢-set of K ,,,—1XC,,. Hence |S| = |S(R(1))|+
IS(R(2))|+ -+ |S(R(m))| >n+(m—1)-1=n+m— 1.

Case 2. [S(R(1))|=n-—1.

Since |S(R(1))| = n — 1, there exists some j (1 < j < n) so that z;; ¢ S. By symmetry,
we can assume that z1; ¢ S. Then forany i (2 < i < m), Kim—1 ¥ Chlia) ) 21,200, win)
is homeomorphic to K4. Hence for any i (2 < i < m), |S(R(i))| > 2. So, form > 3, |S| =
IS(R(1))[+|S(R(2))|+---+|S(R(m))| > (n—=1)+(m—1)-2=n4+m—14+(m—2) >n+m—1.

R(1))| = n.



Case3. [S(R(1))|=n—k(2<k<mn).

By Lemma 3.1 <z>( XC,) =2-[%]. Since [S(R(1))] = n—k, forany i (2 < i <m), |S(R(i))| >
2:-[2]=(n—k) >n—(n—k) = k. Because m > 3and2 < k <n, (m—2)(k—1)—1 > 0. Hence
5] = !S(R(l))IHS( @)+ +[S(R(m))| = (n—=k)+(m—1)-k = n+m—1+(m—2)(k—1)—
n+m— 1.

So ¢(K1 m-1®Cy) > n+m—1. Onthe otherhand, S = {x1 1,212, - , 210 }U{z21, 231, - ,Tm1}
is a decycling set of K ,,,—1 X C,, where |S|=n+m — 1.0
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